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x
′(t) = f(x(t), x(t − r), x′(t − r)), r = r(x(t))r b�s�S�t�Z�u�n�o�DEv�w�x�L�Y�y�a�zlq�{|�}�~
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MSC(2000): 34K40�������

: O175.1

�������������������������������������
x′ = f(x(t), x(t − r)), r = r(x(t)). (1.1)

Cooke and Huang[3] ��� ������� (1.1) ����� �������� �¡�¢�����£�¤�¥�¦���§���£�¨�©�ª�«
Mallet-Paret ¬ Nussbaum[5] ¯® ��°�±������ (1.2) ²�³�´�µ�¶�·�¸ �º¹�»�¼�½���¾�¿�§�«

εx′(t) = −x(t) + f(x(t− r)), r = r(x(t)), ε→ 0. (1.2)

Hari P. Krishnan[1] ¬ Tibor K.[2] À�Á�Â�Ã�Ä ����Å ¯® ����� (1.1)
§�� ²�³�Æ�´���Ç�È�¬ ¤¥ ²�³ §�� Ã�É Ç�Ê�Ë «ºÌ�Í�������°�±���� (1.3)

§�� ²�³�¬�Æ�´���Ç�È «
x′(t) = f(x(t), x(t − r), x′(t− r)), r = r(x(t)) (1.3)

Hale ¬ Ladeira[4] Î�Ï � quasi-Banach Ð�Ñ W 1,∞,
���������

x′(t) = f(x(t), x(t − ρ)).

Ò�Ó ³ [4] Ô ����Õ�� ρ Ö Ã�× � Ñ�Ø Ã�× �����������Ù���ÛÚ�Ü�ÝÙÞ�¢Ù� ÐÙÑ W 1,∞ ß�à ���������������� ¬¯Ôâá�¸ ��� ×�ã�ä�å�Â ��« Hari P. Krishnan Â Ð�Ñ W 1,∞
�����������

���������������
(1.1)

��§�� ²�³�Æ�´���Ç�È�¬ ¤�¥ ²�³ §�� Ã�É Ç�Ê�Ë « ³�æ�ç�è�é Ì�Í ØÎ�Ï�ê ��ë Banach Ð�Ñ V 1,∞ ì ��������������������� Ôâá�¸ ��� (1.3)
��§�� ²�³�Æ�´��

Ç�È «íïî�ðòñ
: 2004-06-07; óïô ðòñ : 2005-12-24õïöï÷�ø
: ùïú�ûòüïýïþïÿ�� (10471155), ���ïþ�����������	ïý�
ïÿ�� (20020558092), �����ûòüïýïþïÿ�� (031608).



3 � ������D�� � Z�[�\�]�^�_�`�a�b�H�cld���������elf r bls�S�uln�o 577

���
1.1

[4] � E × ����Ð�Ñ ��� å�� � ‖ · || ¬ N(·); Ï ´� �Ç�!�"�# BR,N = {x ∈ E :

N(x) ≤ R}, R > 0 ( BR,N

� ß�à�� � N(·) ×�$ ¤�¥�%�&�' R
%�(�)���&

), ß�à�*�+�, Ç ä�
R, (BR,N , ‖ · ||)

× ´�µ�-�. ��/�0 Ð�Ñ ��1�2�3 E × ë Banach Ð�Ñ «4
V 1,∞[−r∗, 0] = {ϕ : ϕ ∈ C2−0, 5 ß6*6+ ϕ, ²Ù³ ä � K, 7 ¡ |ϕ′(t1) − ϕ′(t2)| ≤

