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1 � ��
[1] ��������������� lp(Γ) ������������������������������ �¡�¢�£ ( ¤¥��¦ Γ §�¨©�ª�« ¦ 1 < p < ∞, p 6= 2), ¬����®�¯�����°�±�²�§�³�����®�����´�µ�����¶�·�¦¹¸�º�»�¢�¼½�¾ � Tingley ¿ � [2] ��À�����Á�Â�Ã�Ä�ÅÇÆ S1(X) È S1(Y ) É�Ê�Ë���� X È Y ���������¦lÌ T : S1(X) → S1(Y ) É�¨�������� ( Í�Î�Ï�Ð�� x1,x2 ∈ S1(X), Ñ�Ò ‖T (x1) − T (x2)‖ =

‖x1 − x2‖). Ó�Ô T É�Õ�§�Ö�´�µ�×�Ø�Ù�´�µ�¶�·�¿ S1(X) ®���Ú�ÛÝÜÞ � �ß�ß¸ß�ß� lp(Γ, E) �ß�ß�ß�ß�ßàß�ß� lp(∆, F ) �ß�ß�ß�ß�ß�ß�ß�ß�ß ß¡�¢�£ ( ¤¥�á¦
Γ, ∆ É ©�ª�« ¦ E, F â�ã�����¦ 1 ≤ p < ∞, p 6= 2), ¬�ä¥å�æ�������°�±�²�§�³�����®�����´µ�����¶�·�¦Ç¸�º�ç�»�¢�¼ ½�¾ ��è�é Tingley Ã�Ä�ê¨�ë�ì�í�¦ÇÌ E §�Ê�Ë�����¦ Γ §�Ï�Ð ©�ª�« ¦Çì

lp(Γ, E) = {x = (xγ)|x : Γ 7→ E, ‖x‖p =
∑

γ∈Γ

‖xγ‖
p < +∞}.

S1(l
p(Γ, E)) § lp(Γ, E) ����������¦ïî x = (xγ) ∈ lp(Γ, E) ð�¦ïì Pγ′(x) = (yγ) ∈ lp(Γ, E), yγ =

{

xγ′ , γ = γ′

0, γ 6= γ′ ¿òñòóòôòõòöò�ò÷òøòÂò¦Çù xγ′  òú Pγ′(x). ì (suppx) = {γ ∈ Γ|xγ 6= 0}.

Eγ′ = {x ∈ lp(Γ, E)| î γ 6= γ′ ð�¦ Pγ(x) = 0}. û�ü�Î ∀γ′ ∈ Γ, Eγ′ ý E ����þ�ÿ�ê S1(Eγ) �ú Eγ ��������� (∀γ ∈ Γ).

2 S1(l
1(Γ, E)) �������������	�	
��	�	

���
2.1 Ì E §�Ê�Ë�����¦ x, y É E ��´�µ�è�����������¦ÇÍ x = ay, � α > 0, � xý y ��è���¦�� α < 0, � x ý y ��è���ê����� �
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2.1 Ì E §�Ê�Ë�����¦ x, y É E ��´�µ�è�����������¦98 x ý y � ( � ) è�����:;�<�= É ‖x − y‖ < ‖x‖ + ‖y‖(‖x + y‖ < ‖x‖ + ‖y‖).6�7
2.2 Ì E §�>�?A@�����¦ x = (xγ) ∈ l1(Γ, E), y = (yr) ∈ l1(Γ, E), 8
(supp x) ∩ (supp y) 6= ∅ ⇐⇒ ‖x + y‖ < ‖x‖ + ‖y‖ × ‖x − y‖ < ‖x‖ + ‖y‖.

B�C
“⇐=” � (supp x) ∩ (supp y) = ∅, 8�û�ü�Ò ‖x ± y‖ = ‖x‖ + ‖y‖.

“=⇒” Ï�D γ′ ∈ (supp x) ∩ (supp y), Ò xγ′ 6= 0, yγ′ 6= 0 � xγ′ ý yγ′ É�´�µ�E�����¦GFH
E É�>�?A@���¦�I�J�Ò ‖xγ′ ± yγ′‖ < ‖xγ′‖ + ‖yγ′‖, K�L

‖x ± y‖ =
∑

γ∈Γ

‖xγ ± yγ‖ =
∑

γ 6=γ′

‖xγ ± yγ‖ + ‖xγ′ ± yγ′‖

<
∑

γ 6=γ′

‖xγ‖ +
∑

γ 6=γ′

‖yγ‖ + ‖xγ′‖ + ‖yγ′‖

=
∑

γ∈Γ

‖xγ‖ +
∑

γ∈Γ

‖yγ‖ = ‖x‖ + ‖y‖.

