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1 g h
Virasoro ikj [1] l jkmknkokpkqkrksktkukvkwyxkzk{k|k}k~k�k� 〈ti+1 d

dt
| i ∈ Z〉 �k�ktk��k�k�

Lie ikjktk�k���y�k�k�k���k� [2, 4] �k�k�k�k� Virasoro ikjk�k�kikjk���k�kw��k� [8]� �k�k�k�k� Virasoro( � ) ikjktk�k�k�¡ k¢kikj L z (q � ) £k¤ Lie ikj (¥ L = ⊕α∈MLα,¦ � M zk§k¨ Abel ©kw«ª [Lα, Lβ ] ⊂ Lα+β ¬k­k®k¯ Lα zkq �k� t ). °k£k¤ktk� �k� Lie ij [7,9,12] l Hamiltonian �k�kok±kw³²k´kikjkok±kµk¶k·k¸k¹��yºk»krksktk¼kvk�½k¾k¿
[10], ÀkÁk°k£k¤ Virasoro ikjkÂk¼k°k£k¤k�kÃ 1 t Witt ikjkt��y�k�k�kÄ³Å Mz � jk¹ C pktk°kÆkÇkÈk�k©kw³°k£k¤ Virasoro ikj NVir[M ] zk¼kv l ©kikj C[M × Z] =

〈xαti |α ∈ M, i ∈ Z〉 pktk{k|k}k~k�k� 〈xαti(x ∂
∂x

+ ∂
∂t

) |α ∈ M, i ∈ Z〉 ÉkÊkËk�ktk� �k�k� Lieikjkt��y�k�k�k�ÌÅ Lα,i = xαti(x ∂
∂x

+ ∂
∂t

), Í NVir[M ] zk¨ ¯ Lie ikjkwÌÎkqkÏ {Lα,i, c |α ∈

M, i ∈ Z}, c z��y�kÐkw³ªkÑ α, β ∈ M, i, j ∈ Z, q
[Lα,i, Lβ,j ] = (β − α)Lα+β,i+j + (j − i)Lα+β,i+j−1+

1

12
δα+β,0(δi+j,−1 α3+3iδi+j,0 α2+3i(i−1)δi+j,1α+i(i−1)(i−2)δi+j,2)c. (1.1)

ÒkÓ pkÔkÕk�kwÖ���y�ktk°k£k¤ Virasoro ikjkwÖ×k¼ W [M ], z (�k� )Witt ØkÙ Lie ikjk�ÖÚÛkÜ w 〈L0,i, c | i ∈ Z〉 z ( ÝkØ )Virasoro ikj V ir, 〈Lα,0 |α ∈ M〉 zk���y�ktk�k� Virasoro ij [10], ×k¼ W 0[M ]. ÞkßkÀkÂ Ü w 〈Lα,i |α ∈ M, i ∈ Z+〉 zk°k£k¤ Witt ØkÙ Lie ikjkw³×k¼
W+[M ]. Ú ÛkÜ w L0,0 = x ∂

∂x
+ ∂

∂t
l W+[M ] pktkàkák¼kvkzkâkãkq � t [12].qkäkåk�kækzk· ¿ £k¤ Virasoro ikj ( �kÃ 1 çk�k�kçk�kikj ) tkèkt [3−5]. ékêkw³· ¿°k£k¤ Lie ikjktkëkìkíkîkåk�³ kïkw³ðkñkòk±k¨k¢k°k£k¤ Virasoro ikjkw³ókôkõkök÷kw³zk�Ã 1 tk°k£k¤ Witt ikjktkëkìk�ùø ¿ °k£k¤ Cartan Ø Lie ikj [12] úkû qk�kÃ 1 t Witt ijk¼kÃk�kikjkw³ kïktkükýkqkþkÿ����k� Ü °k£ ¤ Cartan Ø Lie ikjktkëkìkpkw�� [11].  ��z��k�kt�� tk�	�

���

: 2004-02-20
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:�;

Lie ikj W+[M ] = 〈Lα,i |α ∈ M, i ∈ Z+〉. Ú Û w L0 = L0,0
l W+[M ] tkàkák¼kvzkâkãkq � tk�³ kïkw³{k|�<�� V pktk{k|�=�> T ?kÃkâkãkq � tkw��kýkÑ��kqkt u ∈ V , q

dim(〈T n(u) |n ∈ Z+〉) < ∞. (2.1)

:�;
W+[M ]- è V , @�A L0

l V pktk¼kvkâkãkq � �³Ñ ¿  kßktk¨ ¯ è V , q
V =

⊕

α∈C

Vα, Vα = {v ∈ V | (L0 − α)m(v) = 0, Ñk§k¨ ¯ m ∈ Z+}. (2.2)

Ñ α ∈ C, Å
V (0)

α = {v ∈ Vα |L0v = αv}, V (i)
α = {v ∈ Vα | (L0 − α)v ∈ V (i−1)

α }, i ≥ 1, (2.3)