K|t1 − t2|,
ß�*�+ � t1, t2 ∈ [−r∗, 0] 8�á }.9 � �

N(ϕ) = ‖ϕ||∞ = |ϕ(−r∗)| + sup
θ∈[−r∗,0]

|ϕ′(θ)|

¬
|ϕ| = ‖ϕ||1 = |ϕ(−r∗)| +

∫ 0

−r∗

|ϕ′(s)|ds

Ç�! ��ë Banach Ð�Ñ ��:�% V 1,∞. Ï ´� �Ç�!���
1.2 V

1,∞
α,0 = {ϕ ∈ V 1,∞([−r∗, α]) : ϕ(s) = 0 ∀s ∈ [−r∗, 0]}, ;¯Ô V

1,∞
α,0

� å�< ° ��
‖ϕ||1α =

∫ α

0 |ϕ′(s)|ds ¬ ‖ϕ||∞α = sups∈[0,α] |ϕ
′(s)|.4

A(α, β) = {ϕ ∈ V
1,∞
α,0 ([−r∗, α]) : ‖ϕ||∞α ≤ β},

B(α, β) = {ϕ ∈ V
1,∞
α,0 ([−r∗, α]) : ‖ϕ||1α ≤ β},

1�2 Ã ��¡�¢�= α < 1
���

A(α, β) ⊂ B(α, β), > % ß�*�+ � ϕ ∈ A(α, β), å sups∈[0,α] |ϕ
′(s)| <

β, ?   å ∫ α

0 |ϕ′(s)|ds ≤ β
∫ α

0 ds = βα ≤ β. à�×�@ ´�A � å A(α, β) ⊂ B(α, αβ).
°�± ì�B�CD�E�F�G

x′(t) = f(x(t), x(t − r), x′(t− r)), r = r(x(t))

x(θ) = ϕ(θ), θ ∈ [−r∗, 0], ϕ(·) ∈ V 1,∞. (1.4)

@ Ï ´� �H�Ç D�E�F�G (1.4) I�J °�K�L�M (A1) ¬ (A2).

(A1) r : V 1,∞([−r∗, 0]) → R ×�N�O ����P ß�à�Q µ α > 0, I�J α ≤ infϕ∈V 1,∞ r(ϕ) ≤

r∗ < +∞,
 

r ß ϕ
�

Frechet R � |Dϕ| I�J |Dϕ| ≤ g < +∞.

(A2) f : R×R×R → R, ×�S�T Lipschitz U ����V Á�W�å
(ξ1, η1), (ξ2, η2), (ω1, ω2) ∈ R×R, | f(ξ1, η1, ω1)−f(ξ2, η2, ω2) | ≤M |ξ1−ξ2|+N |η1−η2|+L|ω1−ω2|,

X�Y��
M,N,L

3�%
Lipschitz ä ��«°�± Â�Ã ½�¥���Å ì ��� D�E�F�G (1.4)

§�� ²�³���Ç�È « � D�E�F�G (1.4)
��§��[Z � %��\�] À ��� ³�Ð�Ñ V 1,∞[−r∗, α] Ô � Ã ½�¥�«4

x(t) = ϕ0(t) + z(t), ;¯Ô ϕ0(t) = ϕ(t), t ∈ [−r∗, 0], ϕ0(t) = ϕ(0), t ∈ [0, α], >�æ x(t)
%

���
(1.4)

��§�=�P�^�=
z(t) I�J

z(t) =















0, t ∈ [−r∗, 0],
∫ t

0

f(ϕ(0) + z(s), ϕ(s− r(ϕ(0) + z(s))) + z(s− r(ϕ(0) + z(s))),

ϕ′(s− r(ϕ(0) + z(s))) + z′(s− r(ϕ(0) + z(s))))ds, t ∈ [0, α],
(1.5)
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 �` +�a r I�J�H � L�M A1, b infϕ r(ϕ) > α, ϕ0(s − r(x)) = ϕ(s − r(x)), x ∈ R ¬ z(s −

r(ϕ(0) + z(s))) = 0, ?   z′(s− r(ϕ(0) + z(s))) = 0, >�æ�c (1.5) d $�e � %�°�±�� Ë�c

z(t) =















0, t ∈ [−r∗, 0],
∫ t

0

f(ϕ(0) + z(s), ϕ(s− r(ϕ(0) + z(s)),

ϕ′(s− r(ϕ(0) + z(s)))ds, t ∈ [0, α].

