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A � B
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σre(A)

��Î�Á�Â�Ï�Ð�Ñ�Ò���Ó�Ô�Õ
σle(B)

��ÖØ×ÚÙ��
����������Û�Ü Ê ��Á�Â�Ý�Þ�È�É��À±�ß�à�á�����®���â�ã�ä�å���æ�ç��Àè ��¢ ��� A

�
Wolf±�²�®�¯

Kato
±�²�®�¯

Weyl
±�²�®�é�ê�ë�±�²�®���ì�à�æ�í�Õ����

B
�

Wolf
±�²�®���î�ï

��Ó�����Ö ¤�ð �©±�ß�ñ�ò ¢ Ë°Ì��°� A � B
�������©ó

σre(A)
��Î�Á�Â�ì�à�æ�í

τ ,
Ô £

τ ∩ σR(A) ∩ σR(B) 6= ∅. ô ¬�Ù�Â�ä�Ì���õ�Ü��©±�ß°ö�÷°ø�ùûú ¢ L.A.Fialkow ��� ��ü�ý�ÈÉ��©±�ß���þ�Þ�ä�Ì���÷�Û
2.2,2.7,

õ�Ü
2.8,
÷�Û

2.10, 2.11.ÿ
H
���������

Hilbert
Ð����

B(H) ��� H
ü £���	 ¥���� Å�
 ����
 A, B ∈ B(H),Ë�Ì���³������ £������ ��� X, Y ∈ B(H), ��� AX = XB, BY = Y A,

ó������
A � B

�
��������¬

A ∼ B.��

T ∈ B(H), σ(T ) ��� T

�°®°�
ρ(T ) = C \ σ(T ) ��� T

��� Æ Ó°��� ν(T ) =

dimKer(T ), µ(T ) = dimKer(T ∗), � ν(T )
Õ

µ(T ) Ê ª�� £ Á�Â £ ���©ó�� ind(T ) = ν(T ) −

µ(T ).Z ������� Å�
 � E = Z ∪ {∞}∪ {−∞}. D◦ ������ �! Ó D
�#" ! Å�
 � ∂D ��� D��$ � � D ��� D

��Ò�%����
Ψn(T ) = {λ ∈ C : Ran(T − λ)

Ò��
ind(T − λ) = n}, (n ∈ E).

Ψmn(T ) = {λ ∈ C : Ran(T − λ)
Ò��

ν(T − λ) = m, µ(T − λ) = n}, (m, n = 0, 1, 2, · · · ,∞).

Hn(T ) = {λ ∈ C : ind(T − λ) = n}, (n ∈ E). Hmn(T ) = {λ ∈ C : ν(T − λ) = m, µ(T − λ) =

n}, (m, n = 0, 1, 2, · · · ,∞). σle(T ) = {λ ∈ C : Ran(T −λ)
Ï�Ò�&

ν(T −λ) = ∞}, σre(T ) = {λ ∈

C : Ran(T − λ)
Ï�Ò�&

µ(T − λ) = ∞}, σle(T ) � σre(T )
æ�' ��� ��� T

��(�±�²�® � ë�±�²®��
σe(T ) = σle(T ) ∪ σre(T ),

�
σe(T )

¬����
T
�

Wolf
±�²�®��

σK(T ) = σle(T ) ∩ σre(T ),)+*-,/.
: 2004-05-080+1+2-3
: 4+5-6/7+8+9+:+; (10471025), <+=+>-6/7+8+9+:+; (Z0511019).
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σK(T )
¬����

T
�

Kato
±�²�®��

σ◦
P

(T ) ��� ��� T
��C £�£ ��D � Ý � ��E�F�G�H ��Å
 � σB(T ) = σ(T ) \ σ◦

P
(T ),

�
σB(T )

¬����
T
�

Browder
±�²�®��

K(H) ��� H
ü�I����

Å�
 � σW (T ) = ∩K∈K(H)σ(T + K) = σB(T ) \ (Ψ◦(T ) ∩ σ(T )◦),
�

σW (T )
¬

T
�

Weyl
±�²

®��
σc(T ) = {λ ∈ C : Ran(T − λ)

Ï�Ò��
ν(T − λ) = µ(T − λ) = 0},

�
σc(T )

¬����
T
��ì

J�®��
σD(T ) = {λ ∈ C : Ran(T − λ)

