6453 2} o% W % 5 F © Vol.26, No.3
20064F8 J JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION Aug., 2006

Article ID: 1000-341X(2006)03-0489-06 Document code: A

Adjacent-Vertex-Distinguishing Total Chromatic Number
of P, x K,

CHEN Xiang-en', ZHANG Zhong-fu':?

(1. College of Math. & Info. Sci., Northwest Normal University, Lanzhou 730070, China,
2. Institute of Applied Mathematics, Lanzhou Jiaotong University, Gansu 730070, China )

(E-mail: chenxe@nwnu.edu.cn)

Abstract: Let G be a simple graph. Let f be a mapping from V(G)U E(G) to {1,2,---,k}.
Let Cy(v) = {f(v)} U{f(vw)|lw € V(G),vw € E(G)} for every v € V(G). If f is a k-proper-
total-coloring, and if Cy(u) # C¢(v) for u,v € V(G),uv € E(G), then f is called k-adjacent-
vertex-distinguishing total coloring of G(k-AVDTC of G for short). Let xq:(G) = min{k|G has
a k-adjacent-vertex-distinguishing total coloring}. Then xq+(G) is called the adjacent-vertex-
distinguishing total chromatic number. The adjacent-vertex-distinguishing total chromatic
number on the Cartesion product of path P, and complete graph K, is obtained.
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1. Introduction

The graphs considered in this paper are connected, limited, undirected and simple graphs.
A k-proper-total-coloring of a graph G is a mapping f from V(G) U E(G) to {1,2,---,k} such
that

1). Yu,v € V(Q), if uv € E(Q), then f(u) # f(v);

2). Vey,es € E(G),e1 # ea , if e1, e2 have common end vertex, then f(e1) # f(e2);

3). Yu € V(G),e € E(G), if u is the end vertex of e, then f(u) # f(e).
Let f be a k-proper-total-coloring of G. Let Cy(u) = {f(uw)} U{f(vw)|lw € V(G),vw € E(G)}
(or simply denoted by C(u)) and Cy(u) = {1,2,---,k} — Cy(u) (or simply denoted by C(u))
for every u € V(G). C(u) is called the color set of u’s. If Vu,v € V(G),uv € E(G), we have
Ci(u) # Cr(v), ie., Cr(u) # Cy(v), then f is called a k-adjacent-vertex-distinguishing total
coloring (k-AVDTC in short). The number min{k|G has a k-adjacent-vertex-distinguishing total

coloring } is called the adjacent-vertex-distinguishing total chromatic number and is denoted by

Xat(G)-
The theory of vertex-distinguishing proper edge-coloring has been investigated in several
papers!! =351 Adjacent strong edge coloring (i.e., adjacent-vertex-distinguishing proper edge-

coloring) is considered in [7] by Zhang Zhongfu et al. The concept about the adjacent-vertex-
distinguishing total coloring is proposed by Zhang Zhongfu and Chen Xiang’en et al in [6]. And
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the adjacent-vertex-distinguishing total colorings of cycle, complete graph, complete bipartite
graph, fan, wheel and tree are discussed in [6]. According to these results, for adjacent-vertex-

distinguishing total chromatic number, a conjecture is given in [6].

Conjecture 1.1 [0 For every connected graph G with order at least 2, we have xq;(G) <
A(G) + 3.
Let P,, and K, be a path and a complete graph respectively:

V(Pm) = {ulu U, 7um}7 E(Pm) = {ulu27 Uguz, -+ 7um—1um};

V(Kn) = {'Ul,'UQ," '7vn}7E(K’n) = {’Ui’Uj|i,j = 172a"'un7i <J}

Construct a new graph P,, x K, such that
V(Pm X Kﬂ) = {wZJ|Z: 1327"'7m;j = 172a"'7n}a

E(P, x Ky) ={w;jws|i = s and vjv, € E(K,) or j =t and v;vs € E(Py)}.

The graph P,, x K, is called the Cartesion product of P,, and K,.

The adjacent-vertex-distinguishing total coloring on the Cartesion product of path P, and
complete graph K, is studied and the corresponding chromatic number is obtained in this paper.
Theorems 2.1 and 2.2 in this paper will illustrate that Conjecture 1.1 is valid for the Cartesion
product of path P,, and complete graph K.

The following lemma is obvious.

(6]

Lemma 1.2!°" If G does not have two distinct vertices of maximum degree which are adjacent,

then x4 (G) > A(G) + 1; If G has two distinct vertices of maximum degree which are adjacent,
then x4 (G) > A(G) + 2.

For the graph-theoretic terminology the reader is referred to [4].
2. Main results

If n =1, then P, x K,, = P,,. From the results in [6], we have

Theorem 2.1
Xat(PmXK1)—{ 4 m>A4

Theorem 2.2 Ifn > 2, then we have

Xat(Pm X Kn)

Il
—
3
_l’_
}\D
3
I
“1\3

Proof We distinguish 2 cases.