B Å
V

(0)

α = V (0)
α , V

(i)

α = V (i)
α /V (i−1)

α , i ≥ 1. (2.4)C ékw
Vα 6= {0} ⇔ V (0)

α 6= {0} (2.5)D
V (i) =

⊕

α∈C

V (i)
α , V

(i)
=

⊕

α∈C

V
(i)

α , i ≥ 0. (2.6)

E�F
2.1 W+[M ] pktkè V ?kÃk�k���kèkwG�ký V H�I (2.2) Jk� Ñ α ∈ C, � Vα 6= {0},Í Vα ?kÃ��kÃ α tk�k����<��kw V

(0)
α ?kÃ��kÃ α t���<��k� W+[M ] pktkäkÀk~�Kk�k���è V ?kÃ��������kèkw��kýkÑ α ∈ C, dimV

(0)
α ≤ 1 ( L�Mkw³Ñ α ∈ C, i ∈ Z+, dimV

(i)

α ≤ 1).

� ! t�� t�NkzkÁ W+[M ] pkt��kq��������kè�"�#k~ ½ �³ðkñkq�O�PktkÕkok�E�Q
2.2 (1) W+[M ] pkt��������kè V ú z Aa,b tk¨ ¯�R �kè (

¦ � a, b ∈ C).  kï
Aa,b zk¨ ¯ èkw³ÎkqkÏ {vα,i |α ∈ M, i ∈ Z+} H�I

Lα,ivβ,j = (a + β + αb)vα+β,i+j + (j + ib)vα+β,i+j−1, Ñ α, β ∈ M, i, j ∈ Z+, (2.7)¦ �yw��ký i + j − 1 < 0, Í i = j = 0, Skêkq j + ib = 0, Lkêkp�J�T�Ukt �� �V ÃkÆk�
(2) Aa,b zkÙkt ⇔ a /∈ M ç b 6= 0.

(3) A0,0 q�W ¯ ��X Lk�kÄ�Y�Zk�kè Cv0,0 �kÙ R è A′
0,0 = A0,0/Cv0,0

∼= A0,1.[�\ ]�^ ðkñkÚ ÛkÜ Ä äkÞ ¿ Virasoro ikjkt�_�`kw  kï � qkØ�� A(a′), B(a′) tkè ( a
O�Pkt (3.1)–(3.4)); Þ�bkw³¨ ¯ q�c�d�ekzkÄ A0,0/Cv0,0

∼= A0,1.Ñ a ∈ C, Å V (a) = ⊕α∈MVa+α.
C ékw V (a) z V tk�kèkw V zk k¢käkÞkt V (a) t�f�k��LkÃ V zkäkÀk~�Kktkw�� ¬�g l a ∈ C, @ V = V (a).
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~�W�o�_�`k��prqy  ¯ Õkok�s�t
1. a /∈ M . Í W 0[M ] = 〈Lα,0 |α ∈ M〉 zk���y�ktk�k� Virasoro ikj [8]. Ú ÛkÜ w

V (0) = ⊕α∈MV
(0)
a+α z V t W 0[M ]- �kèk�Öø [8], g l b ∈ C @ V (0) zk¨ ¯ Aa,b Ø��������kÙ

W 0[M ]- èk� ¥ g l V (0) tkÏ {vα,0 |α ∈ M} @�AkÑ α, β ∈ M , Lα,0 vβ,0 = (a+β+bα)vα+β,0. uv�w Åkw³ÅkÑ n ≥ 0, x�y�z {vα,i ∈ V
(i)
a+α\V

(i−1)
a+α |α ∈ M, i ≤ n}, @�AkÑ ¿ α, β ∈ M, i, j ∈ Z+ª i, j, i + j ≤ n, (2.7) J ú ��{k�³ÍkÑ�| Û α ∈ M , Å uα,n+1 = L0,1 vα,n, Á L0 ¼kvkp�}kw�~v [L0, L0,1] = L0 ( a (1.1)), A Ü (L0 − (a + α))uα,n+1 = (n + 1)(a + α)vα,n + n(n + b)vα,n−1 ∈

V
(n)
a+α\V

(n−1)
a+α . L�M�øyÕk� (2.3) �kw uα,n+1 ∈ V

(n+1)
a+α \V

(n)
a+α.

