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1 o p
qsrstsusvswsxsyszs{s|s}

x′′(t) + f(t, x(t), x′(t)) = 0, t ∈ (0, 1), (1)

ax(0) − bx′(0) = 0, cx(1) + dx′(1) = 0. (2)~��
f : [0, 1]× R2 −→ R �s�s�s�s�s�s�s� a > 0, b ≥ 0, c > 0, d ≥ 0.�s�s�s� ���s�s�s� xsyszs{s|s}s�s�s�s�s� ���s�s�s�s� ���s�s�s�s s¡ �s¢s��£s¤s�s¥

�s¦s§s¨s©s�«ªs¬ rs­ [1-12] ®s¯s� rs­s°«�s± � �sxs²srs­ [1,2]
� �«³s´sµs¶s·s¸s¹sº ws�»½¼ � � »½¾ (1) ¿½À Dirichlet

z½Á½Â½Ã½Ä
f ¿½À½Å½Æ �½�½Â½Ã½w �Ç¦½§È� »½¾ (1)

�
x =

0, t = 0, t = 1 ÉsÊsË �s�s�s�s�s�s�s°Ì�srs­ [3,4]
� � Bonannao Í Candito Îs¹sÏsÐ �sÑsÒÓsÔsÕsÖ ¦s§s�Ø×ÚÙsÛsÜ x′′ +λf(x(t)) = 0, x(0) = x(1) = 0 ÍsÝØ×ÚÙsÛsÜ x′′ +λf(t, x(t)) = 0,

x(0) = x(1) = 0
�sÞs�s�s�s�s°Ì�srs­

[5]
� � Anderson ¦s§s� vsw �s�sßsàsásº �sxsyszs{|s}

−x∆∆ = λp(t)f(xσ(t)), t ∈ [t1, t2], (3)

αx(t1) − βx∆(t1) = 0, γx(σ(t2)) + δx∆(σ(t2)) = 0, (4)âs�sãsä ¸s¹ Krasnosel’skii åsæ ysç Ô �è¦s§s� zs{s|s} (3),(4)
�s�s�s�s� �èésês¤s�s�sësì{sísîs�s�s�s�s°ï�srs­

[6]
� � Agarwal ð ãsä ¸s¹ Leggett-Williams åsæ ysç Ô ¦s§sñ γ = 0òszs{s|s}

(3),(4)
Þ � �s�s�s�s�s°��srs­ [7]

� � Agarwal ð ãsä ¸s¹sº ws� »s¼ ��ósôs�sõ
�sösº |s} (3),(4)

�s�s�s�s÷ Õ ÂsÃs°ørs­
[8]
� � Avery Í Henderson ¸s¹ Leggett-Williams

åsæ ysç Ô ¦s§sÙsÛsÜ x′′ + f(x(t)) = 0 Í x(0) = x(1) = 0
�sÞs�s�s�s�s°

ù�ú�ûýü
: 2004-02-20
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� �s� �srs­ [3-8]
� �«ÝsÆ ��� f �så��sÊ�	s� �s°«�srs­ [1-2]

� �
����� f �sÐ � �Ä ¿sÀsÅsÆ �s�sÂsÃ �Çésês¤s�s� �s�s�s�s�s°qsr�
 ¸s¹sº ws� »s¼ Í Leray-Schauder à Ô u � ¦s§ zs{s|s} (1),(2), ¤s�s� Þ � �s��s�s��� © ° ë Ö�� ��������� zs{s|s} (1),(2)
�sx �sº � β1, β2 Í x � ws� α1, α2,

�
[0,1]

ºs¿sÀ α1 ≤ α2, β1 ≤ β2, Í α2 6≤ β1.
�sqsr�� �����så���� β1 ≤ α2 � ����� �sÂsÃ �����

α2 6≤ β1 ��� �Çésê����s� ws� α2 � º � β1 ¿sÀ �sÂsÃs°

2 �! !"!#�sqsr�� ����� 
 ¹�$ w � ��% î C[0, 1], C1[0, 1] Í L1[0, 1]. &s� x ∈ C1[0, 1], ��� ç�'( � ‖x‖∞ = max{|x(t)| : t ∈ [0, 1]}, ‖x‖ = max{‖x‖∞, ‖x′‖∞}.
ç�'

Sobolev % î W 2,1(0, 1))
W 2,1(0, 1) = {x : [0, 1] −→ R|x, x′

�
[0, 1] ºs��*�&s�s� � � Ä x′′ ∈ L1[0, 1]}.+�,

1
v © α(t) ∈ W 2,1(0, 1), ¿sÀ

α′′(t) + f(t, α(t), α′(t)) ≥ 0, 0 < t < 1, (5)

aα(0) − bα′(0) ≤ 0, cα(1) + dα′(1) ≤ 0, (6)-�.
α(t)