Ï�Ò
}.KML

σ(T ), σB(T ), σW (T ), σe(T ), σle(T ), σre(T ), σK(T )
Ô���Ï�Ð�I�Ó��

Ψn(T )(n ∈ E)
�

Ñ�Ó�� � ß�N
[5], O�P���Q Ë�¸�����®���â�ã�ä�å�R

(1) C\σ(T )
��Î�Â £�� ì�à�æ�í H(T )(

��¬
σ(T )

��S
)
��Â�Ñ�Ó�� ½�� £ σ(T ) = σe(T )∪

(∪1≤n<∞Ψn(T )) ∪ (∪1≤n<∞Ψ−n(T )) ∪ (Ψ◦(T ) ∩ σ(T )◦) ∪ σ◦
P

(T ).

(2) C \ σe(T )
��Î�Â £�� ì�à�æ�í H(T )(

��¬
σe(T )

��S
)
��Â�Ñ�Ó��©½�����³

n(−∞ <

n < ∞), � H(T ) ⊂ Ψn(T ),
½�� £ σe(T ) = Ψ∞(T ) ∪ Ψ−∞(T ) ∪ Ψ∞∞(T ) ∪ σD(T ).

(3) C \σK(T )
��Î�Â £�� ì�à�æ�í H(T )(

��¬
σK(T )

��S
)
��Â�Ñ�Ó�� ½�����³

n(−∞ ≤

n ≤ ∞), � H(T ) ⊂ Ψn(T ),
½�� £ σK(T ) = Ψ∞∞(T ) ∪ σD(T ).

(4) Ψ◦(T ) ∩ σ(T ) = (Ψ◦(T ) ∩ σ(T )◦) ∪ σ◦
P (T ).

(5) σW (T ) = σe(T ) ∪ (∪1≤n<∞Ψn(T )) ∪ (∪1≤n<∞Ψ−n(T )).

2 TVUVWVXVYVZ
[�\

2.1
[4]
ÿ

A ∼ B,
ó

σe(A)
��Î�Á�Â�ì�à�æ�í

τ ,
Ô £ τ ∩ σe(B) 6= ∅.]�\

2.2
ÿ

A ∼ B, VA

�
σe(A)

��Ï�Ð�Ò���Ó��
VB

�
σe(B)

��Ï�Ð�Ò���Ó��
∂(σe(A) \

VA) ⊂ VB . � ��³ C
��Á�Â�Ñ�Ó

D, ^�_ R
(a). (σe(B) ∩ VA) \ VB ⊂ D ⊂ σe(A);

(b). ∂D ⊂ VB ,ó���

VA

��Î�Á�Â�ì�à�æ�í
τ ,
Ô £ τ ∩ VB 6= ∅.`�a ÿ

τ1

�
VA

��b�c�Á�Â�Ï�Ð�Ñ�Ò���Ó���d�ñ
τ1 ∩ VB 6= ∅.

� τ1

¹��
σe(A)

��Ñ���Ó��Àó���³
t ∈ τ1

é�ê !�e {tn} ⊂ σe(A) \ τ1, ��� limn→∞tn = t.�M

τ1

�
VA

��Ñ���Ó��©º�f�g�é�h ÿ
{tn} ⊂ σe(A) \ VA. i t ∈ τ1 ⊂ VA, j t /∈ σe(A) \ VA,
��

t ∈ ∂(σe(A) \ VA) ⊂ VB , k é t ∈ τ1 ∩ VB ,
º�f

τ1 ∩ VB 6= ∅.

� τ1

�
σe(A)

��Ñ���Ó����M

τ1

��Ò�Ó
VA

��Ò���Ó�� k é τ1 l � σe(A)
��Ò���Ó�� º

f
τ1

�
σe(A)

��Ñ�Ò���Ó�� ÿ
τ2

�
τ1

��Á�Â�ì�à�æ�í��m
��
τ2 l � σe(A)

��Á�Â�ì�à�æ�í��
n�o�p Û

2.1
L

τ2 ∩ σe(B) 6= ∅, q ½ τ1 ∩ σe(B) 6= ∅.
h ÿ

τ1 ∩VB = ∅,
ó���


∀λ ∈ τ1 ∩ σe(B),£ λ ∈ (σe(B) ∩ VA) \ VB ⊂ D,
º�f

λ ∈ τ1 ∩ D, j τ1 ∩ D 6= ∅ .