D
vα,n+1 = (a + α)−1(uα,n+1 −

(n + b)vα,n), ø�M�A Ü w³Ñ α ∈ M ,

L0,1 vα,n = (a + α)vα,n+1 + (n + b)vα,n, L0vα,n+1 = (a + α)vα,n+1 + (n + 1)vα,n. (2.8)

ø ¿ V
(n+1) � z ¨ ¯ Aa,b′ Ø ������� Ù W 0 [M ]- è ( Ñ § ¯ b′ ∈ C), L�M g l bα ∈ C\{0}, α ∈

M , @�AkÑ ¿ wα,n+1 = bαvα,n+1, q
Lα,0 wβ,n+1 = (a + β + b′α)wα+β,n+1 +

n∑

p=0

c
(p)
α,βvα+β,p, Ñ α, β ∈ M, (2.9)

¦ � c
(p)
α,β ∈ C. ø (2.8) t �� ¯ µ�J�� c

(n)
0,β = (n + 1)bβ.� � [L0, Lα,0]wβ,n+1 = αLα,0 wβ,n+1 � vα+β,n t��kjkw ø (2.9) Jkw Ñ��kq α, β ∈ M , q

(a+β + b′α)(n+1)bα+β + c
(n)
α,β(a+α +β)− (a+β)c

(n)
α,β − (n+1)bβ(a+β + bα) = αc

(n)
α,β , (2.10)

Skê
(a + β + b′α)bα+β = (a + β + bα)bβ . (2.11)D

α = −β A Ü w³Ñ β ∈ M , (a + (1 − b)β)bβ = (a + (1 − b′)β)b0.
l (2.11) �yi���M�Jkw³Ú ÛÜ

b0 6= 0, ÍkÑ α, β ∈ M , q
(a+β +b′α)(a+(1−b)β)(a+(1−b′)(α+β))−(a+(1−b)(α+β))(a+β+bα)(a+(1−b′)β)=0. (2.12)

ø�M w�)�* (2.11), ð ñ�A Ü b′ = b, ª bα z ¨ ¯�� j �³r������ wα,n+1, @�A Ñ α ∈ M ,

bα = 1. d l � � [Lα,0, Lβ,0]wγ,n+1 = (β−α)Lα+β,0 wγ,n+1 � vα+β+γ,n t�� j w�~ v (2.9)

Jkw³Ñ α, β, γ ∈ M , q
(a+γ+bβ)c

(n)
α,β+γ+c

(n)
β,γ(a+β+γ+bα)−(a+γ+bα)c

(n)
β,α+γ−c(n)

α,γ(a+α+γ+bβ)=(β−α)c
(n)
α+β,γ . (2.13)

Á (2.8), (2.9) i�� [Lα,0, L0,1]vβ,n = (−αLα,1 + Lα,0)vβ,n, A
αLα,1 vβ,n =α(a+β+bα)vα+β,n+1+((a+β)(n+1−c

(n)
α,β)+

(n+b)α)vα+β,n−(a+β)

n−1∑

p=0

c
(p)
α,βvα+β,p. (2.14)

× (2.14) Jkt�T�UkÃ ∑n+1
p=0 d

(p)
α,βvα+β,p,

� � L2α,0 vβ,n = [Lα,0, Lα,1]vβ,n � v2α+β,n t��kjkw
A Ü
a+β+2bα=(a+β+bα)c

(n)
α,α+β+(a+α+β+bα)d

(n)
α,β−(a+β+bα)d

(n)
α,α+β−n(a+α+β+bα), (2.15)
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(a + β + bα)(a + 2α + β)c
(n)
α,α+β − (a + β)(a + α + β + bα)c

(n)
α,β

= (n + 1)α(a + β + 2bα). (2.16)

ü X (2.13)( l (2.13) �yÅ β = −α), Í��k¨kö�%�&k� c
(n)
α,β = n+1, Skê d

(n)
α,β = (n+ b)α.

½k¾k¿
pkÔ��kÈkÀ ¬ p�&kÄ��ký p ≤ n−1, Í c

(p)
α,β = 0. L�M (2.9), (2.14) ërqyw Ñ α, β ∈ M, i, j ∈ Z+,ª i + j ≤ n + 1, i = 0, 1, (2.7) J ú ��{k��LkÃ W +[M ] z�ø {Lα,i |α ∈ M, i = 0, 1} �k�ktkw

L�MkÑ α, β ∈ M, i, j ∈ Z+ ª i, j, i + j ≤ n + 1, (2.7) J ú ��{k��� ¬ w ø�u v ÈkwÌðkñ����kp
prqy�kÑ��kqkt α, β ∈ M, i, j ∈ Z+, (2.7) J ú ��{k�s�t

2. a ∈ M . Í V (a) = V (0), L�M À Å a = 0.
]�^ Å V = V0, Í Ñ α ∈ M\{0},

Lα,iV = 0, Skê W+[M ]V = 0; � V äkÀk~�Kkw�� V = Cv0,0 z A0,0 t�Y�Zk�kèk��L�M w Å
g l α ∈ M\{0}, @�A Vα 6= {0}. Í�ø [8], Ñ��kqkt α ∈ M\{0}, Vα 6= {0}. Å V0 = {0}, Í
V (0) = ⊕α∈M\{0}V

