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1 o pqsrstsusv
Hopf wsxzy|{s}s~s�s� tsus�|�s�s�s�sqs� wsxs�s�s�s� Nakagami � Take-

saki �s� qsr �s�s�s� q��s� wsxs���s���s���s� us���s��� [1], �s� Cohen � Montgomeryq��� ���¡£¢¥¤�q�r�¦�§ � t�u���¨ � ����q���©�ª�«�¬��¤ ��� [2]. ®�¯�°�� Blattner �
Montgomery ± ¬ {s² q {s³s� �s s´ Hopf wsxsµ �s�s¶s s´ Hopf wsx ¡z¢|¤sqsrstsu [3].·s¸

1.1 ¹ H
�sº

F »s� Hopf wsxs¼ �s½s¾sqs¿ �À¹ U
v

Ho �sÁ Hopf wsxs¼ �s½¾sqs¿s�
A
v

H- Â�wsxs¼ v U - ÃsÄ �s  �s��Å U
q

H ÆsÇ RL- ÈsÉ ��ÊsË
(A#H) #U ∼= A⊗ (H#U) .

�s� �sÌ �sÍ �s©sªs« �sÎs{sÏsÐsÑ vsÒsÓ {s} �s s´ Hopf wsx H
Ì � � {s} H- Âswx A »s�s�s� � Cohen � Fishman ÔsÕ ¤sÖs×ÙØ A- ÂsÚsÛsÜsÝ A#H- ÂsÚsÛ ��¨zØ|Þsßsà¤

Maschke-type
tsu

[4].·s¸
1.2 ¹ H

�sásâ � �s s´ Hopf wsx � A
�

H- Âswsx � ¹ V
�sã

A#H- Â � Wv
V � A#H- ÁsÂ ��ä W

v
V � A- åsµ ��Ê W

v
V � A#H- åsµs�®sæsçzy|èsésêsësìs»s�s{ � �sísÄ ©sîsïsðsàsñ Hopf wsxs�sòsós� ñ Hopf wsxs� tsôØ

[5],[6] ®s�s� Yang-Baxter õsös�s÷søsùsúsû ¬sË·sü
1.3 Å H

�sý wsx �5äsþ ® T ∈ Hom (H, H), � ßsË id ∗T ∗ id = id, T ∗ id ∗T = T ,Êsÿ
H
vsñ

Hopf wsx � ¼ T
ÿs�

H � ñsqs¿ � ä (id ∗ T ) (h) Í (T ∗ id) (h) ��� � C (H),� ∑

h′T (h′′) ,
∑

T (h′) h′′ ∈ C (H), �zy h ∈ H ,
Êsÿ

H
����� � ñ Hopf wsxs��æsçzy�� �ù��s� ��	

Hopf wsxsµ ñ Hopf wsxs�s��
s�s� ������ [7-9].

2 �������
��� û��sæsçzy�� 	 �s{ ����� µ tsôsË����� �

: 2004-01-13
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Å H

��ñ
Hopf w�x ��Ê Ho % v�ñ Hopf w�x���¹ A

�
(
ã

)H- Â�w�x � H ® A »Ì � ��� h · a, �Ùy h ∈ H, a ∈ A. H
v'& ¼ ã Ho- Â�w�x � Ho ® H »�� ã�Ì � ���

f → h ÆsÇ Ë f → h =
∑

f(h′′)h′ = (µ ◦ τ ◦ (id ⊗ f) ◦ ∆)(h), �zy f ∈ Ho, h ∈ H . Ú us�
Ho ® H »�� &�Ì � ��� h ← f Æ�Ç Ë h ← f =

∑

f(h′)h′′ = (µ ◦ (f ⊗ id) ◦ ∆)(h), �£y
f ∈ Ho, h ∈ H ,

Þ ú A#H ( � (
ã

)Ho- Âswsx � �sÂ Ì � �sË f · (a#h) = a# (f → h), �y f ∈ Ho, a ∈ A, h ∈ H .
q�)�*sñ