∀λ0 ∈ τ1 ∩ D,
�M


D
��Ñ�Ó��

τ1

�
σe(A)

��Ñ���Ó�� j ��³ ε > 0, ��� O(λ0, ε) ⊂ D,�
O(λ0, ε) ∩ σe(A) ⊂ τ1,

º�f
O(λ0, ε) = O(λ0, ε) ∩ D ⊂ O(λ0, ε) ∩ σe(A) ⊂ τ1,


��
O(λ0, ε) ⊂ τ1 ∩ D, j τ1 ∩ D

�
C
��Ñ���Ó�� ÿ

{tn} ⊂ τ1 ∩ D, limn→∞tn = t,
�M


τ1

�
Ò�Ó��©º�f

t ∈ τ1 ∩ (D ∪ ∂D) = (τ1 ∩ D) ∪ (τ1 ∩ ∂D) ⊂ (τ1 ∩ D) ∪ (τ1 ∩ VB) = τ1 ∩ D,
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j τ1 ∩ D
�

C
��Ò���Ó���é�ü�ñ�ò ¢ τ1 ∩D

�
C
��Ñ�Ò���Ó���¨

τ1 ∩D 6= ∅,τ1 ∩D 6= C, uv � j τ1 ∩ VB 6= ∅.¸  ñ�ò τ
⋂

VB 6= ∅.
�w


τ
��I°Ó

VA

�°ì°à°æ°í°�©º�f
τ   
 VA

��%�x
τ
� k£ Ñ°Ò°�°Ó°�°Ö°�©¹�y ÿ τ = ∩α∈Iτα(τα

�
VA

��%�x
τ
�°Ñ°Ò°�°Ó

).
�wz�{°ñ�ò L Ò°Ó�|

{τα ∩ VB : α ∈ I}
C £�£ ��Ö�¥�²�� i VB

��I�Ó�� k é τ ∩ VB = ∩α∈I (τα ∩ VB) 6= ∅.}�~
2.3

ÿ
A ∼ B, σe(A)

��Î�Á�Â�ì�à�æ�í
τ ,
Ô £ τ ∩ σG(A) ∩ σG(B) 6= ∅, ��Ê

σG(T ) = σe(T ) \ G(T ), G(T ) = (H∞(T ) ∪ H−∞(T ) ∪ H∞∞(T ))◦.

`�a �
VA = σe(A), VB = σG(A) ∩ σG(B), D = G(B),

ó
VB

�
σe(B)

��Ò���Ó��
D
�

Ñ�Ó�� �M

A ∼ B,

��

∀λ ∈ C,

Ô £
dimKer(A − λ) = dimKer(B − λ), dimKer(A − λ)∗ = dimKer(B − λ)∗,

º�f
H∞(A) = H∞(B), H−∞(A) = H−∞(B), H∞∞(A) = H∞∞(B),

q ½ G(A) = G(B).

��

(σe(B) ∩ VA) \ VB = (σe(B) ∩ σe(A)) \ (σG(A) ∩ σG(B)) ⊂ (σe(A) \ σG(A)) ∪ (σe(B) \ σG(B))

= G(A) ∪ G(B) = D ⊂ σe(A).

�M

D = G(B) ⊂ σe(B),

�
σe(B)

��Ò�Ó��
D
��Ñ�Ó�� j ∂D ⊂ σe(B) \ D = σG(B), � Û

∂D ⊂ σG(A),

��

∂D ⊂ VB . i ∂(σe(A) \ VA) = ∅ ⊂ VB , k é n�o ÷�Û 2.2
L õ�Ü

2.3 � ñ��}�~
2.4

ÿ
A ∼ B,

ó���

σe(A)