(0)
α

∼= A′
0,0 (A0,0 tkÙ R è ), ªkÑ��kqkt α ∈ M ,

−αvα,0 = L2α,0 v−α,0 = Lα,0(Lα,1 v−α,0) − Lα,1(Lα,0 v−α,0) = 0, (2.17)

 kz ¯���� ��� ¬ V0 6= {0}. �ký V (0) z A0,b Økt�������� W 0[M ]- è ( Ñk§ ¯ b ∈ C\{0, 1}),Í���_�� 1 ¨kß ( �k¨ktkäkÞk´kzkÄ��yÕk¨ ¯ α0 ∈ M\{0}, Õk� v0,n+1, @ ¦ H�I L−α0,1 vα0,n =

α0(1−b)v0,n+1+(n+b)v0,n, a (2.8) t � ¨ ¯ µ�J ), À ¬ p�& a = 0 b (2.7) Jk��{k����Ok�kskò± V (0) z�O�� $ o�_����k¨kÄ A(a′), B(a′), A′
0,0 ⊕Cv0,0 ( × A0,0 = B(0), A0,1 = A(0), a (3.1)-

(3.4)). �kpkÕk� vα,i, Í��kÞ�_�� 1 "�#�prqyw À ¬ Â Ü Ñ α, β ∈ M ª β, α+β 6= 0 bkw (2.7) J��{k� w Å V (0) = A′
0,0⊕Cv0,0. Å α ∈ M , Í Lα,0 v−α,0 = 0. Á L0 ¼kv Ü v′0 = Lα,1 v−α,0 pkwÀ ¬ Â Ü v′0 ∈ V

(0)
0 , Í Lα,0 v′0 = 0. Skê�ø (2.17),

� A Ü ¨ ¯���� ��� ¬ V (0) = A′
0,0 ⊕ Cv0,0zkäkÀ�-ktk� w Å V (0) = A(a′). ~kv (−αLα,1 + Lα,0)v−α,0 = [Lα,0, L0,1]v−α,0, L0,1 v0,0 =cv0,0

( Á adL0 ¼kv Ü L0,1 v0,0 pkw³À ¬ Â Ü  kz l V
(0)
0 �ytkw ¦ � c Ãk§ ¯ � j ), A

−αLα,1 v−α,0 − α(α + 1)a′v0,0 = −αLα,0 v−α,1 − cα(α + 1)a′v0,0, Ñ α ∈ M. (2.18)

~kv L2α,0 v−2α,0 = [Lα,0, Lα,1]v−2α,0, A
−2α(2α + 1)a′v0,0 = −αLα,0 v−α,1 + αLα,1 v−α,0 − α(α + 1)a′v0,0, Ñ α ∈ M. (2.19)

p�W�Jkërq a′ = 0, ¥ V (0) = A(0) = A0,1. è���_�� 1 t�prqyÀ ¬ A Ü V = A0,1.
½k¾ ökw

�ký V (0) = B(a′), Í a′ = 0, V = A0,0.  �N�prqy� (1). (2) t�prqyz C éktk�³Ñ ¿ (3), Å
V = A0,0, qk¨k�kÏ {vα,i |α ∈ M, i ∈ Z+}.

l R <�� V ′ = A0,0/Cv0,0 �ywÖÑ i u v ökÕk� v′α,iÃ
v′α,i =

{
1
α
(vα,i − iv′α,i−1), �ký α 6= 0,
1

i+1v0,i+1, �ký α = 0.
(2.20)

� p�{k¥�A�& {v′α,i |α ∈ M, i ∈ Z+} z A0,1 tk¨k�kÏk� 2

3 12324 Virasoro 526272829
 �¡

Virasoro ikj V ir, x�ø {Li = L0,i+1, c | i ∈ Z} ( a (1.1) � Lα,i tk×�¢ ) �k�kw�£kq
>�¤�¥k� [Li, Lj ] = (j− i)Li+j + 1

12δi+j,0(i
3− i)c. xkq�O�� $ ½ �������kèkÄ Aa,b, A(a′), B(a′),
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a, b ∈ C, a′ ∈ C ∪ {∞}, xkñ ú qk¨k�kÏ {vi | i ∈ Z}, ªkÑ i, j ∈ Z, H�I
Aa,b : Livj = (a + j + bi)vi+j ,
A(a′) : Livj = (i + j)vi+j + δj,0 i(i + 1)a′ vi,
B(a′) : Livj = jvi+j − δi+j,0 i(i + 1)a′ v0.

(3.1)

 kïkw³ðkñ�@kv�O�Pkt�¦kÕk�§�E
3.1 �ký ∞ l µ�Jkt�T�Uk¼kÃk°kÆ V tkÐ�&�dkw ðkñ�¨ ∞ Âk¼ 1, ¨�T�U ¦ xkä û

∞ t V Âk¼ 0. ©��kw l A(a′) �yw��ký a′ = ∞, Í�ª j = 0 bkw�T�U = i(i + 1)vi.