î xγ′ ý yγ′ ��è���ð�¦ Ò ‖xγ′−yγ′‖ < ‖xγ′‖+‖yγ′‖, K�L�Ò ‖x−y‖ =
∑

γ 6=γ′ ‖xγ−yγ‖+‖xγ′−

yγ′‖ <
∑

γ∈Γ ‖xγ‖+
∑

γ∈Γ ‖yγ‖ = ‖x‖+‖y‖. î xγ′ ý yγ′ ��è���ð�¦ þ�£�Ò ‖x+y‖ < ‖x‖+‖y‖.6�7
2.3 Ì E, F §�>�?A@�����¦ T § S1(l

1(Γ, E)) à S1(l
1(∆, F )) ®�������������¦98Î�Ï�Ð δ′ ∈ ∆, Ï�Ð dδ′ ∈ S1(Fδ′), (suppT−1(dδ′)) §���M « êBNC F H T §ò�ò�ò�ò¦ÇÒ x,y ∈ S1(l

1(Γ, E)). ONP x = (xγ) = T−1(dδ′), y = (yγ) =

T−1(−dδ′). Q�Ì (supp x) §�R�M « ¦ÇÍ�S�¿ γ1,γ2 ∈ (supp x), γ1 6= γ2, xγ1 6= 0, xγ2 6= 0. JÂòì xγ

‖xγ‖
=

Pγ (x)
‖Pγ (x)‖(∀γ ∈ supp (x)). TNUNVNWNXNYNZòÒ ‖dδ′ + T (

xγ1

‖xγ1‖
)‖ = 2. [ò�ò®ò¦��

γ1∈(supp y), \�ó�£ 2.2 ]�¦
‖dδ′ + T (

xγ1

‖xγ1‖
)‖ = ‖

xγ1

‖xγ1‖
− T−1(−dδ′)‖ = ‖

xγ1

‖xγ1‖
‖ + ‖T−1(−dδ′)‖ = 2.

� γ1 ∈ (supp y) 8 xγ1 Z ý yγ1 ´�µ�è���¦ÇÕ�8�¦GF xγ1
ý yγ1 ´�µ�E���¦�P ‖xγ1 − yγ1‖ <

‖xγ1‖ + ‖yγ1‖, ¸�º�Ò
‖T−1(dδ′ ) − T−1(−dδ′)‖ = ‖x − y‖ =

∑

γ 6=γ1

‖xγ − yγ‖ + ‖xγ1 − yγ1‖

<
∑

γ 6=γ1

(‖xγ‖ + ‖yγ‖) + ‖xγ1‖ + ‖yγ1‖ =
∑

γ∈Γ

‖xγ‖ +
∑

γ∈Γ

‖yγ‖ = 2.

ý ‖T−1(dδ′) − T−1(−dδ′)‖ = ‖dδ′ − (−dδ′)‖ = 2 è�^�_�êÌ xγ1 = αyγ1 8�Ò ‖xγ1 − yγ1‖ =| 1 − α | ·‖yγ1‖ ≤ (1+ | α |) · ‖yγ1‖ = ‖xγ1‖ + ‖yγ1‖, ¸�ºÒ
2 = ‖T−1(dδ′ ) − T−1(−dδ′)‖ = ‖x − y‖ =

∑

γ 6=γ1

‖xγ − yγ‖ + ‖xγ1 − yγ1‖

=
∑

γ 6=γ1

‖xγ − yγ‖+ | 1 − α | ·‖yγ1‖ ≤
∑

γ 6=γ1

‖xγ − yγ‖ + (1+ | α |)‖yγ1‖

≤
∑

γ∈Γ

‖xγ‖ +
∑

γ∈Γ

‖yγ‖ = ‖x‖ + ‖y‖ = 2.
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c ®�d�§���d�¦�P | 1 − α |= 1+ | α |, Í α < 0. Í xγ1
ý yγ1 ��è���êÇæ�e�Ò

‖dδ′ + T (
xγ1

‖xγ1‖
)‖ = ‖

xγ1

‖xγ1‖
− T−1(−dδ′)‖

= ‖
xγ1

‖xγ1‖
− y‖ =

∑

γ 6=γ1

‖yγ‖ + ‖
xγ1

‖xγ1‖
− yγ1‖ =

∑

γ∈Γ

‖yγ‖ + 1 = ‖y‖+ 1 = 2.

þ�£�Ò ‖dδ′ + T (
xγ2

‖xγ2‖
)‖ = 2, ¤�f

‖dδ′ − T (
xγ1

‖xγ1‖
)‖ = ‖T−1(dδ′) −

xγ1

‖xγ1‖
‖

= ‖x −
xγ1

‖xγ1‖
‖ =

∑

γ 6=γ1

‖xγ‖ + ‖
xγ1

‖xγ1‖
− xγ1‖ < 2.