��Î�Á�Â�ì�à�æ�í
τ ,
Ô £ τ ∩ ∂(σG(A) ∩ σG(B)) 6= ∅.`�a �ûõ°Ü

2.3
L

τ ∩ σG(A) ∩ σG(B) 6= ∅,
�w


σG(A) ∩ σG(B)
�

σe(A)
�°Ó°� j

∂(τ ∩σG(A)∩σG(B)) ⊂ ∂(σG(A)∩σG(B)),
º�f

τ ∩∂(σG(A)∩σG(B)) ⊃ ∂(τ ∩σG(A)∩σG(B)),

k é τ ∩ ∂(σG(A) ∩ σG(B)) 6= ∅.}�~
2.5
ÿ

A ∼ B
�©ó���


σG(A)
��Î�Á�Â�ì�à�æ�í

τ ,
Ô £ τ ∩ σG(B) 6= ∅.`�a��

VA = σG(A),VB = σG(B),D = G(A) = G(B),
ó

VA,VB

æ�'��
σe(A), σe(B)

��Ï
Ð�Ò���Ó��

D
��Ñ�Ó��

∂(σe(A) \VA) = ∂G(A) = ∂D ⊂ VB , (σe(B)∩ VA) \VB ⊂ σe(B) \VB =

G(B) = D ⊂ σe(A). k é n�o ÷�Û 2.2
L õ�Ü

2.5 � ñ��}�~
2.6
ÿ

A ∼ B,
ó���


σK(A)
��Î�Á�Â�ì�à�æ�í

τ ,
Ô £ τ ∩ σF (A) ∩ σF (B) 6= ∅, �

Ê σF (T ) = σe(T ) \ (H∞∞(T ))◦.`�a��
VA = σK(A), VB = σF (A) ∩ σF (B), D = (H∞∞(A))◦ = (H∞∞(B))◦,

ó
∂(σe(A) \ VA) = ∂(σe(A) \ σK(A))

= ∂(Ψ∞(A) ∪ Ψ−∞(A)) ⊂ H∞(A) ∪ H−∞(A)

= H∞(B) ∪ H−∞(B) ⊂ σF (A) ∩ σF (B) = VB .

�w

D ⊂ σe(A),

�
σe(A)

�°Ò°Ó°�
D
�°Ñ°Ó°� j ∂D ⊂ σe(A) \ D = σF (A), � Û

∂D ⊂ σF (B),
º�f

∂D ⊂ VB . (σe(B) ∩ VA) \ VB ⊂ (σe(B) ∩ σe(A)) \ (σF (A) ∩ σF (B)) ⊂
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(σe(A) \ σF (A)) ∪ (σe(B) \ σF (B)) = (H∞∞(A))◦ ∪ (H∞∞(B))◦ = D ⊂ σe(A), k é n�o ÷�Û
2.2
L õ�Ü

2.6 � ñ��]�\
2.7
ÿ

A ∼ B,
ó���


σre(A)
��Î�Á�Â�ì�à�æ�í

τ ,
Ô £ τ ∩ σR(A) ∩ σR(B) 6= ∅, �

Ê σR(T ) = σe(T ) \ R(T ), R(T ) = (H−∞(T ) ∪ H∞∞(T ))◦.`�a ��� ÷°Û
2.2,

�
VA = σre(A), VB = σR(A) ∩ σR(B), D = R(A) = R(B),

ó
∂(σe(A) \ VA) = ∂Ψ∞(A) ⊂ H∞(A) = H∞(B) ⊂ σR(A) ∩ σR(B) = VB .

�M

D ⊂ σe(A),

�
σe(A)

��Ò�Ó��
D
��Ñ�Ó�� j ∂D ⊂ σe(A) \ D = σR(A), � Û ∂D ⊂ σR(B),

º�f
∂D ⊂ VB .

(σe(B) ∩ VA) \ VB ⊂ (σe(B) ∩ σe(A)) \ (σR(A) ∩ σR(B)) ⊂ (σe(A) \ σR(A)) ∪ (σe(B) \ σR(B)) =

D ⊂ σe(A), k é n�o ÷�Û 2.2
L ÷�Û

2.7 � ñ��}�~
2.8
ÿ

A ∼ B,
ó

σre(A)
��Î�Á�Â�Ï�Ð���Ñ�Ò���Ó�Ô�Õ

σle(B)
��Ö��

`�a ÿ
τ1

�
σre(A)