Hopf wsx K Í (
ã

)K- Âswsx B,
� wsxsÚsÛ Ë λB,K :

B#K → EndF (B), λB,K (b#k) (c) = b (k · c), �zy k ∈ K, b, c ∈ B.+�,sîs��ä
B = H , K = U , U

�
Ho �sÁ ñ Hopf wsx ��Ês� wsxsÚsÛ Ë

ρH,U → EndF (H) , ρH,U (f) (h) = h← f,

�zy h ∈ H, f ∈ U .
Þ ú � U ® H » &sÌ � � ρH,U , H#U ® H » ãsÌ � � λH,U .·sü

2.1
[3] ¹ A

�
(
ã

)H- Âswsx � ¼s¹ U
�

Ho �sÁ ñ Hopf wsx ��äsq�)�* � a ∈ A,þ ® f1, · · · , fr ∈ U , � ß (

∩r
j=1Kerfj

)

· a = 0,
Ê

A
ÿs�

U - ÃsÄ �s  �s�· ü
2.2

[3] ¹ H
� ñ

Hopf w x � U
�

Ho � Á ñ Hopf w x � ä ρH,U (U) ⊆ λH,U (H#U),Êsÿ
U
q

H ÆsÇ RL- ÈsÉs�·sü
2.3 Å H

�s�s s´sñ
Hopf wsx � x ∈ H ,

äsq�)�* � h ∈ H ,
�

hx = ε (h) x, (
©

,sîsË
xh = ε (h) x),

Êsÿ
x � � H � ã (

©�,sîsË-&
) . ©s�-�s� x ∈

∫

l (
©�,sîsË

x ∈
∫

r),
∫

l (
©�,sîsË ∫

r)
ÿs�

H � ã (
©�,sîsË�&

) . © � ä ∫

l =
∫

r,
Ê�� ∫

l =
∫

r =
∫

,
ÿs�

H �
. © � tsô

α : (A#H) #U → EndF (A#H)
�

α = λA#H,U ;

β : A⊗ (H#U) → EndF (A#H)
�

β = L⊗ λH,U , �zy L : A→ EndF (A)
�sã�/sÊ�0

1 � ¯�2 q�)�* � a, b ∈ A, h, k ∈ H , f ∈ U ,
�sË

α ((a#h) #f) (b#k) = (a#h) (b# (f → k)) , β (a⊗ (h#f)) (b#k) = ab#h (f → k) .

®sì�3s� ¡z¢ y|èsé�4s�sì�3s{ � û usË5�¸
2.4

[3] ¹ f ∈ Ho, k ∈ H ,
Ê

(i) ∆ (f → k) =
∑

k′ ⊗ (f → k′′); (ii) ∆ (k ← f) =
∑

(k′ ← f)⊗ k′′.5s¸
2.5

[3] A
v

U - ÃsÄ �s  � H- Âswsx�6s¼�7�6 Ë q�)�* � a ∈ A,
þ ® f1, · · · , fr ∈ U ,Í a1, · · · , ar ∈ A, � ß k · a =

∑r
j=1 fj (k) aj ,

q�)�* � k ∈ H .8�9
2.6 Å H

�s�s½sñsqs¿
T ��:�;�<s� ���sñ Hopf wsx � U

�
Ho �sÁ ñ Hopf wx � A

�
H- Â�wsx � ¼ EndF (A#H) y )�* � σ

v�&
1#C(H)- ÂsÚsÛ � Ê α, β

� wsx â ÚÛs�>=�? Ø|�
α = λA#H,U , β = L⊗ λH,U , @ λA#H,U , λH,U , L

� wsxsÚsÛ ��A α, β
� wsxÚsÛ � 3 ¡ α, β

�sâ�B �5¹ α′ : (A#H) #U → EndF (A#H); β′ : A⊗ (H#U)→ EndF (A#H);

