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1 hjijkjlmon
Dirichlet poq

f(s) =

∞∑

n=0

ane−λns, (1.1)

rts
{an} uovoqowox s = σ + it(σ, t uoyozo{ ), 0 = λ0 < λ1 < · · · < λn ↑ +∞.|o}o~o�o�

lim sup
n→∞

log n

λn

= 0, lim sup
n→∞

log |an|

λn

= 0. (1.2)

�o� xIpoq (1.1) �o�o�o�o�o�o�o�o�o�o�o�o�o�o�ouo�oxI�ouo�o�oq f(s) �o�o�o�o�t���o�o��
M(σ) = sup

−∞<t<+∞
|f(σ + it)|, m(σ) = max

n
|an|e

−λnσ , σ > 0.

�
lim sup
σ→0+

log+ log+ M(σ)

log 1
σ

= ρ,

�o� poq (1.1) � ρ p Dirichlet poq [1]. o¡o¢
[2] �o£o¤ lim sup

n→∞

n
log U(λn) < +∞ ¥

lim sup
n→∞

n

log λn

< +∞,

rts
U(r) = rρ(r)(r > 0, ρ(r) uo¦o§o¨o©oªo�oqo«o¬oo®owo¯o°o±

lim
r→∞

ρ(r) = ρ, lim
r→∞

ρ′(r)r log r = 0.
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lim sup
σ→0+

log+ M(σ)

log U( 1
σ
)

= c ⇐⇒ lim sup
n→∞

log+ |an|

log U(λn)
= c (0 < c < ∞).

|o}oÅ £o¤ (1.3) ÆoÇo�
lim sup

n→∞

log n ·

m È
︷ ︸︸ ︷

log · · · log n

log λn

= 0, (1.4)

rts
m ∈ N+ ¨ m ≥ 2, ÀoÂoÃoÉoÊo®o±ËoÌ

1 Í Dirichlet poq (1.1) ÎoÏo£o¤ (1.2),(1.4),
�

lim sup
σ→0+

log+ M(σ)

log 1
σ

= c ⇔ lim sup
n→∞

log+ |an|

log λn

= c (0 < c < ∞).

ËoÌ
2 Í Dirichlet poq (1.1) ÎoÏo£o¤ (1.2),(1.4),

�
limσ→0+

log+ M(σ)

log 1
σ

= c ⇔

(i) lim sup
n→∞

log+ |an|
log λn

= c;

(ii) Ðo�oÑo§o�o¦oÒoqoÓow {nυ} ÔoÀ
lim

υ→∞

log λnυ+1

log λnυ

= 1, lim
υ→∞

log+ |anυ
|

log λnυ

= c (0 < c < ∞).

2 ÕjÖ 1 ×jØjÙÚoÌ Í Dirichlet poq (1.1) ÎoÏo£o¤ (1.2),(1.4),
�

lim sup
σ→0+

log M(σ)

log 1
σ

= A ⇔ lim sup
σ→0+

log m(σ)

log 1
σ

= A, (2.1)

�oÛ
A �o¦oqo�ÜoÝ Þoßoàoá ¯o�ãâ m(σ) ≤ M(σ) ©oäox

lim sup
σ→0+

log M(σ)

log 1
σ

≥ A.

åoæoç �oxãâ (2.1) èo�o�oéoÀ
m(σ) ≤ [

1

σ
]A+o(1).

�o£o¤ (1.4)
s�êoë Í m = 2(m � roìîíðï q �oñoò © ß ),

� Ào±Áóoô ε > 0, Ðo� N ∈ N+,ÔoÀ n ≥ N∗ = max{N, 3}
� 

−λn ≤ −e
log n·log log n

ε .õoö
M(2σ) ≤

∞∑

n=0

|an|e
−2λnσ ≤ m(σ)

∞∑

n=0

e−λnσ ≤ m(σ)[K1 +
∞∑

n=N∗+1

e−σe
log n·log log n

ε ],
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rts
K1 uo¦oúoqo�Á�oÔ σe

log n·log log n

ε / logn > 2, ©oô
T = ϕ−1(

2

σ
),

�oÛ
ϕ(x) = e

log x·log log x

ε

log x
(x > e) uoûoüo¨oýoþo§o�o�oqox �oÿ

M(2σ) ≤ m(σ)(K1 +

T∑

n=N∗+1

e−σ log n +

∞∑

n=T+1

e−2 log n)

= m(σ)(K1 +
T∑

n=N∗+1

1

nσ
+

∞∑

n=T+1

1

n2
)

≤ m(σ)(K2 +

T∫

N∗

dx

xσ
) ≤ m(σ)(K2 +

1

1 − σ
T 1−σ),

rts
K1, K2 �ouo¦oúoqo�����

log M(2σ) ≤ (A + o(1)) log
1

σ
+ log K2 + (1 − σ) log T.

â��o���oÍoä��
2

σ
= ϕ(T ) =

e
log T ·log log T

ε

log T
(σ → 0+),

���
lim

σ→0+

log T

log 1
σ

= lim
σ→0+

σe
log T ·log log T

ε

2 log 1
σ

= lim
σ→0+

e
log T ·log log T

ε

ϕ(T ) · log ϕ(T )
2

= lim
σ→0+

log T

log T · log log T − log log T
= 0.

�
log M(2σ) ≤ (A + o(1)) log 1

2σ
, �ou

lim sup
σ→0+

log M(σ)

log 1
σ

≤ A.

àoá ¯oÀ ß ����	o¯o� ß�
 â àoá ¯�������o�®o� ß�
 �oò 1.
Þoß ��	o¯o�Á�oó��o� ε > 0, Ðo� σ0 > 0, �oó�� σ ∈ (0, σ0) 

M(σ) < (
1

σ
)c+ε.

â��o��� æ σ > 0 �oó��o�o¦oÒoq n  |an| < M(σ)eλnσ , ô
σ =

1

λn

(c + ε) (n → ∞),

â����oèoÀ
log+ |an| < (c + ε) log

λn

c + ε
+ c + ε,
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lim sup
n→∞

log+ |an|

log λn

≤ c.

�
lim supn→∞

log+ |an|
log λn

≤ c′ < c (c′ ∈ (0, c)),
� �oó�� ε > 0, � n

àoá�� � 
log+ |an| ≤ (c′ + ε) log λn,

�ou
log+ |an| − λnσ ≤ (c′ + ε) log λn − λnσ ≤ sup

y>0
{(c′ + ε) log y − yσ}.

ô y = 1
σ
(c′ + ε)(y → +∞), â������oèoÀ

log |an|e
−λnσ ≤ (c

′

+ ε)[log
1

σ
+ log(c′ + ε) − 1].

� â�� ò�� ÀoÂ
lim sup
σ→0+

log+ M(σ)

log 1
σ

≤ c′ < c.
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1 "�#�$�%�&o½o�oq f(s) ��'oÇo�o£o¤ (1.4) ®o�o§�(o¯ox*)o�o¦�+o§�(o¯ (

�oò
2),,�-

[2]
s��oò
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The Proximate Zero Order (R) of Analytic Dirichlet Series

NIU Ying-chun
(Dept. of Appl. Math., Northwestern Polytechincal University, Xi’an 710072, China )

Abstract: This paper deals with the proximate zero order (R) of Dirichlet series in the right-half plane,
weakens the condition of some known results, obtains stronger results and simplifies the original proof.
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