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1 ¡ ¢
£¥¤¥¦¥§¥¨¥©¥ª¥«¥¬¥¥®¥¯¥°¥±¥²¥³¥´

(r(t)ϕ(x(t))g(x′(t)))′ + p(t)g(x′(t)) + q(t)f(x(t)) = 0, t ≥ t0 ≥ 0 (1.1)µ·¶
r(t) ∈ C1([t0,∞), (0,∞)), p(t), q(t) ∈ C([t0,∞), R), ¸ p(t) ¹ ±¥º ϕ(x) ∈ C(R, (0,∞)),

g(x) ∈ C(R,R), f(x) ∈ C1(R,R), ¸ xf(x) > 0, x 6= 0.»¥¼¥½¥¾¥¿
x : [t0, t1) → (−∞,∞), t1 > t0 À ³¥´ (1.1)

«¥Á¥º�Â¥Ã
x(t) Ä t ∈ [t0, t1) Å¥ÆÇ ³¥´

(1.1), È¥É ºËÊ¥Ì¥Í¥Î¥Ï¥Ð¥³¥´ (1.1) Ä t0 ≥ 0 Ñ¥Ä¥Ò¥Ó «¥Á¥ÔË³¥´ (1.1)
«¥¼¥½¥Á

x(t)» À¥Õ¥Ö «¥º×Â¥Ã¥Ø¥§¥Ù¥Ú¥Û¥«¥Ü¥Ý¥Ô×Þ¥ß¥» À ® Õ¥Ö «¥à×³¥´ (1.1)
» À¥Õ¥Ö «¥º×Â¥Ã (1.1)

«
á¥¼¥½¥Á¥â¥Î Õ¥Ö «¥Ôã¥ä ³¥´

(1.1) å µ¥æ¥ç¥è¥é¥« Õ¥Ö °¥ê¥ë·ìí§¥î¥ï¥ð¥ñ¥ò¥ó¥ô¥õ¥«¥³¥ö¥÷¥ø¥ù¥ú¥û¥ºüÂ¥ýþ
[1–4] ÿ Ô�� Ò���� Ã¥â�� å�� ú¥û¥«¥³¥´ Ä�� ½�	�
 [t0,∞)

«¥ø À Ô���������¥ù¥Ø¥«��ó¥Ô
1999 � º Kong[5]

ò¥ó
Philos[7]

¶ ã¥ä ¬¥¥¯¥°¥±¥²¥³¥´¥«����¥º����¥ù¥³¥´
[r(t)x′(t)]′ + q(t)x(t) = 0, (1.2)

�����¥ù��¥³¥´¥«��¥½�� å Kamenev ����� «�	�
 Õ¥Ö�� ß ( � ý [5]
«� �!

2.1 " 2.2 å�#û
2.1-2.4).

ð À �¥ó¥º�$ r(t) = 1 % º Kong[5] &�' ù�(�)¥« � Ã ( *�� ý [5]
«� �!

2.3).+�,
A - r(t) ≡ 1.

ß¥³¥´
(1.2)

Î Õ¥Ö «¥º Â¥Ã�. ä á¥½ l ≥ t0 " ¼ � µ > 1, Æ Ç
(i)
(�)¥«�/¥½¥ô ÿ�0�1�2�3

lim sup
t→∞

1

tµ−1

∫ t

l

(s− l)µq(s)ds >
µ2

4(µ− 1)
, (1.3)
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lim sup
t→∞

1

tµ−1

∫ t

l

(t− s)µq(s)ds >
µ2

4(µ− 1)
. (1.4)

J¥ñ
(ii)

(�)¥«¥ô ÿ�0�1�2�3
lim sup

t→∞

1

tµ−1

∫ t

l

(s− l)µ[q(s) + q(2t− s)]ds >
µ2

2(µ− 1)
. (1.5)

2000 � º Li " Agarwal[6]
£¥¤¥ù¥®¥¯¥°¥±¥²¥³¥´

[r(t)x′(t)]′ + p(t)x′(t) + q(t)f(x(t)) = 0, (1.6)