Φ : EndF (A#H)→ EndF (A#H)
©�,s�sË

α′ ((a#h) #f) (b#k) = f (k) (a#h) (b#1) ;

β′ (a⊗ (h#f)) (b#k) = f (k) ab#h; Φ(σ)(b#k) =
∑

(σ(b#k′′)(1#k′),

�zy a, b ∈ A, h, k ∈ H , f ∈ U , σ ∈ EndF (A#H).
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q�)�* � u ∈ Kerα′, u =
∑r

j=1 vj#fj , �zy vj ∈ A#H , {f1 , · · · , fr }
v

U ��J�K ¶�	 ÁLs�NM
k1, · · · , kr ∈ H � ßsË fi (kj) = δi,j , 1 ≤ i, j ≤ r,

Êsq�)�* � j
�sË

0 = α′ (u) (1#kj) = vj ,A
u = 0,

Ø¥�
u ∈ Kerα′,

A
α′
��â'B�� Ú u�½�¡ β′

��â'B ��3 ¡ Φ
��â'B ��¹ Ψ ∈

EndF (EndF (A#H))
�sË

Ψ (σ) (b#k) =
∑

(σ (b#k′′))
(

1#T−1 (k′)
)

, O�P �sË
(Ψ ◦ Φ) (σ) (b#k) =

∑

((Φσ) (b#k′′))
(

1#T−1
(

k1
))

=
∑

(σ (b#k′′′)) (1#k′′)
(

1#T−1 (k′)
)

=
∑

σ (b#k′′′)
(

1#k′′T−1 (k′)
)

=
∑

σ
(

b#k′′′k′′T−1 (k′)
)

=
∑

σ
(

b#k′T−1 (k′′) k′′′
)

= σ (b#k) .

Q Þ
Ψ
v

Φ � ãs¾s��R ¹ Ë σ = α′ ((a#h) #f),
ÊsË

Φ (σ) (b#k) =
∑

(σ (b#k′′)) (1#k′) =
∑

(a#h) (b#1) f (k′′) (1#k′)

= (a#h)
(

b#
∑

f(k′′)k′

)

= (a#h) (b#(f → k)) = α((a#h)#f)(b#k).

A
Φ ◦ α′ = α, Ú us½s¡sË Φ ◦ β′ = β, ¯�2 α, β

�sâ�B �S�T
2.7 ¹ H

�sñ
Hopf wsx � ÆsÇ�U�V 2.6 �sÈsÉ ��ÊsË

(i)
ä

U
�

Ho �sÁ ñ Hopf wsx ��Ê λH,U

vsâ�B�W
(ii)
ä

H
�s�s s´ � ��Ê λH,H∗

vsý�Bs��As� wsxsÚs� Ë
H#H∗ ∼= EndF (H) ∼= Mn (F ) ,

�zy Mn (F )
�sº

F »s� n× n X�Yswsxs�tsô
γ ∈ EndF (A#H)

�sË
γ(b#k) =

∑

((T−1(k′) · b)#k′′, �zy b ∈ A, k ∈ H .5s¸
2.8 Å H- ÆsÇ�U�V 2.6 �sÈsÉs¼ h · a = ε (h) a, �zy h ∈ C (H) , a ∈ A

Êsq »�Zs�
γ
�s¾

v ÆsÇ Ë v (b#k) =
∑

(k′ · b) #k′′, �zy b ∈ A, k ∈ H .=�?