þ�£�Ò ‖dδ′ − T (
xγ2

‖xγ2‖
)‖ < 2. F�ó�£ 2.2 ]�¦

δ′ ∈ (supp T (
xγ1

‖xγ1‖
)) ∩ (supp T (

xγ2

‖xγ2‖
)).

ì T (
xγ1

‖xγ1‖
) = (ηδ), T (

xγ2

‖xγ2‖
) = (ξδ). F ‖dδ′ + T (

xγ1

‖xγ1
‖)‖ = ‖dδ′ + T (

xγ2

‖xγ2‖
)‖ = 2 g�ó�£ 2.1,2.2

]�¦ dδ′ ý ηδ′ ��è���¦ dδ′ ý ξδ′ ��è���¦hI�J ηδ′ ý ξδ′ ��è���êhi�º ‖ηδ′ −ξδ′‖ < ‖ηδ′‖+‖ξδ′‖.c Ò
‖T (

xγ1

‖xγ1‖
) − T (

xγ2

‖xγ2‖
)‖ =

∑

δ∈∆

‖ηδ − ξδ‖

=
∑

δ 6=δ′

‖ηδ − ξδ‖ + ‖ηδ′ − ξδ′‖ <
∑

δ∈∆

‖ηδ‖ +
∑

δ∈∆

‖ξδ‖ = 2.

ý ‖T (
xγ1

‖xγ1‖
)−T (

xγ2

‖xγ2‖
)‖ = ‖

xγ1

‖xγ1‖
−

xγ2

‖xγ2‖
‖ = ‖

xγ1

‖xγ1‖
‖+‖

xγ2

‖xγ2‖
‖ = 2(supp (

xγ1

‖xγ1‖
)∩supp (

xγ2

‖xγ2‖
) =

∅) è�^�_�ê c γ1 = γ2. þ�£�°�ä�¦ÇÎ ∀γ ∈ Γ, ∀eγ ∈ S1(Eγ), supp T (eγ) §���M « ê6�7
2.4 Ì E È F §�>�?A@�����¦ T § S1(l

1(Γ, E)) à S1(l
1(∆, F )) ®�������������¦

� E(F ) §�¨�j�����¦�8 F (E) ç�É�¨�j�����êB�C Ì E §�¨�j�����¦ Ï�D δ′ ∈ ∆, F H F ý Fδ′ ����þ�ÿ�¦lk�m�ä Fδ′ §�¨�j�����¦Î�Ï�Ð d
(1)
δ′ , d

(2)
δ′ ∈ S1(Fδ′ ), k�m�ä d

(1)
δ′
ý d

(2)
δ′ ´�µ�è���¦GF�ó�£ 2.3 ]�¦ supp T−1(d

(1)
δ′ ) ý

supp T−1(d
(2)
δ′ ) Ñ�É���M « êÇì

γ1 = supp T−1(d
(1)
δ′ ), γ2 = supp T−1(d

(2)
δ′ ), eγ1 = T−1(d

(1)
δ′ ), eγ2 = T−1(d

(2)
δ′ ).

� γ1 = γ2, F H E É�¨�j���¦ ¸�º eγ1 = eγ2 × eγ1 = −eγ2 . K�L ‖eγ1 − eγ2‖ = 0 × 2, I�J�¦
‖d

(1)
δ′ − d

(2)
δ′ ‖ = ‖T (eγ1) − T (eγ2)‖ = ‖eγ1 − eγ2‖ = 0 × 2.

î ‖d
(1)
δ′ − d

(2)
δ′ ‖ = 0 ð�¦ d

(1)
δ′ = d

(2)
δ′ . î ‖d

(1)
δ′ − d

(1)
δ′ ‖ = 2 ð�¦nF F ��>�?A@�µ�]�¦ d

(1)
δ′ = −d

(2)
δ′ .