K Å�L 	�
 Õ¥Ö � Ã #�M ' ù¥³¥´ (1.6).
�ON ä ð¥ñ�P�Q

ϕ(x) = 1, g(y) = y,
�������¥ù¥Ø¥«

�¥ó¥ÔSR¥ý¥«UT «¥Î¥ò¥ó�V�W¥¾¥¿ " ¼¥½ M�X Riccati Y�Z ºS.�[¥¼�\¥«¥±¥²¥³¥´ (1.1) ]�2 �½�^¥«�	�
 Õ¥Ö  �!¥º � & � Ã #�M�"�_ ÷¥ù Kong
« � Ã¥ÔR¥ý�`�a¥Ï¥Ð�(�b ����1�2�3

A1) Ñ¥Ä�c ¿ λ > 0 " λ1 > 0, d & 0 < λ ≤ ϕ(x) ≤ λ1;

A2) Ñ¥Ä�c ¿ γ > 0, d & f ′(x) ≥ γ > 0,
. ä

x 6= 0;

A3) Ñ¥Ä�c ¿ γ1 > 0, d & g2(y) ≤ γ1yg(y),
. ä � §¥« y.

À ³fe ºg X ¾ ¿fh X
Âf( 3 » ¼ ½ ¾ ¿ H = H(t, s) i ä ¾ ¿fh X , j À H = H(t, s) ∈ X ,Â¥Ã

H ∈ C(D,R+), D = {(t, s)|t ≥ s ≥ t0}, Æ Ç
H(t, t) = 0, H(t, s) > 0, t > s, (1.7)

¸¥Ä D Å §�k�l¥¿ ∂H(t,s)
∂t

" ∂H(t,s)
∂s

, d &
∂H(t, s)

∂t
= h1(t, s)

√

H(t, s),
∂H(t, s)

∂s
= −h2(t, s)

√

H(t, s), (1.8)

µ·¶
h1, h2 ∈ Lloc(D,R)

Î
D Å «�m�n ¹�o ¾¥¿¥º R+ = [0,∞).

2 prqrsrt
u�,

2.1
Ï Ð

x(t)
Î ³ ´

(1.1)
« ¼ ½ Á ¸ Ä [c, b) Å Æ Ç x(t) > 0.

. ä Ù Ú «
ρ ∈

C1([t0,∞), (0,∞)) " k ∈ C1([t0,∞), R), -
u(t) = v(t){

r(t)ϕ(x(t))g(x′(t))

f(x(t))
+ r(t)k(t) +

γ1

2γ
p(t)}, (2.1)

t ∈ [c, b).
ß�.¥Ù�v

H ∈ X ,
§

∫ b

c

H(b, s)ψ(s)ds ≤ H(b, c)u(c) +
λ1γ1

4γ

∫ b

c

v(s)r(s)[h2(b, s) −
√

H(b, s)
ρ′(s)

ρ(s)
]2ds, (2.2)

µ·¶
v(t) = ρ(t) exp{−

2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.
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y�z .
(2.1) 0 /�{ ã¥ä t

Q�l¥º��¥ò¥ó
(1.1) " A2), A3) ¹ & º�. t ∈ [c, b)

§
u′(t) ≤

v′(t)

v(t)
u(t) − v(t)p(t)

g(x′(t))

f(x(t))
− v(t)q(t) −

γv(t)r(t)ϕ(x(t))g2(x′(t))

γ1f2(x(t))
+

v(t)(r(t)k(t))′ +
γ1

2γ
v(t)p′(t), (2.3)

�ON
u(t), v(t)

«� X¥å A1), A2)
&

v′(t)

v(t)
u(t) − v(t)p(t)

g(x′(t))

f(x(t))
−
γv(t)r(t)ϕ(x(t))g2(x′(t))

γ1f2(x(t))

= −
γ

γ1ϕ(x(t))
[

1
√

v(t)r(t)
u(t) −

√

v(t)r(t)k(t)]2+

[
ρ′(t)

ρ(t)
−

2γ

λ1γ1
k(t)]u(t) +

γ1

4γ

v(t)p2(t)

r(t)ϕ(x(t))

≤ −
γu2(t)

λ1γ1v(t)r(t)
+
ρ′(t)

ρ(t)
u(t) −

γv(t)r(t)k2(t)

λ1γ1
+

γ1

4λγ

v(t)p2(t)

r(t)
, (2.4)

N
(2.3) " (2.4),

. ä
t ∈ [c, b),

§
u′(t) ≤ −

γu2(t)

λ1γ1v(t)r(t)
+
ρ′(t)

ρ(t)
u(t) − ψ(t), (2.5)

µ·¶
ψ(t) = v(t){q(t) +

γ

λ1γ1
r(t)k2(t)−

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.