��b�c�Á�Â�Ï�Ð�Ñ�Ò���Ó��
τ
�

τ1

��Á�Â�ì�à�æ�í�� ó
τ l � σre(A)��Á�Â�ì�à�æ�í�� n�o ÷�Û

2.7 � τ ∩σR(A)∩σR(B) 6= ∅, i σle(B) ⊃ σR(B), j τ ∩σle(B) 6= ∅,

k é τ1 ∩ σle(B) 6= ∅.��� õ�Ü
2.8
ö�÷�ø�ù ú ¢ L.A.Fialkow

³�ß�N
[3] Ê ��� ��È�É��[�\

2.9
ÿ

A ∼ B,
ó

σW (A)
��Î�Â�Ï�Ð�Ñ�Ò���Ó

τ ,
Ô £ τ ∩ σle(B) 6= ∅.`�a d°ñ

τ ∩ σre(A) 6= ∅. � ñ��°��h ÿ τ ∩ σre(A) = ∅,
ó

τ ⊂ σW (A) \ σre(A) =

(∪1≤|n|<∞Ψn(A))∪Ψ∞(A).
�

D = (∪1≤|n|<∞Ψn(A))∪Ψ∞(A),
ó

D
��Ñ�Ó��

τ ⊂ D ⊂ σW (A).

∀λ ∈ τ ,
�°³

r1 > 0, ��� O(λ, r1) ⊂ D, i τ
�

σW (A)
�°Ñ°�°Ó°� j �°³ r2 > 0, ���

O(λ, r2) ∩ σW (A) ⊂ τ ,
�

r = min{r1, r2},
ó

O(λ, r) = O(λ, r) ∩ D ⊂ O(λ, r2) ∩ σW (A) ⊂ τ ,º�f
τ
��Ñ�Ó�� i τ

��Ò�Ó
σW (A)

��Ò���Ó��©º�f
τ
��Ò�Ó���
��

τ
�

C
��Ñ�Ò���Ó��©¨

τ 6= ∅,τ 6= C, u v � k é τ ∩ σre(A) 6= ∅.�
τ1 = τ ∩ σre(A).

�M

σre(A)

��Ò�Ó��
σre(A) ⊂ σW (A)

ê
τ
�

σW (A)
��Ñ�Ò���Ó��

õ L
τ1

�
σre(A)

��Ñ�Ò���Ó�� n�o õ�Ü
2.8 � τ1 ∩ σle(B) 6= ∅, q ½ τ ∩ σle(B) 6= ∅.]�\

2.10
ÿ

A ∼ B,
ó

σW (A)
��Î�Á�Â�ì�à�æ�í

τ ,
Ô £ τ ∩ σM (A) ∩ σM (B) 6= ∅ , �

Ê σM (T ) = σK(T ) \ M(T ), M(T ) = ((∪1≤|n|≤∞Hn(T )) ∪ H∞∞(T ))◦.`�a ÿ
τ1

�
σW (A)

��b�c�Á�Â�Ï�Ð���Ñ�Ò���Ó���d�ñ
τ1 ∩ σM (A) ∩ σM (B) 6= ∅.

n�o�p
Û

2.9
L

τ1 ∩ σle(B) 6= ∅.
h ÿ

τ1 ∩ σM (A) ∩ σM (B) = ∅,
ó

∀λ ∈ τ1 ∩ σle(B), £
λ ∈ (σle(B) ∩ σW (A)) \ (σM (A) ∩ σM (B)),

i
(σle(B) ∩ σW (A)) \ (σM (A) ∩ σM (B)) ⊂ (σW (A) \ σM (A))

∪ (σle(B) \ σM (B)) ⊂ M(A) ∪ M(B).

�M

A ∼ B, j M(A) = M(B),


��
λ ∈ τ1 ∩ M(A), j τ1 ∩ M(A) 6= ∅.

 ñ�ò τ1 ∩M(A)
�

C
��Ñ�Ò���Ó��

∀λ ∈ τ1 ∩M(A),
�M


M(A)
��Ñ�Ó�� j ��³ r1 > 0,

��� O(λ, r1) ⊂ M(A), i τ1

�
σW (A)

��Ñ���Ó�� j ��³ r2 > 0, ��� O(λ, r2)∩σW (A) ⊂ τ1,
�

r = min{r1, r2},
ó

O(λ, r) = O(λ, r)∩M(A) ⊂ O(λ, r2)∩σW (A) ⊂ τ1, j O(λ, r) ⊂ τ1 ∩M(A),º�f
τ1 ∩ M(A)