Case 1. m = 2.
In this case xqt(Pm X K;,) > n+2 by Lemma 1.2. In order to prove xat(Pm X Kp) = n+ 2,
we need only to prove that P,, x K, has a (n 4+ 2)-AVDTC. Let C = {1,2,---,n + 2} be the
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set composed of all n + 2 colors. We appoint that if some color ¢ is less than 1 or larger than
n + 2, then we identify ¢ with r, where r € {1,2,---,n + 2} and ¢ = r(mod n + 2). Construct a
mapping f from V (P, x K,,) U E(P,, x K,,) to C as follows.

flwiwij) = flwaiway) =i+ 7 — 2,4, =1,2,---,n,i # j.

f(wli):n+i—17f(U)2i):n+i7f(’lU1iU12i):n+2i7 7::1727"'777"

For the above coloring, we have that C(w11), C(w12),- -, C(wy,) are equal to {n+ 1}, {n+
2}, {1}, {2}, -+, {n — 2} respectively, and C(wa1),C(wa2),---,C(way,) are equal to {n}, {n +
1}, {n + 2},{1},{2},---,{n — 3} respectively. Thus two adjacent vertices have different color
sets. So fisa (n+2)-AVDTC of P, x K,,.

Case 2. m > 3.

In this case xqt(Pm X K;,) > n+ 3 by Lemma 1.2. In order to prove xat(Pm X Kp) =n+ 3,
we need only to prove that P, x K, has a (n 4+ 3)-AVDTC. Let C = {1,2,---,n + 3} be the
set composed of all n + 3 colors. We appoint that if some color ¢ is less than 1 or larger than
n + 3, then we identify ¢ with r, where r € {1,2,---,n+ 3} and ¢ = r(mod n + 3). Construct a
mapping f from V (P, x K,,) U E(P,, x K,,) to C as follows.

f(wklwkj)zz+j_27k:1a27am77’ ]:17257’”71#]

2i—1), 1<k<m-—1andkisan odd;

)

n—+1, 1<k<m-—1and kis an even.

flwriwgy1:) = {

Flwes) = n+i14+1, 1<k<m-—1andk isan odd;
Whi) = n+i—1, 1<k<m-—1andkis an even.

So far we have not colored the vertices w1, Wm2, -+, Wmn. Obviously, C(wy;) = {n+1i—
I,n+i} and C(wyy), C(wiz),- -, C(wyy,) are distinct. If 1 < k < m —1 and k is an odd number,
then C(wy;) = {n+1i— 1} and C(wk1), C(wi2), - -, C(wky) are distinct. If 1 <k < m — 1 and
k is an even number, then C(wg;) = {n + i+ 1} and C(wp1), C(wkz2),- -, C(w,) are distinct.
Meanwhile arbitrary two adjacent vertices in {waj, ws;, -+, Wm—1,;} have different color sets for
every j =1,2,---,n.

In order to color the vertices wy,1, Wma, « -, Wmn, we distinguish 4 subcases to be considered.

Case 2.1. m is an even number.

Let f(wmi) =n+i—1,i=1,2--- n. Obviously, C(wy;) = {n+i,n+i+1},i=1,2,--- n.
And C(wm1), C(wma), - -+, C(wmn) are distinct. Thus f is a (n + 3)-AVDTC of P, x K,.

Case 2.2. m is an odd number, and n = 1,2(mod 3).

Let f(wmi) = n+i+ 1,i = 1,2,---,n. Obviously, C(wm:) = {n+i—1,2(i — 1)},
i=1,2,---,n. Now we prove that C(wm1),C(wm2),"--,C(wmn) are distinct. Suppose that
C(wpmi) = Clwmj), 1 <i,j <n. Thus

(n+i—1,2t—1)}={n+j—1,2(G -1}
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Ifn+i—-1=2(j—-1),n+j—1=2(—1) (mod n+3), then j =2(i — 1) + 1 — n(mod n + 3).
So 3n = 3(¢i — 1)(mod n 4 3). As n = 1,2(mod 3),i.e.,(3,n) = 1, we have (3,n+ 3) = 1 and

i =n+ 1(mod n + 3). This is a contradiction. So we have
n+i—1=n+j—1,2(i—1)=2( — 1) (mod n+ 3).

Thus ¢ = j (mod n + 3). Notice that 1 <i,j <mn, so i = j. This illustrates that

a(wml)aa(wnﬂ)a Y C(wmn)
are distinct. So P, x K, has a (n + 3)-AVDTC.

Case 2.3. m is an odd number, n = 0(mod 6).
Let f(wmi) = 2(i —1),i = 1,2,---,n. Obviously, C(wm;) = {n+i—1,n+i+ 1}, i =
1,2,---,n. And C(wm1), C(wma), -+, C(wmn) are distinct. Thus f is a (n + 3)-AVDTC of

P, x K,.