��|¥º}. ä
s ∈ [c, b),§

ψ(s) ≤ −u′(s) +
ρ′(s)

ρ(s)
u(s) −

γu2(s)

λ1γ1v(s)r(s)
. (2.6)

ó
H(t, s) ~¥È (2.6)

/�{¥º�.
s � c ' t o ²¥º t ∈ [c, b),

�¥ò¥ó
(1.7) " (1.8),

§
∫ t

c

H(t, s)ψ(s)ds ≤ −

∫ t

c

H(t, s)u′(s)ds+

∫ t

c

H(t, s)
ρ′(s)

ρ(s)
u(s)ds−

∫ t

c

γH(t, s)

λ1γ1v(s)r(s)
u2(s)ds

= H(t, c)u(c) −

∫ t

c

{

√

γH(t, s)

λ1γ1v(s)r(s)
u(s) +

1

2

√

λ1γ1

γ
v(s)r(s)[h2(t, s) −

√

H(t, s)
ρ′(s)

ρ(s)
]}2ds+

λ1γ1

4γ

∫ t

c

v(s)r(s)[h2(t, s) −
√

H(t, s)
ρ′(s)

ρ(s)
]2ds

≤ H(t, c)u(c) +
λ1γ1

4γ

∫ t

c

v(s)r(s)[h2(t, s) −
√

H(t, s)
ρ′(s)

ρ(s)
]2ds.

Ä¥Å�0 ¶ - t→ b−,
ß ¹ & (2.2) 0�1�2 Ô 2�

1 Y�Z (2.1)
¶í«

γ1

2γ
p(t)
Î���P¥«¥º Â¥Ã��¥§ Ò ª¥º Ê¥Ì¥«¥³¥ö·¶�����P�. p(t)

�� 
¼¥½����¥Ô

�
2
Â¥Ã��

k(t) = − γ1

2γ

p(t)
r(t) ,
ß ¹���� p(t) ¹ ±¥« ��� Ôu�,

2.2
Ï Ð

x(t)
Î ³ ´

(1.1)
« ¼ ½ Á ¸ Ä (a, c] Å Æ Ç x(t) > 0.

. ä Ù Ú «
ρ ∈

C1([t0,∞), (0,∞)) " k ∈ C1([t0,∞), R),
Â

(2.1) 0¥Ä (a, c] Å  X u(t).
ß�.¥Ù�v

H ∈ X ,
§

∫ c

a

H(s, a)ψ(s)ds ≤ −H(c, a)u(c) +
λ1γ1

4γ

∫ c

a

v(s)r(s)[h1(s, a) +
√

H(s, a)
ρ′(s)

ρ(s)
]2ds, (2.7)
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µ·¶

v(t) = ρ(t) exp{−
2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.

�O� h�� ä�� !
2.1
º����¥Ô

ò¥ó � !
2.1 " � ! 2.2 � & (�)¥« � Ã¥Ô+�,

2.1 �¥Ñ¥Ä c ∈ (a, b) " H ∈ X , ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R), d &
1

H(c, a)

∫ c

a

H(s, a)ψ(s)ds+
1

H(b, c)

∫ b

c

H(b, s)ψ(s)ds

>
λ1γ1

4γ
{

1

H(c, a)

∫ c

a

v(s)r(s)[h1(s, a) +
√

H(s, a)
ρ′(s)

ρ(s)
]2ds+

1

H(b, c)

∫ b

c

v(s)r(s)[h2(b, s) −
√

H(b, s)
ρ′(s)

ρ(s)
]2ds}, (2.8)

µ·¶
v(t) = ρ(t) exp{−

2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.