γ(v(b#k)) = γ
(

∑

(k′ · b)#k′′

)

=
∑

(

T−1 (k′′) · (k′ · b)
)

#k′′′

=
∑

(

T−1 (k′′) k′
)

· b#k′′′ =
∑

ε (k′) b#k′′ = b#k,A
γ ◦ v = id, Ú us½s¡sË v ◦ γ = id,

A
γ
½s¾s��¾s�

v.5�¸
2.9 Å H- Æ�Ç'U'V 2.6 ��È�É�¼ h · a = ε (h) a, �£y h ∈ C (H) , a ∈ A,

Ê
v ◦

β (1⊗ (h#f)) ◦ γ = α ((1#h) #f).=�? q�)�* � b ∈ A, k ∈ H ,

(v ◦ β (1⊗ (h#f)) ◦ γ) (b#k)

=
∑

(v ◦ β (1⊗ (h#f)))
((

T−1 (k′) · b
)

#k′′
)

=
∑

v
((

T−1 (k′) · b
)

#h (f → k′′)
)

=
∑

(

(h (f → k′′))
′
(

T−1 (k′) · b
)

)

# (h (f → k′′))
′′

=
∑

h′ (f → k′′)
′
(

T−1 (k′) · b
)

#h′′ (f → k′′)
′′

=
∑

h′k′′T−1 (k′) · b#h′′ (f → h′′′) (
Ø û u 2.4(i))

=
∑

k′′T−1 (k′) · (h′ · b) #h′′ (f → k′′′) =
∑

ε
(

k′′T−1 (k′)
)

(h′ · b) #h′′ (f → k′′′)

=
∑

h′ · b#h′′ (f → k) = (1#h) (b# (f → k)) = α ((1#h) #f) (b#k) .
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a ∈ A, [ M
f1, \ fr ∈ U Í a1, \ ar

Ö û u 2.5 y�] 1 ��� ì�3sû usË5s¸
2.10 Å H- ÆsÇ�U�V 2.6 �sÈsÉs¼ h · a = ε (h) a, �zy h ∈ C (H) , a ∈ A,

ÊsË
(i) v ◦ β(a⊗ (1#1)) ◦ γ =

∑r

j=1 α ((aj#1) #1) (v ◦ (id⊗ ρ (fj)) ◦ γ);

(ii) γ ◦ α((a#1)#1) ◦ v =
∑r

j=1 β(αj ⊗ (1#1)) ◦ (id⊗ ρH,U (T−1(fj)).=�? q�)�* � b ∈ A, k ∈ H ,

(i)

(v ◦ β (a⊗ (1#1)) ◦ γ) (b#k) =
∑

(v ◦ β (a⊗ (1#1)))
(

T−1 (k′) · b#k′′
)

=
∑

v
(

a
(

T−1 (k′) · b
)

#k′′
)

=
∑

k′′ ·
(

a
(

T−1 (k′) · b
))

#k′′′

=
∑

(k′′ · a)
(

k′′′(T−1(k′) · b
)

#k(4) =
∑

(

r
∑

j=1

fj (k′′) aj

) (

k′′′T−1 (k′) · b
)

#k(4)

=

r
∑

j=1

α ((aj#1) #1)
(

∑

fj (k′′) k′′′T−1 (k′) · b#k(4)
)

=

r
∑

j=1

α ((aj#1) #1)
(

∑

(k′′ ← fj) T−1 (k′) · b#k′′′

)

=
r

∑

j=1

α ((aj#1) #1)
(

∑

(k′′ ← fj)
′

T−1 (k′) · b# (k′′ ← fj)
′′

)

=
r

∑

j=1

α ((aj#1) #1) v
(

∑

T−1 (k′) · b# (k′′ ← fj)
)

=

r
∑

j=1

α((aj#1)#1)(v ◦ (id⊗ ρ(fj))
(

∑

T−1(k′) · b#k′′
)

=

r
∑

j=1

α ((aj#1) #1) (v ◦ (id⊗ ρ (fj)) ◦ γ) (b#k) ,

A
(i) (�^s�

(ii)

γ ◦ α ((a#1) #1) ◦ v (b#k) =
∑

(γ ◦ α ((a#1) #1)) ((k′ · b) #k′′)

=
∑

γ ((a#1) (k′ · b#1→ k′′)) =
∑

γ (a (1→ (k′ · b)) #1→ k′′)

=
∑

γ (a (k′ · b) #k′′) =
∑

T−1 (k′′) · (a (k′ · b)) #k′′′

=
∑

(T−1(k′′′) · a)(T−1(k′′)k′ · b)#k(4)