��Ñ�Ó��
�M


M(A)
��Ñ�Ó����

M(A) ⊂ σW (A), σW (A)
��Ò�Ó�� j ∂M(A) ⊂ σW (A) \ M(A) =

σK(A) \M(A) = σM (A). � Û�g � ∂M(A) = ∂M(B) ⊂ σM (B), j ∂M(A) ⊂ σM (A) ∩ σM (B).
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h ÿ !�e {tn} ⊂ τ1 ∩ M(A), limn→∞tn = t,
�M


τ1

��Ò�Ó
σW (A)

��Ò���Ó�� j τ1

��Ò
Ó���
��
t ∈ τ1 ∩ (M(A) ∪ ∂M(A)) = (τ1 ∩ M(A)) ∪ (τ1 ∩ ∂M(A)) ⊂ (τ1 ∩ M(A)) ∪ (τ1 ∩ σM (A) ∩M (B))

= τ1 ∩ M(A),

º�f
τ1∩M(A)

��Ò�Ó�� é�ü�ñ�ò ¢ τ1∩M(A)
�

C
��Ñ�Ò���Ó�� ¨

τ1∩M(A) 6= ∅, τ1∩M(A) 6=

C, u v � k é τ1 ∩ σM (A) ∩ σM (B) 6= ∅.¸  ñ�ò τ ∩ σM (A) ∩ σM (B) 6= ∅.
�M


τ
��I�Ó

σW (A)
��ì�à�æ�í�� j τ   
 σW (A)��%�x

τ
� k £ Ñ�Ò���Ó���Ö��©¹�y ÿ τ = ∩α∈Iτα(τα

�
σW (A)

��%�x
τ
��Ñ�Ò���Ó

).
�Mz

{�ñ�ò L Ò�Ó�|
{τα ∩ σM (A) ∩ σM (B) : α ∈ I}

C £�£ ��Ö�¥�²�� i σM (A) ∩ σM (B)
��I�Ó��

k é τ ∩ σM (A) ∩ σM (B) = ∩α∈I(τα ∩ σM (A) ∩ σM (B)) 6= ∅.]�\
2.11

ÿ
A,B,X ∈ B(H),X

¬������ ��� AX = XB,
ó���


σB(B)
��Î�Á�Â�ì�à�æ

í
τ ,
Ô £ τ ∩ σB(A) 6= ∅ .`�a �M


τ
�

σB(B)
��ì�à�æ�í�� j ∂τ ⊂ ∂σB(B) ⊂ σe(B).

º�¬
σB(B)

��Ò�Ó�� k é τ� Ò Ó ��
 �
∂τ ⊂ τ∩σe(B), j τ∩σe(B) 6= ∅.

h ÿ
τ∩σB(A) = ∅,

ó
τ ⊂ C\σB(A) ⊂ C\σe(A).ÿ

V
�

C \ σe(A)
��%�x

τ
��ì�à�æ�í�� ó

V
��Ñ�Ó�� º�¬

τ
�

σB(B)
��ì�à�æ�í�� j τ l�

σ(B)
��ì�à�æ�í�� i σ(B)

��I�Ó���
��
τ   
 σ(B)

��%�x
τ
� k £ i Ñ i Ò���Ó���Ö���M


τ ⊂ V ,
n�o £ ������¥�²�� P õ L ��³ σ(B)

��Á�Â i Ñ i Ò���Ó D, ��� τ ⊂ D ⊂ V .

i D ∩ σe(B) ⊃ τ ∩ σe(B) 6= ∅,
º�f n�o ß�N

[3]
p Û

2.6
L

V ⊂ σ(A).
º�¬

V
��Ñ�Ó���
��

V ⊂ σ(A)◦ ⊂ σB(A),
Ù�Õ�h ÿ

τ ∩ σB(A) = ∅ u v � k é τ ∩ σB(A) 6= ∅.
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Quasisimilarity of Operators and Properties of the Essential Spectrum

SU Wei-gang
(School of Mathematics and Computer Science, Fujian Normal University, Fuzhou 350007, China )

Abstract: Let A and B be quasisimilar operators. By means of the analysis of the precise constitution
of spectrum of operators, this paper gives the intersection relations between the components of the
Wolf essential spectrum, the Kato essential spectrum, the Weyl essential spectrum, the right essential
spectrum of operator A and some subsets of the Wolf essential spectrum of operator B, and positively
answers the question of L.A.Fialkow in [3].
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