� γ1 6= γ2, 8
‖d

(1)
δ′ − d

(2)
δ′ ‖ = ‖eγ1 − eγ2‖ = 2,

F F ��>�?A@�µ�]�¦ d
(1)
δ′ = −d

(2)
δ′ . o�� d

(1)
δ′
ý d

(2)
δ′ ´�µ�è���ê c F §�¨�j�����¦ þ�£�°�ä�Åî F §�¨�j�����ð�¦ E ç�É�§�¨�j�����ê
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2.5 Ì E È F §�>�?A@�����¦ T § S1(l
1(Γ, E)) à S1(l

1(∆, F )) ®�������������¦
8�Î�Ï�Ð δ′ ∈ ∆, Ï�Ð d

(1)
δ′ ,d

(2)
δ′ ∈ S1(Fδ′), Ò supp d

(1)
δ′ = supp d

(2)
δ′ .B�C

( ¨ ) � E §�¨�j�����¦ F ç�É�¨�j�����¦�ñ�p�Ì E = F = R1, L�ð d
(1)
δ′
ý d

(2)
δ′ ´µ�è���¦ÇÍ d

(1)
δ′ = d

(2)
δ′ × d

(1)
δ′ = −d

(2)
δ′ , î d

(1)
δ′ = d

(2)
δ′ , û�ü supp T−1(d

(1)
δ′ ) = supp T−1(d

(2)
δ′ ).î d

(1)
δ′ = −d

(2)
δ′ ð�¦Çì

γ1 = supp T−1(d
(1)
δ′ ), γ2 = supp T−1(d

(2)
δ′ ).

eγ1 = (xγ) ∈ S1(l
1(Γ, E)), xγ =

{

1, γ = γ1

0, γ 6= γ1

eγ2 = (yγ) ∈ S1(l
1(Γ, E)), yγ =

{

1, γ = γ2

0, γ 6= γ2

8
T−1(d

(1)
δ′ ) = eγ1 × − eγ1 , T−1(d

(2)
δ′ ) = eγ2 × − eγ2 .

Q�Ì γ1 6= γ2. î T−1(d
(1)
δ′ ) = eγ1 , T

−1(d
(2)
δ′ ) = eγ2 ð�¦ÇÆ

x = αeγ1 + βeγ2 , α > 0, β > 0, α + β = 1,

P
‖x‖ = 1 q ‖T (x) − d

(1)
δ′ ‖ = ‖x − T−1(d

(1)
δ′ )‖ = ‖x − eγ1‖ < 2,

‖T (x) − d
(2)
δ′ ‖ = ‖x − T−1(d

(2)
δ′ )‖ = ‖x − eγ2‖ < 2.

K�L δ′ ∈ supp T (x). ì T (x) = (ηδ), 8 d
(1)
δ′
ý ηδ′ ��è���¦ d

(2)
δ′
ý ηδ′ ��è���¦Ç¸�º d

(1)
δ′
ý

d
(2)
δ′ ��è���¦ ý d

(1)
δ′ = −d

(2)
δ′ è�^�_�êÇî T−1(d

(1)
δ′ ) = −eγ1 , T

−1(d
(2)
δ′ ) = −eγ2 ð�¦ÇÆ

x = αeγ1 + βeγ2 , α < 0, β < 0, |α| + |β| = 1,

P
‖x‖ = 1 q ‖T (x) − d

(1)
δ′ ‖ = ‖x − T−1(d

(1)
δ′ )‖ = ‖x − (−eγ1)‖ = ‖x + eγ1‖ < 2,

‖T (x) − d
(2)
δ′ ‖ = ‖x − T−1(d

(2)
δ′ )‖ = ‖x − (−eγ2)‖ = ‖x + eγ2‖ < 2.c

δ′ ∈ T (x). ì T (x) = (ηδ), 8�Ò d
(1)
δ′
ý ηδ′ ��è���¦ d

(2)
δ′
ý ηδ′ ��è���¦ c d

(1)
δ′
ý d

(2)
δ′ ��è

��¦ ý d
(1)
δ′ = −d

(2)
δ′ è�^�_�ê î T−1(d

(1)
δ′ ) = eγ1 , T

−1(d
(2)
δ′ ) = −eγ2 ð�¦ Æ x = αeγ1 + βeγ2 , α >

0, β < 0, |α| + |β| = 1. î T−1(d
(1)
δ′ ) = −eγ1 , T

−1(d
(2)
δ′ ) = eγ2 ð�¦ Æ x = αeγ1 + βeγ2 , α < 0, β >

0, |α|+ |β| = 1. ñ�r�s�ä�¦ d
(1)
δ′
ý d

(2)
δ′ ��è���¦ ý d

(1)
δ′ = −d

(2)
δ′ è�^�_�êtJ�®�^�_�u¥å γ1 = γ2.

( v ) � E §�R�j�����¦ F ç�É�R�j�����¦Çî d
(1)
δ′
ý d

(2)
δ′ ´�µ�E���ð�¦GF F ��>�?A@�µ

]�¦ ‖d
(1)
δ′ − d

(2)
δ′ ‖ < 2, ¸�º

‖T−1d
(1)
δ′ − T−1d

(2)
δ′ ‖ = ‖d

(1)
δ′ − d

(2)
δ′ ‖ < 2.