ß¥³¥´
(1.1)

«¥á¥½¥Á Ä (a, b) ����� §¥¼¥½¥Ü¥Ý¥Ôy�z � ô��¥º ß¥ô��¥¼�\¥° ¹ Ï¥Ð¥³¥´ (1.1)
§¥Á

x(t), d & x(t) > 0, t ∈ (a, b). ��� �!
2.1 " � ! 2.2 ��� (2.2) " (2.7) 1�2 Ô ó H(b, c) " H(c, a)

²����
(2.2) " (2.7) 0 ����¥º ß¥§

1

H(c, a)

∫ c

a

H(s, a)ψ(s)ds+
1

H(b, c)

∫ b

c

H(b, s)ψ(s)ds

≤
λ1γ1

4γ
{

1

H(c, a)

∫ c

a

v(s)r(s)[h1(s, a) +
√

H(s, a)
ρ′(s)

ρ(s)
]2ds+

1

H(b, c)

∫ b

c

v(s)r(s)[h2(b, s) −
√

H(b, s)
ρ′(s)

ρ(s)
]2ds}.

Ò�� Ï¥Ð (2.8)  �¡ Ô 2+�,
2.2 � .¥Ù¥Ú¥« T ≥ t0, Ñ¥Ä H ∈ X , ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R) "

a, b, c ∈ R, d & T ≤ a < c < b " (2.8) 1�2 º ß¥³¥´ (1.1)
Î Õ¥Ö «¥Ôy�z � ¼�b

{Ti} ⊂ [t0,∞), d & Ti → ∞, i → ∞. ��� Ï Ð º�. á ½ i ∈ N , Ñ Ä
ai, bi, ci ∈ R, d & Ti ≤ ai < ci < bi, ¸ (2.8) 1�2 º µ·¶ a, b, c

N
ai, bi, ci

²���¢�£¥Ô¤N� �!
2.1,
³¥´

(1.1)
«¥á¥½¥Á

x(t) Ä (ai, bi) ����� §¥¼¥½¥Ü¥Ý ti . ¥ Ú ' ti > ai ≥ Ti, i ∈ N , �¥Èá¥½¥Á¥â¥§¥Ù¥Ú¥Û¥«¥Ü¥Ý¥Ô���|¥º ³¥´
(1.1)

«¥á¥½¥Á¥â¥Î Õ¥Ö «¥Ô 2+�,
2.3 �¥Ñ¥Ä H ∈ X , ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R), d & .¥Ù¥Ú¥« l ≥ t0,§
lim sup

t→∞

∫ t

l

{H(s, l)ψ(s) −
λ1γ1

4γ
v(s)r(s)[h1(s, l) +

√

H(s, l)
ρ′(s)

ρ(s)
]2}ds > 0, (2.9)
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lim sup
t→∞

∫ t

l

{H(t, s)ψ(s) −
λ1γ1

4γ
v(s)r(s)[h2(t, s) −

√

H(t, s)
ρ′(s)

ρ(s)
]2}ds > 0, (2.10)

µ·¶
v(t) = ρ(t) exp{−

2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.

ß¥³¥´
(1.1)

Î Õ¥Ö «¥Ôy�z .¥Ù¥Ú¥«
T ≥ t0

º - a = T . Ä (2.9) 0 ¶�� l = a
º ß Ñ¥Ä c > a, d &

∫ c

a

{H(s, a)ψ(s) −
λ1γ1

4γ
v(s)r(s)[h1(s, a) +

√

H(s, a)
ρ′(s)

ρ(s)
]2}ds > 0, (2.11)

Ä (2.10)
¶��

l = c,
ß Ñ¥Ä b > c, d &

∫ b

c

{H(b, s)ψ(s) −
λ1γ1

4γ
v(s)r(s)[h2(b, s) −

√

H(b, s)
ρ′(s)

ρ(s)
]2}ds > 0. (2.12)

ó
H(c, a) " H(b, c)

²����
(2.11) " (2.12) 0 º�� É ���¥º ß¥§ (2.8) 0�1�2 Ô¤N� �! 2.2 �

��� û 1�2 Ô 2. ä
H := H(t− s) ∈ X , ��� h1(t− s) = h2(t− s), j À h(t− s).

¾¥¿�h
X
¶�N

H(t− s)¦ 1 «�§�¨ j À X0.
�� �!