) zs{s|s}
(1),(2)

�sws�s°�/�0 � � v © β(t) ∈ W 2,1(0, 1) ¿sÀ
β′′(t) + f(t, β(t), β′(t)) ≤ 0, 0 < t < 1, (7)

aβ(0) − bβ′(0) ≥ 0, cβ(1) + dβ′(1) ≥ 0, (8)-�.
β(t)

) zs{s|s}
(1),(2)

� º �s°1
1
v ©såsð�2 (5) Í (7) 3�4s¨sôs� -�. α(t) Í β(t)

ÕsÖ�) zs{s|s}
(1),(2)

� 3�4ws� Í�3�4sº �s°1
2 5 f : [0, 1] × R2 −→ R �s�s� � � x � zs{s|s} (1),(2)

� �s� �s°Çv © α � zs{|s}
(1),(2)

� �s��3�4 ws�sÄ ¿sÀ α ≤ x,
- �

(0, 1) ºs� Ê α < x.
/�0 � � v © β � zs{s|}

(1),(2)
� �s��3�4sº �sÄ ¿sÀ x ≤ β,

- �
(0, 1) ºs�ÇÊ x < β.+�,

2 5 α Í β
ÕsÖ � zs{s|s} (1), (2)

� �s� ws� Ísº � �76 Äs� [0, 1] ºs¿sÀ α ≤ β.

��� . f �s� α Í β ¿sÀ Nagumo
ÂsÃ � v © �s� �s� Φ ∈ C([0,∞); (0, +∞)), 8s¤�&s��9

Ê � (t, x, y) ∈ [0, 1] × [α(t), β(t)] × R, Ê
|f(t, x, y)| ≤ Φ(|y|), (9)

Í
∫

∞

0

s

Φ(s)
ds = ∞. (10)

3 :!;!<!=+�>
1 ?�5
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(A1) α1, α2 Í β1, β2

ÕsÖ � zs{s|s} (1),(2)
�sx ��3�4 ws� Í x ��3�4sº � �D6 Ä ¿sÀ

α1 ≤ α2 ≤ β2, α1 ≤ β1 ≤ β2, α2 6≤ β1;

(A2) 5 f(t, x, y) : [0, 1] × R2 −→ R �s�s�s�s�s�s��E
(A3) f �s� α1 Í β2 ¿sÀ Nagumo

ÂsÃ �- zs{s|s}
(1),(2) F�GsÊ Þ � � x1, x2 Í x3,

Äs�
[0, 1] ºs¿sÀ

α1 ≤ x1 ≤ β1, α2 ≤ x2 ≤ β2, x3 6≤ β1, x3 6≥ α2. (11)

H�I J ?�5 (A3), � $�Ks£ N > 0, ¿sÀ
∫ N

λ

s

Φ(s)
ds > λ, (12)

~��
λ = max

t∈[0,1]
β2(t) − min

t∈[0,1]
α1(t). L�Ms� L

)

L = max{‖α′

1‖∞, ‖β′

2‖∞, N, 2λ}.

ç�'
T0x(t) = max{α1(t), min{x(t), β2(t)}}, (13)- Ê α1(t) ≤ T0x(t) ≤ β2(t), 0 ≤ t ≤ 1.

ç�'
T1x

′(t) = max{−L, min{x′(t), L}}, (14)

- Ê |T1x
′(t)| ≤ L, 0 ≤ t ≤ 1.

ç�'�N�O �s�
F (t, x, x′) = f(t, T0x, T1x

′), (15)

-
F
�

[0, 1] × R3 ºs�s�s� � � Ä ¿sÀ
|F (t, x, x′)| ≤ M, ∀(t, x, x′) ∈ [0, 1] × R2, (16)

~�� Ms� M > max{‖α1‖∞, ‖β2‖∞}.P�Q�N�Os|s}
x′′(t) + F (t, x, x′) = 0, t ∈ (0, 1), (17)

Í zsÁsÂsÃ (2).J
F
�sç�' ��R �S��������TVU »s¾ (17) Í zsÁsÂsÃ (2) F�GsÊ Þ � � x1, x2 Í x3

Ä ¿
À

α1(t) ≤ xi(t) ≤ β2(t), |x′

i(t)| ≤ L, t ∈ [0, 1], i = 1, 2, 3, (18)-
x1, x2 Í x3 W � zs{s|s} (1),(2)

�s�s° )�X ����� Õ x�Y ��Z ¨�TVU °[�\
1. ]�^�_�` (17) a�b�c�d�e (2) f�g�h�i x, j�k�h�i x l�m (18).n�o TVU α1(t) ≤ x(t) ≤ β2(t), t ∈ [0, 1].