LkÃ NVir[M ] �yä g l °kÆkt ad- âkãkq � Ð�« ( a (1.1)), ðkñkä�-�ekÕk� 2.1 ¬kßk�kÕ� NVir[M ] pkt��������kèkw�� ¬�­ v�O�PktkÕk�k�E�F
3.2 ä À ~�K t NVir[M ]- è V ? Ã ������� è w�� ý Ñ α, β ∈ M, i ∈ Z, V =

⊕α∈MVα z M - £k¤ktkª Lα,iVβ ⊂ Vα+β , £kª ® ¨ ¯ Vα
ú q���Okt�®�*kÄ

· · · ⊂ Vα,−1 ⊂ Vα,0 ⊂ Vα,1 ⊂ · · · ⊂ Vα =

+∞⋃

i=−∞

Vα,i,

H�I L0,iVα,j ⊂ Vα,i+j+1 ª dimVα,i/Vα,i−1 ≤ 1.ø�MkÕk�kÀkÂ Ü wù�y�kÐ c z�Y�Zk¼kv Ü V pktkw�L�M l O�Pktkòk±��yÀ ¬ Á c ¯�°k�
O�PkË�± $ ½ NVir[M ] pkt��������kèkÄ Aa,a0,b, A(a′), B(a′)(

¦ � a, a0, b ∈ C, a′ ∈ C∪

{∞}), xkñ ú qkÏ {vα,i |α∈M, i∈Z}, H�IkÑ α, β ∈ M, i, j ∈ Z, q
Aa,a0,b : Lα,ivβ,j = (a + β + αb)vα+β,i+j + (a0 + j + ib)vα+β,i+j−1, (3.2)

A(a′) : Lα,ivβ,j = (α + β)vα+β,i+j + (i + j − 1)vα+β,i+j−1+

a′

2
δβ,0 δj,0(α

2vα,i+1 + 2iαvα,i + i(i − 1)vα,i−1), (3.3)

B(a′) : Lα,ivβ,j = βvα+β,i+j + jvα+β,i+j−1−

a′

2
δα+β,0(δi+j,−1 α2 + 2iδi+j,0 α + i(i − 1)δi+j,1)v0,0. (3.4)

ðkñk÷kpkÔ $ ½ èktkÕk�kz�² éktkÄ �k� [10]
]�^ Õk�k�kè Aa,a0,b. è A(a′) l OkÔ Û ��OkÀÂk�kz B(a′) t´³ Ñ�µ�¶ Ä¡Õk� A(a′)×B(a′) pktk{k|�·kj (·, ·): (v∗a,i, vβ,j) = δa+β,0 δi+j,0,

¦ �
A(a′) tkÏkr��k×k¼ {v∗α,i |α ∈ M, i ∈ Z},

B Õk� NVir[M ] pkt�¸kÑ X ω : ω(Lα,i) = −Lα,i, ÍÑ x ∈ NVir[M ], u∗ ∈ A(a′), v ∈ B(a′), q (xu∗, v) = (u∗, ω(x)v). ðkñ�? A(a′) Ã B(a′) tkÑ�µèk� Ñ ¿ è B(a′), Ú ÛkÜ l [6] �yw ðkñ � �k�k� [9] �yÕk�ktk¨ ½ Weyl Ø Lie ikjkt��kq 2- p¹�º �
»�¼kökw�ðkñkÕk�k� Weyl Ø Lie ikj W(M) = 〈xαti(x ∂
∂x

+ ∂
∂t

)n |α ∈ M, i ∈ Z, n ∈ Z+〉t��y�k�k� Ŵ(M). Ú ÛkÜ l Ŵ(M) �yw W [M ] = 〈Lα,i = xαti(x ∂
∂x

+ ∂
∂t

) |α ∈ M, i ∈ Z〉 l R��<�� 〈vβ,j = xβtj , c |β ∈ M, j ∈ Z〉/C(c + a′v0,0) pktkàkák¼kv�Nkzkè B(a′).ø�M�{k¥kÀ ¬ A Ü O�PktkÕkok�E�Q
3.3 (1) Aa,a0,b

∼= Ac,c0,d ⇔ a − c ∈ M, a0 − c0 ∈ Z, b = d.

(2) Aa,a0,b zkÙkt ⇔ a /∈ M ç a0 /∈ Z ç b 6= 0, 1.

(3) A0,−1,1 ç A(a′) q�W ¯ ��X Lk�kÄùø {vα,i | (0, 0) 6= (α, i) ∈ M × Z} �k�ktkÙk�kèkw×k¼ A′
0,−1,1 ­ Y�Z R è A0,−1,1/A

′
0,−1,1.
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(4) A0,0,0 ç B(a′) q�W ¯ ��X Lk�kÄùø v0,0 �k�kt�Y�Zk�kè ­ Ù R è A0,0,0/Cv0,0, ×k¼

A′
0,0,0. 2

4 12324 Virasoro ½2526
� � [4,8] Õ � � � � Virasoro � i j Ã � � Virasoro i j t °�Y�Z Z/2Z- £ ¤ � � �ðkñ ½k¾ ökÀk�k�k°k£k¤ Virasoro �kikjktk�k�k� ]�^ w³Ñk¨ ¯ ø M Õk�ktk°k£k¤k���y�kt