2.2
�¥ó ä

X0 % º §�(�)¥« � Ã+�,
2.4 � .¥Ù¥Ú¥« T ≥ t0, Ñ¥Ä H ∈ X0, ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R),

" a, c ∈ R, d & T ≤ a < c "
∫ c

a

H(s− a)[ψ(s) + ψ(2c− s)]ds

>
λ1γ1

4γ

∫ c

a

{v(s)r(s)[h(s − a) +
√

H(s− a)
ρ′(s)

ρ(s)
]2+

v(2c− s)r(2c− s)[h(s− a) −
√

H(s− a)
ρ′(2c− s)

ρ(2c− s)
]2}ds, (2.13)

µ·¶
v(t) = ρ(t) exp{−

2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.

ß¥³¥´
(1.1)

Î Õ¥Ö «¥Ôy�z �
b = 2c− a.

ß
H(b− c) = H(c− a) = H((b− a)/2), ¸ .¥Ù¥Ú¥« w ∈ L[a, b],

§
∫ b

c

w(s)ds =

∫ c

a

w(2c− s)ds,

��|
∫ b

c

H(b− s)ψ(s)ds =

∫ c

a

H(s− a)ψ(2c− s)ds
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"

∫ b

c

v(s)r(s)[h(b − s) −
√

H(b− s)
ρ′(s)

ρ(s)
]2ds

=

∫ c

a

v(2c− s)r(2c− s)[h(s− a) −
√

H(s− a)
ρ′(2c− s)

ρ(2c− s)
]2ds.

��|
(2.13) 1�2 Ú�©�ª (2.8)

.
H ∈ X0 ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R) 1�2 Ô¤N� !

2.2 � ³¥´ (1.1)
Î Õ¥Ö «¥Ô 2�

3
Â¥Ã¥Ê¥Ì - p(t) = 0, ϕ(x) = 1, g(y) = y, f(x) = x,

���
ρ(t) = 1, k(t) = 0,

ß� �!
2.2–

 �!
2.4
²�� Y À Kong[5]

«� �!
2.1 «�# û 2.4 "  �! 2.2.

�¥Å )¥« Õ¥Ö�� ß ¹�� º�¬�¥ô¥õ¥« H(t, s), ¹ &�' ô¥õ¥« Õ¥Ö «�®¥² ��� Ô -
H(t, s) = (t− s)µ, t ≥ s ≥ t0,

µ·¶
µ > 1

Î c ¿¥ÔËß H ∈ X0, h(t− s) = µ(t− s)
µ

2
−1.
N� �!

2.3 " 2.4 ¹ & (�)�/¥½ # û¥Ô¯�°
2.1

Â¥Ã Ñ¥Ä ¾¥¿ ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R) "�c ¿ µ > 1, d & .á¥½
l ≥ t0,

(�)�/¥½¥ô ÿ�0�1�2�3
lim sup

t→∞

1

tµ−1

∫ t

l

(s− l)µ{ψ(s) −
λ1γ1

4γ
v(s)r(s)[

µ

s − l
+
ρ′(s)

ρ(s)
]2}ds > 0, (2.14)

lim sup
t→∞

1

tµ−1

∫ t

l

(t− s)µ{ψ(s) −
λ1γ1

4γ
v(s)r(s)[

µ

t − s
−
ρ′(s)

ρ(s)
]2}ds > 0, (2.15)

µ·¶
v(t) = ρ(t) exp{−

2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.

ß¥³¥´
(1.1)

Î Õ¥Ö «¥Ô¯�°
2.2 � .¥Ù¥Ú¥« T ≥ t0, Ñ¥Ä ρ ∈ C1([t0,∞), (0,∞)), k ∈ C1([t0,∞), R), " a, c ∈ R,

d & T ≤ a < c "
∫ c

a

(s− a)µ[ψ(s) + ψ(2c− s)]ds

>
λ1γ1

4γ

∫ c

a

(s− a)µ{v(s)r(s)[
µ

s − a
+
ρ′(s)

ρ(s)
]2+

v(2c− s)r(2c− s)[
µ

s− a
+
ρ′(2c− s)

ρ(2c− s)
]2}ds, (2.16)

µ·¶
v(t) = ρ(t) exp{−

2γ

λ1γ1

∫ t

k(s)ds},

ψ(t) = v(t){q(t) +
γ

λ1γ1
r(t)k2(t) −

γ1

4λγ

p2(t)

r(t)
− (r(t)k(t))′ −

γ1

2γ
p′(t)}.
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ß¥³¥´
(1.1)