=
r

∑

j=1

∑

fj

(

T−1(k′′′)
)

aj(T
−1(k′′)k′ · b#k(4)

=
r

∑

j=1

∑

fj(T
−1(k(4))ajb#k′T−1(k′′)k′′′
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=

r
∑

j=1

∑

fj

(

T−1 (k′′)
)

ajb#k′

=

r
∑

j=1

∑

ajb#T−1 (fj) (k′) k′′

=

r
∑

j=1

∑

β (αj ⊗ (1#1))
(

b#T−1 (fj) (k′) k′′
)

=
r

∑

j=1

β(αj ⊗ (1#1)) ◦ (id⊗ ρH,U (T−1(fj)),

A
(ii) (�^s�®sìs»sû u ��_�`s» � èsé ßsà æ�as��bs� tsusË·s¸

2.11 Å H
vsº

F » �s½s¾sñsqs¿ T ��:�;�<s� ���sñ Hopf wsx � U
v

Ho �Á ñ Hopf wsx � U
q

H ÆsÇ RL- ÈsÉ � A
v

H- Âswsxs¼ v U - ÃsÄ �s  � � H ® A »��Ì �sÆsÇ Ë h · b = ε(h)b, �zy b ∈ A, h ∈ C(H),
¨ ¼ EndF (A#H) y )�* � σ

v�&
1#C(H)-ÂsÚsÛ ��Ê (A#H)#U ∼= A⊗ (H#U) ( wsxsÚs� ).=�? ¹ a ∈ A, h ∈ H, f ∈ U ,

�s¡
v ◦ β (a⊗ (h#f)) ◦ γ ⊆ α ((A#H) #U),

Ø|�
α, β

� wxsÚsÛ ( U�V 2.6), a⊗ (h#f) = (a⊗ (1#1)) (1⊗ (h#f)), ¼ Ø|� v = γ−1 ( û u 2.8), cs� ¡sË
v ◦ β (1⊗ (h#f)) ◦ γ ⊆ α ((A#H) #U) ¼ v ◦ β (a⊗ (1#1)) ◦ γ ⊆ α ((A#H) #U) .

Ø û u 2.9
½ed

v◦β (1⊗ (h#f))◦γ ⊆ α ((A#H) #U),
Ø

RL- È É d id⊗ρ (fj) = β (1⊗ v),qs� } v ∈ H#U .
AzØ û u 2.9 �sû u 2.10(i)

d
v◦β (a⊗ (1#1))◦γ ⊆ α ((A#H) #U). Ú us½¡

γ◦α((a#h)#f)◦v ⊆ β(A⊗H)#U), ¯�2sèsé �sË γ−1◦β (A⊗ (H#U))◦γ = α ((A#H) #U),Ø|�
α, β

vsâ ÚsÛ ��Astsu (�^ � � Ë (A#H) #U ∼= A⊗ (H#U).Ø|Þstsus½sßsà ì�3s¯s}s~s�s� ï�fsËS�T
2.12 ¹ H

�sº
F »s� �s s´sñ Hopf wsx � A

�
H- Âswsx � ¼sÆsÇ tsu 2.11 �ÈsÉ ��ÊsË

(A#H) #H∗ ∼= A⊗ (H#H∗) ∼= A⊗Mn (F ) ∼= Mn (A) ( wsxsÚs� ).