Virasoro i j W [M ], ð ñ � Â���¾ Á x � � � Lie �ki j �¿L�M w w Å W = W0⊕W1 z ¨ Z/2Z-£k¤k�k�kw�@�A W0 = W [M ], ª g l s, s0, t ∈ C @ W1 zk¨ ¯ As,s0,t Ø��������kÙ W [M ]-èk�Àz As,s0,t tk¨k�kÏ {Gµ,k |µ ∈ s+M, k ∈ s0 +Z}, ÍkÑ α ∈ M, i ∈ Z, µ ∈ s+M, k ∈ s0 +Z,q
[Lα,i, Gµ,k] = (µ + αt)Gα+µ,i+k + (k + it)Gα+µ,i+k−1. (4.1)

Ñ ¿ °�Y�Zk�k�kw�Á�Âkq [W1, W1] 6= 0.
w Å W [M ] � g l [Gµ,k, Gν,`] 6= 0, Í�"k¨�ÃkÀ ¬ AÜ w g l q ∈ Z, @�AkÑ ¿ µ, ν ∈ s + M, k, ` ∈ s0 + Z, q

[Gµ,k, Gν,`] ∈ 〈Lµ+ν,i | i ∈ Z, i ≤ k + ` + q〉. (4.2)

 kërq 2s ∈ M, 2s0 ∈ Z. À ¬ w Å q z�@ (4.2) Jk��{kt�.�Ä��kjk�Å�Q
4.1 Ñ ¿ | Û ¨ ¯ H�I (4.1), (4.2) tk°k£k¤k���y� Virasoro ikj W [M ] tk°�Y�Z�k�k� W = W0 ⊕ W1, g l s ∈ 1

2M, s0 ∈ 1
2Z, @�A

W = 〈Lα,i, Gµ,k |α ∈ M, i ∈ Z, µ ∈ s + M, k ∈ s0 + Z〉. (4.3)

£kªkÑ�| Û α, β ∈ M, i, j ∈ Z, µ, ν ∈ s + M, k, ` ∈ s0 + Z, q�>�¤�¥k�kÄ
[Lα,i, Lβ,j ] = (β − α)Lα+β,i+j + (j − i)Lα+β,i+j−1,

[Lα,i, Gµ,k] = (µ −
α

2
)Gα+µ,i+k + (k −

i

2
)Gα+µ,i+k−1, (4.4)

[Gµ,k, Gν,`] = 2Lµ+ν,k+`.

×k kßkt Lie �kikjkÃ SW [M, s, s0].[�\ |�% µ, ν ∈ s + M, k, ` ∈ s0 + Z, ø (4.2) Jkw g l a
(p)
µ,ν,k,` ∈ C, @

[Gµ,k, Gν,`] =
∑

p∈Iµ,ν,k,`

a
(p)
µ,ν,k,`Lµ+ν,k+`+p, (4.5)

¦ � Iµ,ν,k,` = {p ≤ q | a
(p)
µ,ν,k,` 6= 0} z Z t q � ��Æ w�@�A�Ç å q ¨ ¯ Iµ,ν,k,` °�< ( ø�È�É

[W1, W1] 6= 0), £kª�Çkåkqk¨ ¯ Iµ,ν,k,` ��Ê û q. Ñ α ∈ M, i ∈ Z, Á adLα,i ¼kv Ü (4.5) Jkw
~kv (4.1),

� ��&kÑ α ∈ M, i ∈ Z, µ, ν ∈ s + M, k, ` ∈ s0 + Z, Lα+µ+ν,i+k+`+q t��kjkÃ
(µ + αt)a

(q)
α+µ,ν,i+k,` + (ν + αt)a

(q)
µ,α+ν,k,i+` = (µ + ν − α)a

(q)
µ,ν,k,`. (4.6)½ ¾ ö w³Á adGλ,m, λ ∈ s + M, m ∈ s0 + Z ¼ v Ü (4.5), ~ v � Jacobi Ë µ�J w � ��& Ñ

µ, ν, λ ∈ s + M, k, `, m ∈ s0 + Z, Gµ+ν+λ,k+`+m+q t��kjkÃ
(ν + (λ + µ)t)a

(q)
λ,µ,m,k + (µ + (λ + ν)t)a

(q)
λ,ν,m,` = −(λ + (µ + ν)t)a

(q)
µ,ν,k,`. (4.7)
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Þk� [8] � (5.4a) � (5.10) ¨kßkwÌ~kv (4.6), (4.7) JkwÌA Ü t = − 1
2 , ª a

(q)
µ,ν,k,` ä�Í�Î ¿ µ, ν, k, `.