Î Õ¥Ö «¥Ô X
R(t) =

∫ t

t0

1

r(s)
ds, t ≥ t0 (2.17)

¸�-
H(t, s) = [R(t) −R(s)]µ, t ≥ s ≥ t0 (2.18)µ·¶

µ > 1
Î c ¿¥Ô¤N� �! 2.3 ¹ & (�)���P¥« � û¥Ô+�,

2.5
Ï¥Ð

limt→∞R(t) = ∞.
ß¥³¥´

(1.1)
Î Õ¥Ö «¥º Â¥Ã�.¥á¥½ l ≥ t0 " ¼ � µ > 1,(�)�/¥½¥ô ÿ�0�1�2�3

lim sup
t→∞

1

Rµ−1(t)

∫ t

l

[R(s) −R(l)]µψ(s)ds >
λ1γ1µ

2

4γ(µ− 1)
(2.19)

lim sup
t→∞

1

Rµ−1(t)

∫ t

l

[R(t) −R(s)]µψ(s)ds >
λ1γ1µ

2

4γ(µ− 1)
(2.20)

µ·¶
ψ(s) = q(s) − γ1

4λγ

p2(s)
r(s) − γ1

2γ
p′(s).y�z �

ρ(s) = 1, k(s) = 0,
ß

v(s) = 1, ψ(s) = q(s) − γ1

4λγ

p2(s)
r(s) − γ1

2γ
p′(s), ¸ N (1.8) �

h1(t, s) =
µ

r(t)
[R(t) −R(s)]

µ

2
−1, h2(t, s) =

µ

r(s)
[R(t) −R(s)]

µ

2
−1.

��|
λ1γ1

4γ

∫ t

l

v(s)r(s)[h1(s, l) +
√

H(s, l)
ρ′(s)

ρ(s)
]2ds =

λ1γ1µ
2

4γ(µ− 1)
[R(t) −R(l)]µ−1 (2.21)

λ1γ1

4γ

∫ t

l

v(s)r(s)[h2(t, s) −
√

H(t, s)
ρ′(s)

ρ(s)
]2ds =

λ1γ1µ
2

4γ(µ− 1)
[R(t) −R(l)]µ−1 (2.22)

± ò¥ó
limt→∞R(t) = ∞, ¹ &

lim
t→∞

λ1γ1

4γRµ−1(t)

∫ t

l

v(s)r(s)[h1(s, l) +
√

H(s, l)
ρ′(s)

ρ(s)
]2ds =

λ1γ1µ
2

4γ(µ− 1)
(2.23)

lim
t→∞

λ1γ1

4γRµ−1(t)

∫ t

l

v(s)r(s)[h2(t, s) −
√

H(t, s)
ρ′(s)

ρ(s)
]2ds =

λ1γ1µ
2

4γ(µ− 1)
. (2.24)

N
(2.19) " (2.23) 0 º §

lim sup
t→∞

1

Rµ−1(t)

∫ t

l

{[R(s) −R(l)]µψ(s) −
λ1γ1

4γ
v(s)r(s)[h1(s, l) +

√

H(s, l)
ρ′(s)

ρ(s)
]2}ds

= lim sup
t→∞

1

Rµ−1(t)

∫ t

l

[R(s) −R(l)]µψ(s) −
λ1γ1µ

2

4γ(µ− 1)
> 0.

²
(2.9) 0�1�2 ÔOõ�!ON (2.20) " (2.24) ¹ & (2.10) 1�2 Ô ���  �! 2.3,

³¥´
(1.1)

Î Õ¥Ö «¥ÔÂ¥Ã - r(s) ≡ 1,
ß ���¥Å )¥« � û ¹ &
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¯�°

2.3 - r(s) ≡ 1.
ß¥³¥´

(1.1)
Î Õ¥Ö «¥º Â¥Ã�. ä á¥½ l ≥ t0 " ¼ � µ > 1,

(�)¥¬
ñ�³¥¼ 1�2 Ô

(i)
(�)�/¥½¥ô ÿ�0�1�2�3

lim sup
t→∞

1

tµ−1

∫ t

l

(s− l)µψ(s)ds >
λ1γ1µ

2

4γ(µ− 1)
, (2.25)

lim sup
t→∞

1

tµ−1

∫ t

l

(t− s)µψ(s)ds >
λ1γ1µ

2

4γ(µ− 1)
. (2.26)