P
supp T−1(d

(1)
δ′ ) ∩ supp T−1(d

(2)
δ′ ) 6= ∅,

F H supp T−1(d
(1)
δ′ ) ý supp T−1(d

(2)
δ′ ) Ñ�É���M « ¦ c supp T−1(d

(1)
δ′ ) = supp T−1(d

(2)
δ′ ).
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î d
(1)
δ′
ý d

(2)
δ′ ´�µ�è���ð�¦wF H F §�R�j�����¦nD fδ′ ∈ S1(Fδ′ ), O fδ′ 6= d

(1)
δ′ , fδ′ 6= d

(2)
δ′ .

8 fδ′ ý d
(1)
δ′ ´�µ�E���¦ fδ′ ý d

(2)
δ′ ´�µ�E���êGF H F ��>�?A@�µ�]

‖fδ′ − d
(1)
δ′ ‖ < 2, ‖fδ′ − d

(2)
δ′ ‖ < 2.

P
‖T−1(fδ′) − T−1(d

(1)
δ′ )‖ < 2 g ‖T−1(fδ′) − T−1(d

(2)
δ′ )‖ < 2.

º supp T−1(fδ′) ç�É���M « êGF�ó�£ 2.2 ]
supp T−1(d

(1)
δ′ ) = supp T−1(fδ′) = supp T−1(d

(2)
δ′ ).

þ�£�°�ä�¦ÇÎ ∀γ ∈ Γ, e
(1)
γ , e

(2)
γ ∈ S1(Eγ), Ò supp T (e

(1)
γ ) = T (e

(2)
γ ).

3 S1(l
p(Γ, E))(p > 1, p 6= 2) ���������	�	���	
	���	

6�7
3.1 Ì E §¥â�ã�����¦ x = (xγ), y = (yγ) ∈ lp(Γ, E)(p > 1, p 6= 2), 8�Ò

supp x ∩ supp y 6= ∅ ⇔ ‖x + y‖p
+ ‖x − y‖p 6= (‖x‖p

+ ‖y‖p
).

B�C x ê6�7
3.2 Ì X È Y §�>�?A@�����¦ T § S1(X) à S1(Y ) ®�������¦y8�Î�Ï�Ð x ∈ S1(X),Ò T (−x) = −T (x).B�C K ‖T (−x)‖ = ‖T (x)‖ = ‖x‖ = 1, q ‖T (−x) − T (x)‖ = ‖ − x − x‖ = 2. F Y ��>

?A@�µ�] T (−x) = −T (x).6�7
3.3 Ì E, F §¥â�ã�����¦ T § S1(l

p(Γ, E)) à S1(l
p(∆, F )) ®������������ (p >

1, p 6= 2). 8�Î�Ï�Ð δ′ ∈ ∆, dδ′ ∈ S1(Fδ′), supp T−1(dδ′) §���M « êBNC QòÌ supp T−1(dδ′ ) § Γ � �NRNM « ¦Çì x = (xγ) = T−1(dδ′). 8NSò¿ γ1, γ2 ∈

supp x, γ1 6= γ2, JòÂòù xγ

‖xγ‖
 òú Pγ(x)

‖Pγ(x)‖ , Kò§ ‖dδ′ − T (
xγ1

‖xγ1‖
)‖ = ‖T (x) − T (

xγ1

‖xγ1‖
)‖ =

‖x −
xγ1

‖xγ1‖
‖, F H lp(Γ, E), lp(∆, F ) §�>�?A@�����¦�K�L�¦

‖dδ′ + T (
xγ1

‖xγ1‖
)‖ = ‖T (x) + T (

xγ1

‖xγ1‖
)‖ = ‖T (x) − T (−

xγ1

‖xγ1‖
)‖

= ‖x − (−
xγ1

‖xγ1‖
)‖ = ‖x + (

xγ1

‖xγ1‖
)‖.

\�K�§ supp x ∩ supp
xγ1

‖xγ1‖
= γ1, K�L

‖x +
xγ1

‖xγ1‖
‖

p

+ ‖x −
xγ1

‖xγ1‖
‖

p

6= 2(‖x‖p + ‖
xγ1

‖xγ1‖
‖ p) = 4,

¸�º
‖dδ′ + T (

xγ1

‖xγ1‖
)‖ p + ‖dδ′ − T (

xγ1

‖xγ1‖
)‖ p 6= 4 = 2(‖dδ′‖p

+ ‖T (
xγ1

‖xγ1‖
‖ p).