� ¬ r������ W1 tkÏ�/kw³ðkñkÀkÅkÑ µ, ν ∈ s + M, k, ` ∈ s0 + Z, q
a
(q)
µ,ν,k,` = 2. (4.8)

~ v p�J ­ (4.6) J w�)�* � � Lα+µ+ν,i+k+`+q−1 t�� j w�A Ü Ñ α ∈ M, i ∈ Z, µ, ν ∈ s +

M, k, ` ∈ s0 + Z, q
(µ −

α

2
)a

(q−1)
α+µ,ν,i+k,` + (ν −

α

2
)a

(q−1)
µ,α+ν,k,i+` + (k −

i

2
)a

(q)
α+µ,ν,i+k,` + (` −

i

2
)a

(q)
µ,α+ν,k,i+`

= (µ + ν − α)a
(q−1)
µ,ν,k,` + (k + ` + q − i)a

(q)
µ,ν,k,`. (4.9)

Å α = i = 0, ~kv (4.8) Jkw�A Ü q = 0. ø�MkÂ�&kw (4.9) �y· ¿ a
(q−1)
µ,ν,k,` t�Ï�Ð�J�� (4.6) J

a
(q)
µ,ν,k,` t�Ï�Ð�Jkzk¶kÞktk��Skê��ký a

(q−1)
µ,ν,k,` 6= 0, ðkñ�A Ü q − 1 = 0 t ��� � ø�Mkw Ñ p Ñ�#

u v È�A Ü w³Ñ p<0, a
(p)
µ,ν,k,` =0. ø�MkÀ�A (4.4) t�.�/k¨ ¯ µ�Jk��f�Ò � pkÀ�� (4.4) Õk�k�¨ ¯ Lie �kikjk� 2

Lie �kikj SW [M, s, s0] À ¬ Âk�kzk���y� Virasoro �kikjktk¨ ¯ °k£k¤��k�k��Skêkw³ðñkÀ�¨�� M ¶�Óktk°k£k¤ Virasoro �kikj NSV ir[M, s, s0] Õk�kÃ SW [M, s, s0] t��y�k�k�kw
@�A ¦ ³Ôµ�¶ ãk~kzk°k£k¤ Virasoro ikj NVir[M ]. L�Mkw Å bµ,k,` ∈ C H�I b−µ,k,` = bµ,`,k, @

[Gµ,k, Gν,`] = 2Lµ+ν,k+` + δµ+ν,0 bµ,k,`c, (4.10)¦ � µ, ν ∈ s + M, k, ` ∈ s0 + Z ( ©�Õ (4.4) t�.�/k¨ ¯ µ�J ).D
ν = µ, ` = k, Á adL−2µ,i, i ∈ Z ¼kv Ü (4.10) Jkw�~kv (1.1) J ¬k­ (4.4) t �� ¯ µ

Jkwùø b−µ,k,` = bµ,`,k A Ü w³Ñ µ ∈ s + M, i ∈ Z, k ∈ s0 + Z, q
4µbµ,k,i+k + 2(k −

i

2
)bµ,k,i+k−1

=
1

6
(−8δi+2k,−1 µ3 + 12iδi+2k,0 µ2 − 6i(i− 1)δi+2k,1 µ + i(i − 1)(i − 2)δi+2k,2). (4.11)

D
i = −2k, ÍkÑ µ ∈ s + M, k ∈ s0 + Z, q

µbµ,k,−k + kbµ,k,−k−1 = −kµ2. (4.12)

Á µ Ö�> � −µ, Á k Ö�> � −k, ~ v b−µ,k,` = bµ,`,k, A Ü −µbµ,k,−k − kbµ,k−1,−k = kµ2.

M�J�� (4.12) J ë×q w�� ý k ≥ 0, bµ,k,−k−1 = bµ,0,−1; � ý k < 0, bµ,k,−k−1 = bµ,−1,0.
l

(4.11) �yw D i = −2k − 1, ©�Õ k t��kjkw³À ¬ A�& bµ,k,−k−2 = 0, bµ,k,−k−1 = − 1
3µ2.

B l
(4.11) J�� D i = −2k − 2,−2k − 3, ...,, ðkñ�A Ü w��ký k + ` ≤ −2, Í bµ,k,` = 0.

½k¾ ökwD
i = −2k,−2k + 1, ..., A Ü w��ký k + ` ≥ 2, Í bµ,k,−k = − 2

3kµ, bµ,k,−k+1 = − 1
3k(k − 1) ª

bµ,k,` = 0. ø�MkÀ ¬ %�&�O�PktkÕk�k�E�F
4.2 Åkq $ Ðk� (M, s, s0),

¦ � M z C tk°�<kÇkÈk�k©kw s ∈ 1
2M, s0 ∈ 1

2Z. �
M $ Ðk�k¶�Óktk°k£k¤ Virasoro �kikj NSV ir[M, s, s0], z�ø {Lα,i, Gµ,k, c |α ∈ M, i ∈ Z, µ ∈

s + M, k ∈ s0 + Z} �k�kt Lie �kikjkw xkt�>�¤�¥k��H�I (1.1) ¬k­ (4.4) t �� ¯ µ�Jkw ªkÑ
µ, ν ∈ s + M, k, ` ∈ s0 + Z, q