3 g Hopf h�i�j Smash k�j�l�m�n
®�æ'a£y � ê'o f�Ö�×£Ø {�} H- Â�w�x A Ü�Ý�{�} ã ¼ & A#H- Â � Î�{�õ'p Ö�×£Ø{�} A- Â�Ú�Û�¼ C(H)- Â�Ú�Û�Ü�Ý�{�} A#H- Â�Ú�Û ��¨£Ø¥Þ�ß�à�ñ Hopf w�x£y-q'r �

Maschke-type
tsu �s�sís�Ø|�

H ∼= 1#H, A ∼= A#1 ( wsxsÚs� ), ê 1#h, a#1
©�,�ssÌ

h, a.
��� 4s�sì�3sû usË5�¸

3.1 Å H
�'�'��ñ

Hopf w�x � A
v

H- Â�w�x � ¼ h · a = ε (h) a, �£y h ∈

C (H) , a ∈ A,
Ê

A#H y �sË (1) ha =
∑

(h′ · a) h′′; (2) ah =
∑

h′′
(

S−1 (h′) · a
)

; �zy ah0 1
a#h.
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(1)

ha = (1#h) (a#1) =
∑

1 (h′ · a) #h′′1 =
∑

(h′ · a) h′′.

(2)

∑

h′′
(

S−1 (h′) · a
)

=
∑

h′′ ·
(

S−1 (h′) · a
)

h′′′ (
Ø

(1))

=
∑

((

h′′S−1 (h′)
)

· a
)

h′′′ =
∑

ε (h′′) ε (h′) ah′′′ (
Ø Â Ì �sÆsÇsÈsÉ )

= ah.

HT U�V 3.2 ¹ H
�s�s½s¾sñsqs¿

S � ���sñ Hopf wsx � A
�

H- Âswsx � ¼ h · a =

ε (h) a,
q�)�* � a ∈ A, h ∈ C (H),

Ê
A
vsã ¼ & A#H- Â �¥ã µ &sÌ � ©�,s� → µ ← ¼sÆÇ Ë ah→ b = a (h · b); b← ah = S−1 (h) · (ba), �zy a, b ∈ A, h ∈ H .=�? �s¡

A
vsã

A#H- Âs� q�)�* � a#h, c#l ∈ A#H, d ∈ A, èsé�cs� ¡ ��t�u � ½ �
ahcl→ d =

(

∑

a (h′ · c) h′′l
)

→ d =
∑

a (h′ · c) (h′′l · d) , (*)

@
ah→ (cl→ d) = ah→ (c (l · d)) = a (h · c (l · d)) =

∑

a (h′ · c) (h′′ · (l · d))

=
∑

a (h′ · c) (h′′l · d) . (**)

Ø|�
(∗) = (∗∗),

AsÌ � → ÆsÇs��t�us�Rs¡
A
v�&

A#H- Âs� q�)�* � a#h, c#l ∈ A#H, d ∈ A, èsé�cs� ¡ ��t�u � ½ �
d← (ahcl) = d←

(

∑

a (h′ · c) h′′l
)

=
∑

S−1 (h′′l) (da (h′ · c))

= S−1 (l) ·
∑

S−1 (h′′) (da (h′ · c))

= S−1 (l) ·
(

∑

S−1 (h′′′) · da
)

(

S−1 (h′′) · (h′ · c)
)

= S−1 (l) ·
(

∑

S−1 (h′′′) · da
)

(

S−1 (h′′) h′ · c
)

= S−1 (l) ·
(

∑

S−1 (h′′) · da
)

(ε (h′) c)

= S−1(l) · (S−1(h) · da)c) = S−1(l) · (cd← ah)c)

= (d← ah)← cl,

AsÌ � ← ÆsÇs��t�us�v Ø U�V 3.2
½�ds�5q ÆsÇs»�ZsÈsÉs� ñ Hopf wsx � èsé ½zØ {s} H- Âswsx A ÜsÝs{} ã ¼ & A#H- Âs�5s¸

3.3 ¹ H
�s�s½s¾sñsqs¿

S � �s s´����sñ Hopf wsx � x ∈
∫

r
, ¹ A

�
H- Âswx � V , W

�sã
A#H- Â � h · a = ε (h) a, �zy h ∈ C (H) , a ∈ A.