P supp dδ′ ∩ supp T (
xγ1

‖xγ1‖
) 6= ∅, Í δ′ ∈ supp T (

xγ1

‖xγ1‖
). þ�£�Ò δ′ ∈ supp T (

xγ2

‖xγ2‖
). P

‖T (
xγ1

‖xγ1‖
) + T (

xγ2

‖xγ2‖
)‖

p

+ ‖T (
xγ1

‖xγ1‖
) − T (

xγ2

‖xγ2‖
)‖

p

6= 4.
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z ¨�{���¦GF supp(xγ1) ∩ supp(xγ2) = ∅ P

‖T (
xγ1

‖xγ1‖
) + T (

xγ2

‖xγ2‖
)‖ p + ‖T (

xγ1

‖xγ1‖
) − T (

xγ2

‖xγ2‖
)‖ p

= ‖
xγ1

‖xγ1‖
+

xγ2

‖xγ2‖
‖ p = ‖

xγ1

‖xγ1‖
−

xγ2

‖xγ2‖
‖ p = 4.

J�®�^�_�u¥å�Å γ1 = γ2. Í supp T−1(dδ′) = supp (x) §���M « ê6|7
3.4 ¿ßóß£ 3.3 � <|= Âß¦ ÎßÏßÐ δ ∈ ∆, gßÏßÐ d

(1)
δ } d

(2)
δ ∈ S1(Fδ), Ò supp T−1(d

(1)
δ ) =

supp T−1(d
(2)
δ ).B�C F�ó�£ 3.3 ]�¦ supp T−1(d

(1)
δ ) È supp T−1(d

(2)
δ ) Ñ�É Γ ������M « êGF H

‖T−1(d
(1)
δ ) + T−1(d

(2)
δ )‖ p + ‖T−1(d

(1)
δ ) − T−1(d

(2)
δ )‖ p = ‖d

(1)
δ + d

(2)
δ ‖ p + ‖d

(1)
δ − d

(2)
δ ‖

p

6= 2(‖d
(1)
δ ‖ p + ‖d

(2)
δ ‖ p) = 2(‖T−1(d

(1)
δ )‖ p + ‖T−1(d

(2)
δ )‖ p).

c
supp T−1(d

(1)
δ ) ∩ supp T−1(d

(2)
δ ) 6= ∅, Í�P�¦ supp T−1(d

(1)
δ ) = supp T−1(d

(2)
δ ).

4 ~������
Ì E È F § â ãò�ò�ò¦ p ≥ 1, p 6= 2. T § S1(l

p(Γ, E)) à S1(l
p(∆, F )) ®ò�ò�ò�ò��ò�ò¦GF óò£ 2.5 gòóò£ 3.4 ]ò¦ÇÎ ∀δ ∈ ∆, Sò¿N�ò¨ò� γ ∈ Γ ONPòÎòÏòÐ dδ ∈ S1(Fδ) Ò

T−1(dδ) ∈ S1(Eγ). Æ σ : Γ → ∆ �N�òÅÇÏòÐ γ ∈ Γ g eγ ∈ S1(Eγ) Ò T (eγ) ∈ S1(Fδ),

8 δ = σ(γ), γ ∈ Γ, § Γ à ∆ ®ò��� 1 � 1 �ÇÎòéNqò�ò�ò�òêÇÂò�ò�ò�ò�ò�ò�ò�ò�ò�ò�ò�
S1(l

p(Γ, E)) à S1(l
p(∆, F )) ®��������������� �¡�¢�£�Å��7

4.1 ¿�������÷���¦ÇÌ E, F §¥â�ã�����ê T § S1(l
p(Γ, E)) à S1(l

p(∆, F )) ®���ò�ò�ò�ò�òê�8òÎòÏòÐ x ∈ S1(l
p(Γ, E)) Ò T (x) =

∑

γ∈Γ ‖xγ‖ · T (
Pγ (x)