[Gµ,k, Gν,`] = 2Lµ+ν,k+` −
1

3
δµ+ν,0(δk+`,−1 µ2 + 2kδk+`,0 µ + k(k − 1)δk+`,1)c. (4.13)
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½k¾k¿ Õk� 3.2, À ¬ Õk��������� NSV ir[M, s, s0]- èk�³êkªkw³ðkñkÀ�A Ü $ ½ �������èkÄ SAa,a0,b, SA(a′), SB(a′), a, a0, b ∈ C, a′ ∈ C ∪ {∞},

¦ � SAa,a0,b, SA(a′) ÎkqkÏ
{vα,i |α ∈ M, i ∈ Z} ∪ {wµ,k |µ ∈ s + M, k ∈ s0 + Z}, (4.14)

ê SB(a′) ÎkqkÏ
{vµ,k |µ ∈ s + M, k ∈ s0 + Z} ∪ {wα,i |α ∈ M, i ∈ Z}, (4.15)

@�Akw³Ñ α, β ∈ M, i, j ∈ Z, µ, ν ∈ s + M, k, ` ∈ s0 + Z, q
SAa,a0,b : Lα,ivβ,j = (a + β + αb)vα+β,i+j + (a0 + j + ib)vα+β,i+j−1,

Lα,iwν,` = (a + ν + α(b −
1

2
))wα+ν,i+` + (a0 + ` + i(b −

1

2
))wα+ν,i+`−1,

Gµ,kvβ,j = wµ+β,k+j , (4.16)

Gµ,kwν,` = (a + ν + 2µ(b −
1

2
))vµ+ν,k+` + (a0 + ` + 2k(b −

1

2
))vµ+ν,k+`−1,

SA(a′) : Lα,ivβ,j = (α + β)vα+β,i+j + (i + j − 1)vα+β,i+j−1+

a′

2
δβ,0 δj,0(α

2vα,i+1 + 2iαvα,i + i(i − 1)vα,i−1),

Lα,iwν,` = (ν +
α

2
)wα+ν,i+` + (` +

i

2
− 1)wα+ν,i+`−1, (4.17)

Gµ,kvβ,j = wµ+β,k+j + a′δβ,0 δj,0(µwµ,k+1 + (2k − 1)wµ,k),

Gµ,kwν,` = (ν + µ)vµ+ν,k+` + (` + k − 1)vµ+ν,k+`−1,

SB(a′) : Lα,ivν,` = (ν +
α

2
)vα+ν,i+` + (` +

i

2
)vα+ν,i+`−1,

Lα,iwβ,j = βwα+β,i+j + jwα+β,i+j−1−

a′

2
δα+β,0(δi+j,−1 α2 + 2iδi+j,0 α + i(i − 1)δi+j,1)w0,0, (4.18)

Gµ,kvν,` = wµ+ν,k+` + a′δµ+ν,0(δk+`,−1 µ + kδk+`,0)w0,0,

Gµ,kwβ,j = βvµ+β,k+j + jvµ+β,k+j−1.

E�Q
4.3 (1) SAa,a0,b

∼= SAc,c0,d ⇔ a − c ∈ M, a0 − c0 ∈ Z, b = d.

(2) SAa,a0,b zkÙkt ⇔ (a, a0, b) /∈M×Z×{1} ª (a, a0, b) /∈ (s+M)×(s0+Z)×{ 1
2}.

(3) SA0,−1,1 ç SA(a′) q�W ¯ ��X L � Äùø {vα,i, wµ,k | (0, 0) 6= (α, i) ∈ M × Z, µ ∈

s + M, k ∈ s0 + Z} �k�ktkÙk�kèkw³×k¼ A′
0,−1,1 ­ Y�Z R è A0,−1,1/A

′
0,−1,1.

(4) SA−s,−s0, 1
2

( çk¶kukö SB(a′)) q�W ¯ ��X Lk�kÄùø ws,s0
( çk¶kukö w0,0) �k�kt�Y�Z�kè ­ Ù R è SA−s,−s0, 1

2

/Cws,s0
( çk¶kukö SB(a′)/Cw0,0), ×k¼ A′

−s,−s0, 1

2

.
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Nongraded Virasoro and Super-Virasoro Algebras and Modules of

Intermediate Series

ZHU Lin1, SU Yu-cai2

(1. Dept. of Math., Shanghai Jiaotong University, Shanghai 200240, China;
2. Dept. of Math., University of Science and Technology of China, Hefei 230026, China )

Abstract: A notion of the nongraded (super) Virasoro algebras is introduced, and the modules of
the intermediate series over the nongraded Virasoro and super-Virasoro algebras are presented, and
the modules of the intermediate series over a subalgebra of the non-graded Virasoro algebra (a rank 1
non-graded Witt algebra) are classified.

Key words: non-graded Virasoro algebra; module of the intermediate series.