w�p TVU α1(t) ≤ x(t), t ∈ [0, 1]. ?�5 α1(t) ≤

x(t), t ∈ [0, 1] ås¨sôs� - �s� t ∈ [0, 1] 8s¤ α1(t) > x(t). L t0
)

α1(t) − x(t)
�

[0, 1] º �s±
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qs{sys°
v © t0 = 0,

-
α1(0) > x(0), α′

1(0) ≤ x′(0),
J

(6), Ê
aα1(0) − bα′

1(0) ≤ 0 = ax(0) − bx′(0), (19)

r )
a > 0, 9�$ (19) ås¨sô °Çv © t0 = 1,

-
α1(1) > x(1), α′

1(1) ≥ x′(1),
J

(6), Ê
cα1(1) + dα′

1(1) ≤ 0 = cx(1) + dx′(1), (20)

r )
c > 0, 9�$ (20) ås¨sô °v © t0 ∈ (0, 1),

- Ê
α1(t0) > x(t0), α′

1(t0) = x′(t0), α′′

1(t0) ≤ x′′(t0), t0 ∈ (0, 1). (21)

J
(21) Í�?�5 ÂsÃ (A1), � $s¤s��$ w�s�t

α′′

1(t0) ≤ x′′(t0) = −F (t0, x(t0), x
′(t0)) = −f(t0, T0x(t0), T1x

′(t0))

= −f(t0, α1(t0), α
′

1(t0)) < α′′

1 (t0),

9�$ α1(t) ≤ x(t), t ∈ [0, 1].
/�0 � � T x(t) ≤ β2(t), t ∈ [0, 1].

r X � α1(t) ≤ x(t) ≤ β2(t), t ∈

[0, 1].~�u TVU |x′(t)| ≤ L, t ∈ [0, 1] ¨sô °�v - � �s� t ∈ [0, 1] 8s¤ |x′(t)| > L. å�ws��x � �
5 x′(t) > L. 5 t1 � x′(t) − L

�
[0, 1] º �s±�qs{sys° J ��{sç Ô Í α1(t) ≤ x(t) ≤ β2(t),

t ∈ [0, 1], ��R � çs�s� θ ∈ (0, 1), 8s¤
x′(θ) = x(1) − x(0) ≤ λ < L.

r )
x′ ∈ C[0, 1],

- �s�sísî
[t2, t3] ⊆ [0, 1] ( y � [t3, t2] ⊆ [0, 1] ), 8s¤

x′(t2) = λ, x′(t3) = L, λ < x′(t) < L, t ∈ (t2, t3). (22)

J
(9), Ê

|x′′(t)| = |F (t, x, x′)| = |f(t, x, x′)| ≤ Φ(|x′|), t ∈ (t2, t3),

9�$
|

∫ t3

t2

x′(t)x′′(t)

Φ(x′(t))
dt| ≤ |

∫ t3

t2

x′(t)dt| ≤ λ. (23)

z � » p � J (22) Í (12), Ê
|

∫ t3

t2

x′(t)x′′(t)

Φ(x′(t))
dt| = |

∫ L

λ

s

Φ(s)
ds| > λ. (24)

��{ (23) Í (24) ¯ s�ts°�| Ê |x′(t)| ≤ L, t ∈ [0, 1]. 9�$ x }s��9�� �s�s°[�\
2. ~V�Db��V�D� (17), (2) �V�Df���h�i x1, x2 a x3.5 G(t, s)

)s»s¾
−x′′(t) = 0 Í zsÁsÂsÃ (2)

�
Green �s�s� -

G(t, s) =

{ 1
ρ
[at + b][c(1 − s) + d], 0 ≤ t ≤ s ≤ 1;

1
ρ
[as + b][c(1 − t) + d], 0 ≤ s ≤ t ≤ 1,
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~��

ρ = ac + ad + bc > 0. L
Ω = {x ∈ C1[0, 1] : ‖x‖ < PM + L},

~��
P > max{maxt∈[0,1]

∫ 1

0 G(t, s)ds, 1}.ç�'
S : C[0, 1] −→ C1[0, 1]

)
(Sϕ)(t) =

∫ 1

0

G(t, s)ϕ(s)ds, ∀ϕ ∈ C[0, 1], ∀t ∈ [0, 1].

� R S ���s�s� �s°ç�'
H : C1[0, 1] −→ C[0, 1]

)
H(ϕ)(t) = F (t, ϕ(t), ϕ′(t)).

-
x ∈ C1[0, 1] � zs{s|s} (17),(2)

�s� �Çñ Ä�� ñ (I − SH)(x) = 0. &s� x ∈ Ω, Ê
SH(x) =

∫ 1

0

G(t, s)F (s, x(s), x′(s))ds ≤ M

∫ 1

0

G(t, s)ds

< PM < PM + L,

|
SH(Ω) ⊂ Ω.