‖Pγ (x)‖), ¤ � x = (xγ) ∈

S1(l
p(Γ, E)), î γ∈(supp x) ð�¦���¢ T (

Pγ(x)
‖Pγ(x)‖ ) = 0.p ≥ 1, p 6= 2.B�C Î�Ï�Ð x ∈ (xγ) ∈ S1(l

p(Γ, E)), ì T (x) = (ηδ), §�����¦�J�Â�ù xγ  �ú pγ(x), ηδ �ú Pδ(T (x)),
∑

δ∈∆ ηδ = (η δ), Î ∀γ1 ∈ supp x,

‖T (x) − T (
xγ1

‖xγ1‖
)‖ p = ‖

∑

δ∈∆

ηδ − T (
xγ

‖xγ‖
)‖

p

= ‖
∑

δ∈∆

η δ − dσ(γ1)‖
p

= ‖
∑

γ∈Γ

ησ(γ) − dσ(γ1)‖
p = ‖

∑

γ 6=γ1

ησ(γ) + (ησ(γ1) − dσ(γ1))‖
p

=
∑

γ 6=γ1

‖ησ(γ)‖
p + ‖ησ(γ1) − dσ(γ1)‖

p

= 1 − ‖ησ(γ1)‖
p

+ ‖ησ(γ1) − dσ(γ1))‖
p,

¤¥� dσ(γ1) = T (
xγ1

‖xγ1‖
).z ¨�{��

‖x −
xγ1

‖xγ1‖
‖ p =

∑

γ 6=γ1

‖xγ‖
p + ‖xγ1 −

xγ1

‖xγ1‖
‖ p = 1 − ‖xγ1‖

p + ‖xγ1 −
xγ1

‖xγ1‖
‖ p.

c
‖ησ(γ1) − dσ(γ1)‖

p − ‖ησ(γ1)‖
p = ‖xγ1 −

xγ1

‖xγ1‖
‖ p − ‖xγ1‖

p.
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\ F É�>�?A@���¦GF�ó�£ 2.5 g 3.4 °�����Å T (−
xγ1

‖xγ1‖
) = −T (

xγ1

‖xγ1‖
),

T (−
xγ2

‖xγ2‖
) = −T (

xγ2

‖xγ2‖
) (‖T (

xγ1

‖xγ1‖
) − T (−

xγ1

‖xγ1‖
)‖ = ‖

xγ1

‖xγ1‖
+

xγ1

‖xγ1‖
‖ = 2)

K�L�Ò ‖T (x) + T (
xγ1

‖xγ1‖
)‖ p = ‖T (x) − T (−

xγ1

‖xγ1‖
)‖ p = ‖x +

xγ1

‖xγ1‖
‖ p. Í�P

‖ησ(γ1) + dσ(γ1)‖
p − ‖ησ(γ1)‖

p = ‖xγ1 +
xγ1

‖xγ1‖
‖ p − ‖xγ1‖

p.

î p = 1 ð�¦nÒ ‖ησ(γ1) +dσ(γ1)‖ = ‖ησ(γ1)‖+ (1+‖xγ1‖)−‖xγ1‖ = ‖ησ(γ1)‖+1 P ησ(γ1) ý
dσ(γ1) ��è���¦�i�º�Ò ησ(γ1) = ‖ησ(γ1)‖dσ(γ1), F ‖ησ(γ1) − dσ(γ1)‖− ‖ησ(γ1)‖ = ‖xγ1 −

xγ1

‖xγ1‖
‖−

‖xγ1‖ P 1 − 2‖ησ(γ1)‖ = 1 − 2‖xγ1‖, Í ‖ησ(γ1)‖ = ‖xγ1‖, æ�e���P�à ησ(γ1) = ‖xγ1‖dσ(γ1) =

‖xγ1‖T (
xγ1

‖xγ1‖
) (∀γ1 ∈ supp (x)).

î p > 1 ð�¦ (1 + ‖xγ1‖)
p − ‖xγ1‖

p = ‖xγ1 +
xγ1

‖xγ1‖
‖ p − ‖xγ1‖

p = ‖ησ(γ1) + dσ(γ1)‖
p −

‖ησ(γ1)‖
p ≤ (1 + ‖ησ(γ1)‖)

p − ‖ησ(γ1)‖
p. F�L�P ‖xγ1‖ ≤ ‖ησ(γ1)‖ ((1 + t)p − tp(t ≥ 0) §�������

). F γ1 ∈ supp x ��Ï�Ð�µ�¦�i�º�Ò 1 =
∑

γ∈Γ

‖xγ‖ p ≤
∑

γ∈Γ

‖ησ(γ)‖
p = 1, P ‖xγ1‖ =

‖ησ(γ1)‖(∀γ1 ∈ Γ). æ�e���P ‖ησ(γ1) +dσ(γ1)‖ = ‖xγ1 +
xγ1

‖xγ1‖
‖, ‖ησ(γ1)−dσ(γ1)‖ = ‖xγ1 −

xγ1

‖xγ1‖
‖.