ä
λ : V → W

v
A- ÂsÚÛs¼ v C(H)- ÂsÚsÛ ��Ê λ̂ : V →W, v 7→

∑

S (x′) · λ (x′′ · v)
v

A#H- ÂsÚsÛs�
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=�? Å g ∈ H, v ∈ V ,
Ø|�

S
� Æ Bs��Asþ ® h ∈ H , � ß g = S (h).

g · λ̂ (v) =
∑

S (h) ·
(

∑

S (x′) · λ (x′′ · v)
)

=
∑

S (h) S (x′) · λ (x′′ · v)

=
∑

S (h′) h′′S (h′′′) S (x′) · λ (x′′ · v) =
∑

S (x′h′) · λ (h′′S (h′′′) x′′ · v)

=
∑

S (x′h′) · λ (x′′h′′S (h′′′) · v) . (*)

¹ ρ : (A#H)⊗ V → V, ρ′ : (A#H)⊗W →W , �zy ρ((a#h)⊗ v)) = (a#h) · v,
ÊsË

ρ′ ◦ (S ⊗ (λ ◦ ρ ◦ (µ⊗ id) ◦ (id⊗ S ⊗ id)))
∑

x′h′ ⊗ x′′h′′ ⊗ h′′′ ⊗ v

=
∑

ρ′ ◦ (S (x′h′)⊗ (λ ◦ ρ ◦ (µ⊗ id) (x′′h′′ ⊗ S (h′′′)⊗ v)))

=
∑

ρ′ (S (x′h′)⊗ (λ ◦ ρ (x′′h′′S (h′′′)⊗ v)))

=
∑

ρ′ ◦ (S (x′h′)⊗ (λ (x′′h′′S (h′′′) · v))) =
∑

S (x′h′) · λ (x′′h′′S (h′′′) · v) . (**)

A
(∗∗) = (∗).Ø|�

x ∈
∫

r,
A

∑

x′h′ ⊗ x′′h′′ = ∆ (xh′) = ∆ (ε (h′) x),
Q Þ

∑

x′h′ ⊗ x′′h′′ ⊗ h′′′ ⊗ v =
∑

x′ ⊗ x′′ ⊗ ε (h′) h′′ ⊗ v =
∑

x′ ⊗ x′′ ⊗ h⊗ v.

¯�2 (∗∗) =
∑

S (x′) · λ (x′′S (h) · v) = λ̂ (S (h) · v) = λ̂ (g · v),
Q Þ

λ̂ (g · v) = g · λ̂ (v).Å a ∈ A,
Ê

a · λ̂ (v) =
∑

aS (x′) · λ (x′′ · v)

=
∑

(

S (x′)
(

S−1 (S (x′′)) · a
))

· λ (x′′′ · v) (
Ø û u 3.1(2))

=
∑

(S (x′) (x′′ · a)) · λ (x′′′ · v)

=
∑

S (x′) · λ (((x′′ · a) x′′′) · v) (
Ø|�

x′′ · a ∈ A, ¼ λ
v

A- ÂsÚsÛ )

=
∑

S (x′) · λ (x′′a · v) (
Ø û u 3.1(1))

=
∑

S (x′) λ (x′′ · (a · v)) = λ̂ (a · v) .

Q Þ
a · λ̂ (v) = λ̂ (a · v).

A
(a#g) · λ̂ (v) = a · λ̂ (v) #gλ̂ (v) = λ̂ (a · v) #λ̂ (g · v) = λ̂ (a · v#h · v) = λ̂ (a#h · v) .