Case 2.4. m is an odd number, n = 3(mod 6).

Let f(wm)) =n+i+ 1,0 =1,2,--- n. Obviously, C(wn,;) = {n+i— 1,26 — 1)}, i =
1,2

If n = 3, then C(wy,1) = {3,6}, C(wmz) = {4,2}, C(wm3) = {5,4}. So f is a 6-AVDTC.
Suppose that n > 9 in the following. Assume that 1 <i < j < n and C(wp;) = C(wm;).
Then

n.

n+i+1=2(—-1), n+j+1=2({—1) (mod n+ 3). (1)

So 3n = 3(i—1) (mod n+3), i.e., there exists positive integer k such that 3n —3i+3 = k(n+3).

When k =1, we have 3n—3i+3 =n+3,ie. i = %" When k = 2, we have 3n—3i+3 = 2(n+3),

ie. i =223 When k > 3, we have 3n — 3i + 3 = k(n + 3), i.e. (k—3)n+ 3k+ 3i =3. This
2n n—3

is impossible. Thus i = 5 or #z=. From the symmetry of i and j in Equation (1) we know

that j = %" or "T_?’ As 1 <i < j<n, wehavei = "T_?’,j = %" This illustrates that the
n—1sets C(wm1), - va(wm,%fl)va(wm,%+1)v -+, C(wpmy) are distinct. And 6(wm7ans) =
{n+252 -1, W} and U(wmﬁz%n) ={n+2 -1, W} are equal.

If n =9, then 2 € C(wpma) N C(w,s). We redefine the color of the edge wy,2wms such that
f(wmawpmg) = 2 (Note that the original color of the edge wpawms is 8). The new coloring is
also a proper total coloring and, for this new coloring, C(wm1), C(wma2), -, C(wme) are equal
to {9,12}, {10,8}, {11,4}, {12,6}, {1,8}, {2,101}, {3,12}, {4,8}, {5, 4}, respectively. They are
distinct. So P, X Kg has a 12-AVDTC.

Suppose that n > 15 in the following. Construct a 4 X n matrix:

n n+l n+2 n+3 1 =5 - 2(n;6) e o m—5 n—4
n+l n+2 n+3 1 2 nog4o. 20y o4 -3
n+2 n+2 1 2 3 T
n+3 2 4 6 8 Hool) ... 2 o 2(n=2) 2(n-1)



No.3 CHEN Xiang-en, et al: Adjacent-vertex-distinguishing total chromatic number of P, x K, 493

The above matrix is denoted by A. The entries in the first row of A are the colors of vertices
Wk1, Wk2," -, Wy respectively (k is an even number); The entries in the second row of A are the
colors of edges w1 Wk41,1, Wr2Wk+41,2, ** *s WknWk41,n, Tespectively (k is an even, 1 < k <m —1);
The entries in the third row of A are the colors of vertices wg1, wia,: -+, Wiy, respectively (k is an
odd number); The entries in the fourth row of A are the colors of edges wx1 Wk411, Wk2Wkt1,2," -,
WknWh+1,n Tespectively (k is an odd number, 1 < k <m — 1).

Let n = 61+3,1 > 2. The color ¢ —5 in the first row (5= 3)th column of A is the same as the
color in the fourth row (2z2)th column of A. Thus 2 —5 € C(w m)n%) NnC(w m,%)' Redefine

the color of w,, n—ow, »-3 such that
76 73

f(wm n—oW,, n_—'a) = g — 9.

75 73
Note that the original color of Wm0 Wy, s 8 29 and 252 # 2 — 5(mod n + 3). Now we
will prove that C(wm1), C(wmz), - -, C’(wmn) are distinct under the above new coloring. In the
above n sets, there are n — 3 (if [ is even) or n — 5 (if I is odd) sets which do not contain color
"T_g and which are distinct. So we only consider the sets contain color "T_g.
If [ is an even number, the following 3 sets which contain color "7_9:
Oluty men) = {0222 P2, Bl ) = 2220200,
n—9

v 2

Tl mp2) = {5~ n =3},

We may easily verify that 7" 15 , 2(%57 7-6) and n — 3 are not congruent each other modulo (n + 3).

If [ is an odd number, the following 5 sets contain color "T_gz

— m—15 n—9, —= m—9 n—-9
C(wm,"gg):{Tu 2 }7C(wm’#+l):{TjT},
— n—9 _ n-— n—9
Ol nms) = {5 2 3>}c<m7J={—;ﬂn—a.
— 3 n—29
C( m, 3n+1) { 2 }.
We may easily verify that %, 9 2(258), n — 3 and % are not congruent each other

modulo (n + 3).
Thus C(wm1), C(wma), -+, C(wmn) are distinct. So P, x K,, has a (n + 3)-AVDTC.
The proof is completed.
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