F H F §¥â�ã�����¦ c â�ã�Å
〈

ησ(γ1)

‖ησ(γ1)‖
− dσ(γ1),

ησ(γ1)

‖ησ(γ1)‖
− dσ(γ1)〉 = 2 − 2〈

ησ(γ1)

‖ησ(γ1)‖
, dσ(γ1)〉

= 2 −
1

2‖ησ(γ1)‖
(‖ησ(γ1) + dσ(γ1)‖

2 − ‖ησ(γ1) − dσ(γ1)‖
2
)

= 2 −
1

2‖ησ(γ1)‖
(‖xγ1 +

xγ1

‖xγ1‖
‖ 2 − ‖xγ1 −

xγ1

‖xγ1‖
‖ 2)

= 2 −
1

2‖xγ1‖
[(1 + ‖xγ1‖)

2 − (1 − ‖xγ1‖)
2] = 2 − 2 = 0,

¸�º ησ(γ1)

‖ησ(γ1)‖
− dσ(γ1) = 0, Í ησ(γ1) = ‖ησ(γ1)‖dσ(γ1) = ‖xγ1‖T (

xγ1

‖xγ1‖
)(∀γ1 ∈ supp x).��7

4.2 ¿�������÷���¦ÇÌ E, F §¥â�ã�����¦ T § S1(l
p(Γ, E)) à S1(l

p(∆, F )) ®����������� (p ≥ 1). Ó�Ô�¦ T Z�§�°�±�²�§ lp(Γ, E) à lp(∆, F ) ®���¨�����´�µ�����¶�·�êB�C î p = 2 ð�¦ l2(Γ, E) È l2(∆, F ) Ñ�É¥â�ã�����¦����A��F [3] ä�P�êÇÂ���ä p >

1, p 6= 2 �Ç÷���êÇÎ ∀x ∈ lp(Γ, E) Æ V (x) =

{

‖x‖T ( x
‖x‖ ), x 6= 0

0, x = 0.
û�ü V § T ��±�²�êÇÂ��

ä¥å V ��§�����¶�·�êÎ�Ï�Ð������ µ, ω ∈ lp(Γ, E), ì µ
‖µ‖ = x = (xγ), ω

‖ω‖ = y = (yγ). 8 V (x) = T (x), V (y) =

T (y). â�ã�Å
〈T (

xγ

‖xγ‖
), T (

yγ

‖yγ‖
)〉 =

1

4
[‖T (

xγ

‖xγ‖
) + T (

yγ

‖yγ‖
)‖ 2 − ‖T (

xγ

‖xγ‖
) − T (

yγ

‖yγ‖
)‖ 2]

=
1

4
[‖

xγ

‖xγ‖
+

yγ

‖yγ‖
‖ 2 − ‖

xγ

‖xγ‖
−

yγ

‖yγ‖
‖ 2]

= 〈
xγ

‖xγ‖
,

yγ

‖yγ‖
〉.
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� î xγ × yγ § 0 ð�¦���¢ T (

xγ

‖xγ‖
) = 0,

xγ

‖xγ‖
= 0, × T (

yγ

‖yγ‖
) = 0,

yγ

‖yγ‖
= 0).

F�®�d�ñ�r�s�ä
‖ ‖µ‖ · ‖xγ‖ · T (

xγ

‖xγ‖
) − ‖ω‖ · ‖yγ‖ · T (

yγ

‖yγ‖
)‖ = ‖ ‖µ‖xγ − ‖ω‖yγ‖.

c Ò
‖V (µ) − V (ω)‖ p = ‖ ‖µ‖T (

µ

‖µ‖
) − ‖ω‖T (

ω

‖ω‖
)‖ p

= ‖ ‖µ‖ ·
∑

γ∈Γ

‖xγ‖ · T (
xγ

‖xγ‖
) − ‖ω‖ ·

∑

γ∈Γ

‖yγ‖T (
yγ

‖yγ‖
)‖ p

=
∑

γ∈Γ

‖ ‖µ‖ · ‖xγ‖ · T (
xγ

‖xγ‖
) − ‖ω‖ · ‖yγ‖T (

yγ

‖yγ‖
)‖ p

=
∑

γ∈Γ

‖ ‖µ‖xγ − ‖ω‖yγ‖
p

= ‖ ‖µ‖x − ‖ω‖y‖ p = ‖µ − ω‖ p.

P ‖V (µ) − V (ω)‖ = ‖µ − ω‖.®�d�u¥å V §���� lp(Γ, E) à lp(∆, F ) ®���¨���������¶�·�ê�K�L�¦z¸ Mazur-Ulam ¢�£
[4] °�]�¦ V Z�§�¨�����´�µ�����¶�·�ê
���������
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On the Representation and Extension of Isometries between the Unit

Spheres of lp(Γ, E) Type Spaces

FANG Xi-nian1, WANG Jian-hua2

(1. Dept. of Appl. Math., Nanjing Audit University, Jiangsu 210029, China;
2. Dept. of Math., Anhui Normal University, Wuhu 241000, China)

Abstract: This paper gives a representation of surjective isometries between the unit speres of lp(Γ, E)
type real spaces (where p > 1, p 6= 2, E be inner space), and proves that these isometries can be extended
to be real linear isometries on the whole space.
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