� R SH ���s�s� �s° 9�$
deg(I − SH, Ω, 0) = deg(I, Ω, 0) = 1. (25)

L
Ωα2

= {x ∈ Ω : x(t) > α2(t) t ∈ (0, 1)}, Ωβ1 = {x ∈ Ω : x(t) < β1(t), t ∈ (0, 1) }.r ) �
[0, 1] ºsÊ α2 6≤ β1, α2 ≥ α1 > −M , Í β1 ≤ β2 < M , 9�$

Ωα2
6= ∅ 6= Ωβ1 , Ωα2

⋂

Ω
β1

= ∅, Ω \ {Ωα2

⋃

Ωβ1} 6= ∅,

J ?�5 ÂsÃ (A1) Ís¢ 2 ��R � � ∂Ωα2

⋃

∂Ωβ1 º��sÊ �s° r X
deg(I − SH, Ω, 0) =deg(I − SH, Ω \ {Ωα2

⋃

Ωβ1}, 0)+

deg(I − SH, Ωα2
, 0) + deg(I − SH, Ωβ1 , 0). (26)

v ©�����TVU
deg(I − SH, Ωα2

, 0) = deg(I − SH, Ωβ1 , 0) = 1.- J
(25),(26) ��R

deg(I − SH, Ω \ {Ωα2

⋃

Ωβ1}, 0) = −1,J
Leray-Schauder à Ô u ��R � zs{s|s} (17),(2) Ê Þ � � ��6 Ä ÕsÖ ����� Ωα2

, Ωβ1 Í
Ω \ {Ωα2

⋃

Ωβ1} � °
��������TVU deg(I − SH, Ωα2

, 0) = 1. � {�� T deg(I − SH, Ωβ1 , 0) = 1,
|���� TVU °w T deg(I − SH, Ωα2

, 0) = 1.
/�0 � T0, T1

�sç�' ����� ç�'
T ∗

0 x(t) = max{α2(t), min{x(t), β2(t)}},
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T ∗

1 x′(t) = max{−L, min{x′(t), L}},w�p��
I − SH |Ωα2 ��� ) I − SH∗ : Ω −→ C1[0, 1]. L

F ∗(t, x, x′) = f(t, T ∗

0 x, T ∗

1 x′),

-
F ∗
�

[0, 1]× R2 ºs�s�s�s�s�s�s�s��6 Ä ¿sÀ
|F ∗(t, x, x′)| ≤ M, ∀(t, x, x′) ∈ [0, 1] × R3,

~��
M
����' � (16).ç�'

H∗ : C1[0, 1] −→ C[0, 1]
)

H∗(ϕ)(t) = F ∗(t, ϕ(t), ϕ′(t)),

-
x ∈ C1([0, 1])

)����s»s¾
(I − SH∗)(x) = 0

�s� �Çñ Ä�� ñ x � »s¾
x′′(t) + F ∗(t, x, x′) = 0 t ∈ (0, 1), (27)

¿sÀ zsÁsÂsÃ (2)
�s�s°�/�0 ��$sº � TVU������ R�� x � (27) Í (2)

�s��� � x ∈ Ωα2
.
r X

deg(I − SH∗, Ω \ Ωα2
) = 0.

Ísº ps�stsu � { ����� � $�TVU SH∗(Ω) ⊂ Ω. 9�$sÊ
deg(I − SH∗, Ω, 0) = 1.

|
deg(I − SH, Ωα2

, 0) = deg(I − SH∗, Ωα2
, 0)

= deg(I − SH∗, Ω \ Ωα2
, 0) + deg(I − SH∗, Ωα2

, 0)

= deg(I − SH∗, Ω, 0) = 1.

r X � z½{½|½} (17),(2)
�����

Ωα2
�ÌÊ �½° 9�$ z½{½|½} (1),(2) F�G½Ê Þ � � ��6 Ä ¿½À

(11). 2
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Existence of Multiple Solutions to a Second-Order Two-Point

Boundary Value Problem

DU Zeng-ji, GE Wei-gao
(Dept. of Math., Beijing Institute of Technology, Beijing 100081, China )

Abstract: In this paper, we consider a class of second-order two-point boundary value problem x′′(t)+
f(t, x(t), x′(t)) = 0, t ∈ (0, 1), ax(0) − bx′(0) = 0, cx(1) + dx′(1) = 0, where f : [0, 1] × R2

−→ R is
continuous, a > 0, b ≥ 0, c > 0, and d ≥ 0. By using upper and lower solutions method and Schauder
degree theory, we obtain the existence of three solutions.

Key words: boundary value problems; Leray-Schauder degree; multiple solutions; upper and lower
solutions.