J¥ñ
(ii)

(�)¥«¥ô ÿ�0�1�2�3
lim sup

t→∞

1

tµ−1

∫ t

l

(s− l)µ[ψ(s) + ψ(2t− s)]ds >
λ1γ1µ

2

2γ(µ− 1)
, (2.27)

µ·¶
ψ(s) = q(s) − γ1

4λγ
p2(s) − γ1

2γ
p′(s).y�z

(i) ´ � ¥ Ú ' r(s) ≡ 1 % º (2.25) " (2.26)
² À (2.19) " (2.20).

N� �!
2.5 ¹��

� û 1�2 Ô
(ii)

�
ρ(s) ≡ 1 " k(s) ≡ 0,

ß
v(s) ≡ 1.

. ä á¥½
T ≥ t0, - a = T . Ä (2.27)

¶��
l = a,� ¥ Ú '

lim
t→∞

1

tµ−1

∫ t

a

(s− a)µ−2ds =
1

µ− 1
, (2.28)

§
lim sup

t→∞

1

tµ−1

∫ t

a

{(s− a)µ[ψ(s) + ψ(2t− s)] −
λ1γ1µ

2

2γ
(s− a)µ−2}ds > 0.

Å�0�µ �
lim sup

t→∞

∫ t

a

{(s− a)µ[ψ(s) + ψ(2t− s)] −
λ1γ1µ

2

2γ
(s− a)µ−2}ds > 0,

��|¥º Ñ¥Ä c > a, d &
∫ c

a

(s− a)µ[ψ(s) + ψ(2c− s)]ds >
λ1γ1µ

2

2γ

∫ c

a

(s− a)µ−2ds,

²
(2.16) 0 . ρ(s) = 1, k(s) = 0 1�2 Ô ����# û 2.2,

³¥´
(1.1)

Î Õ¥Ö «¥Ô 2�
4
Â¥Ã - p(t) = 0, ϕ(x) ≡ 1, g(y) ≡ y, f(x) ≡ x,

ß ¹ � λ = λ1 = γ = γ1 = 1. Ò�% º
# û 2.3 Y À Kong[5]

«� �!
2.3,
²  �!

A.

3 ¶r·r¸r¹
R�º�������/ ½�»�§�¼�½ � Å�L�� Ã «�� ó Ô Ä Ò�� »�§ ¶¾��¿�À ' º ò ó�R ý � Ã ¹�Á ¥³¥´¥« Õ¥Ö °¥º�� Kong [5], Li " Agarwal [6]

« � Ã¥â¥ô�Â Á  ¥ÔÃ
1
£¥¤¥®¥¯¥°¥¨¥©¥±¥²¥³¥´

[
1

2t(1 + e−|x(t)|

x′(t)

1 + x′2(t)
]′ +

1

t2
x′(t)

1 + x′2(t)
+

2t

(t2 − 1)2
f(x(t)) = 0, t ≥ 1, (3.1)
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µ·¶
r(t) = 1

2t
, p(t) = 1

t2
, q(t) = 2t

(t2−1)2 , ϕ(x) = 1
1+e−|x| , g(y) = y

1+y2 , f(x) Æ Ç ��� A2).
ß

1

2
≤ ϕ(x) ≤ 1, g2(y) =

y2

(1 + y2)2
≤

y2

1 + y2
= yg(y) (λ =

1

2
, λ1 = 1, γ1 = 1),

R(t) =

∫ t

1

1

r(s)
ds =

∫ t

1

2sds = t2 − 1, R′(t) = 2t, lim
t→∞

R(t) = ∞,

ψ(t) = q(t) −
γ1

4λγ

p2(t)

r(t)
−
γ1

2γ
p′(t) =

2t

(t2 − 1)2
.