A
λ̂
�sã

A#H- ÂsÚsÛ � Ú us½s¡ λ̂
v�&

A#H- ÂsÚsÛ � Q Þ λ̂
v

A#H- ÂsÚsÛs�v Ø û u 3.3
½�dsq ÆsÇs»�ZsÈsÉs� ñ Hopf wsx � èsé ½zØ {s} A- ÂsÚsÛ ( ¼sÚsú v

C(H)- ÂsÚsÛ ) ÜsÝs{s} A#H- ÂsÚsÛ �ÙØ|Þ û u èsé � ì�3s� tsusË·s¸
3.4 ¹ H

�s�s½s¾sñsqs¿
S � �s s´����sñ Hopf wsx � ¼ ε

(∫ )

6= 0, A
�

H- Âwsx � �sÂ Ì �sÆsÇ Ë h · a = ε (h) a,
q�)�* � a ∈ A, h ∈ C (H). ¹ V

�sã
A#H- Â � W

v
V � A#H- ÁsÂs¼ v C(H)- ÁsÂs� ä W

v
V � A- åsµ ��Ê W

v
V � A#H- åsµs�=�? M

x ∈
∫

, ε (x) 6= 0, ¹ e=x/ε (x),
Ê

e2=(x/ε (x))(x/ε (x))=x/ε (x)=e, @ e = ee =

ε (e) e,
A

ε (e) = 1, ¼ eh = he = ε (h) e,
q�)�* � h ∈ H . ¹ λ : V → W

�
A- ÂsÚsÛ ��� %
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C(H)- ÂsÚsÛs� q »�Zs� e ∈
∫

, ∆ (e) =
∑

e′ ⊗ e′′,
tsô

λ̂
Ö û u 3.3,

� Ë
λ̂ : V →W, v 7→

∑

S (e′) · λ (e′′ · v),
Ê

λ̂
v

A#H- ÂsÚsÛs��¹ w ∈W ,
Ê

e′′ · w ∈W ,
A

λ (e′′ · w) = e′′ · w,
QÞ

λ̂ (w) =
∑

S (e′) · (e′′ · w) = (
∑

S (e′) e′′) · w = ε (e) w = w,
A

λ̂
��B�ws� ¯�2 W

v
V �

A#H- åsµs�5s¸
3.5 ¹ H

�s�s s´sásâsý wsx ��Ê ε
(∫ )

6= 0.='? Ø¥�
H
v�á�â � ��A�þ ® ã�u'x

I � H = I ⊕ Kerε,
q

x ∈ Kerε, y ∈ I ,
�

xy ∈ Kerε ∩ I ,
A

xy = 0 = ε (x) y, ¯'2 q')'* � h ∈ H, h = (h− ε (h) 1) + ε (h) 1,
Ø¥�

h − ε (h) 1 ∈ Kerε,
A

hy = ε (x) y. ¯'2 I ⊆
∫

,
Q Þ

H = I ⊕ Kerε ⊆
∫

⊕ Kerε,
Ø¥�

ε (H) 6= 0, ε (Kerε) = 0, èsé � ε
(∫ )

6= 0.S�T
3.6 ¹ H

�sásâ � �s s´����sñ
Hopf wsxs¼ �s½s¾sñsqs¿ S, A

�
H- Âswsx � �Â Ì �sÆsÇ Ë h · a = ε (h) a,

q�)�* � a ∈ A, h ∈ C (H). ¹ V
�sã

A#H- Â � W
v

V �
A#H- ÁsÂs¼ v C(H)- ÁsÂ ��ä W

v
V � A- åsµ ��Ê W

v
V � A#H- åsµs�=�? Ø|tsu

3.4 Ísû u 3.5
ß �ï�f

3.6
v

Hopf wsxzy Maschke-type
tsu �sÄ ©sïsð [4],

Þ �s�sÄ © ÈsÉ�y � Hopf wxsús�sòsós�
z�{�|�}�~
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Duality Theorem and Smash Product’s Structure of

Weak Hopf Algebra

ZHANG Li-na1, NI Shen-bing2

( 1. Medical School, Shanghai Jiaotong University, Shanghai 200025, China;
2. School of Management, Shanghai Jiaotong University, Shanghai 200030, China )

Abstract: This paper includes two major aspects. Firstly, we expanded partly the duality theorem of
Hopf algebra theory to weak Hopf algebra. Secondly, we discuss the module and the module homomor-
phism upon weak Hopf algebra, and expand partly the Maschke-type theorem.
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