¸ . ä µ > 1,
§

lim
t→∞

1

Rµ−1(t)

∫ t

l

(R(s) −R(l))µ 2s

(s2 − 1)2
ds =

1

µ− 1
(3.2)

"
∫ t

l

[R(t) −R(s)]µ
2s

(s2 − 1)2
ds ≥

∫ t

l

[R(s) −R(l)]µ
2s

(s2 − 1)2
ds. (3.3)

N
(3.2) " (3.3) 0 ºÄ� ¥ Ú ' .¥Ù�v γ > 1/4, Ñ¥Ä µ > 1, d & 1/(µ− 1) > µ2/4γ(µ− 1)

º µ�
(2.19) " (2.20) 0 .¥õ Ó « µ 1�2 Ô ò¥ó� �! 2.5,

$
γ > 1/4 % º ³¥´ (3.1)

Î Õ¥Ö «¥Ôæ���Å º Â Ã Ä ³ ´ (3.1)
¶¾� ¾ ¿

f(x) = x(1 + x2),
ßÆN ä

f ′(x) = 1 + 3x2 ≥ 1,
²

γ = 1 > 1/4,
��|�� ³ ´ Î Õ Ö « Ô���� º¤N ä ϕ(x) 6= 1 " g(y) 6= y,

��|
Kong [5] " Li,

Agarwal [6]
« � Ã�Ç¥ö��¥ó ä ³¥´ (3.1).Ã

2
£¥¤¥®¥¯¥°¥¨¥©¥±¥²¥³¥´

[
1

2
(1 + sin2(t))(1 + e−|x(t)|)x′(t)(1 − e−x′2(t))]′ − sin 2tx′(t)(1 − e−x′2(t))+

3

1 + sin2 t
(x(t) + x5(t)) = 0, t ≥ 1, (3.4)

µ·¶
r(t) = 1 + sin2(t), p(t) = − sin 2t, q(t) =

3

1 + sin2(t)
, ϕ(x) =

1

2
(1 + e−|x|),

g(y) = y(1 − e−y2

), f(x) = x+ x5.

ß
g2(y) = y2(1 − e−y2

)2 ≤ y2(1 − e−y2

) = yg(y) (γ1 = 1),

1

2
≤ ϕ(x) ≤ 1, f ′(x) = 1 + 5x4 ≥ 1 (λ =

1

2
, λ1 = 1, γ = 1).

Ä�# û 2.1
¶íº��

µ = 2, k(t) = 0, ρ(t) = t2,
ß

v(t) = t2, ¸
ψ(t) = v(t){q(t) −

γ1

4λγ

p2(t)

r(t)
−
γ1

2γ
p′(t)} =

(4 − 3 sin2 t)t2

1 + sin2 t
,
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��|

lim sup
t→∞

1

tµ−1

∫ t

l

(s− l)µ{ψ(s) −
λ1γ1

4γ
v(s)r(s)[

µ

s − l
+
ρ′(s)

ρ(s)
]2}ds

= lim sup
t→∞

1

t

∫ t

l

(s− l)2s2{
4− 3 sin2 s

1 + sin2 s
−

1

4
(1 + sin2 s)[

2

s− l
+

2

s
]2}ds

≥ lim sup
t→∞

1

t

∫ t

l

{
1

2
(s− l)2s2 − 2(2s− l)2}ds = ∞,

h���Å¥§

lim sup
t→∞

1

tµ−1

∫ t

l

(t− s)µ{ψ(s) −
λ1γ1

4γ
v(s)r(s)[

µ

t − s
−
ρ′(s)

ρ(s)
]2}ds = ∞,

Ò ½ � (2.14) " (2.15) 0�1�2 º¤N # û 2.1,
³¥´

(3.4)
Î Õ¥Ö «¥Ô
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Interval Criteria for Oscillation of Second Order Nonlinear

Differential Equations with Damping

SHI Wen-ying
(College of Mathematics and Computer, Hebei University, Baoding 071002, China )

Abstract: In this paper, we investigate a class of second-order nonlinear differential equations with
damping. By using averaging functions and a generalized Riccati transformation, new interval oscillation
criteria for the differential equations are established, which are different from the most known ones in
the sense that they are based on the information only on a sequence of subintervals of [t0,∞), rather
than on the whole half-line. Our results extend and improve some known results in the literature. In
particular, several examples that dwell upon the sharp conditions of our results are also included.

Key words: interval oscillation criteria; second order; nonlinear; damped; Riccati transformation.