à�×�f Ç�!�g�h�i P : A(α, β) ×BR × S → A(α, β), ;¯Ô r ∈ S, < °

P (z, ϕ, r)(t) =















0, t ∈ [−r∗, 0],
∫ t

0

f(ϕ(0) + z(s), ϕ(s− r(ϕ(0) + z(s)),

ϕ′(s− r(ϕ(0) + z(s)))ds, t ∈ [0, α].

(1.6)

>�æ�j Ý Ã � ��� i z(t) = P (z, ϕ, r)(t), ?  �k�l ¯® z ∈ V
1,∞
α,0
× z(t) = P (z, ϕ, r)(t)

�
Æ�´ Ã ½�¥��nm x(t) = ϕ0(t) + z(t), Ø�5�i xt(ϕ, ·)

× D�E�F�G (1.4) ³�o�Ñ [0.α]
��§�« °�± jÝ Â�p�q�Ã ½�¥ Ç�È ì�¯® «

2 rtstutv
��w <�x D�E�F�G (1.4) I�J L�M (A1), (A2),

P
ϕ(·) ∈ BR, ;¯Ô R > 0,

%zy Ç ä ���1�2 ²�³�´�µ�{ D�E ϕ | ����}�� α = α(R) > 0, 7 ¡ D�E�F�G (1.4) ³�o�Ñ [0 · α] Ôâ²�³�Æ
´�´�µ § x(t, ϕ).%�� ¯® Ç�È �º°�± À�$ °�~ µ Î È ì -�8 «��w

2.1
<�x D�E�F�G (1.4) I�J L�M (A1),(A2),

1�2 ²�³ α, β > 0, 7 ¡ P : B(α, αβ)×

BR ×S → B(α, αβ) ¬ P : A(α, β)×BR ×S → A(α, β) 8�á � >�æ P × ´�µ À�Á ³�" B(α, αβ)

¬ A(α, β)
��������«

��� ¯®â×���Ä ��� j Ý�^ ¯® P : B(α, αβ) ×BR × S → B(α, αβ),
9

A2,
å i

‖P (z, ϕ, r)(t)‖1
α =

∫ α

0

|f(ϕ(0) + z(s), ϕ(s− r(ϕ(0) + z(s)), ϕ′(s− r(ϕ(0) + z(s)))|ds

≤α{ sup
s∈[0,α]

M |ϕ(0) + z(s)| + sup
s∈[0,α]

N |ϕ(s− r(z(s) + ϕ(0)))|+

sup
S∈[0,α]

L|ϕ′(s− r(z(s) + ϕ(0)))| + |f(0, 0, 0)|}

≤α{M(R+ αβ) +NR+ LR+G},

;¯Ô G = |f(0, 0, 0)|, >�æ k�l α ≤ 1
β
¬ β ≥ R(M +N +L)+M+G,

m
α{M(R+αβ)+NR+

LR+G} ≤ αβ. 2��w
2.2 P ³�" B(α, αβ) é À�Á � à�� � ‖ · ||1α ¬ ‖ · ||∞α

× ´�� p�q ��«



3 � ������D�� � Z�[�\�]�^�_�`�a�b�H�cld���������elf r bls�S�uln�o 579

��� � z, w ∈ B(α, αβ), å
‖P (z, ϕ, r(z)) − P (ω, ϕ, r(ω))||1α

=

∫ α

0

|f(ϕ(0) + z(s), ϕ(s− r(ϕ(0) + z(s)), ϕ′(s− r(ϕ(0) + z(s)))−

f(ϕ(0) + ω(s), ϕ(s− r(ϕ(0) + ω(s))), ϕ′(s− r(ϕ(0) + ω(s)))|ds

≤

∫ α

0

(M |z(s) − ω(s)| +N |ϕ(s− r(ϕ(0) + z(s))) − ϕ(s− r(ϕ(0) + ω(s)))|+

L|ϕ′(s− r(ϕ(0) + z(s))) − ϕ′(s− r(ϕ(0) + ω(s)))|)ds. (2.1)

 z9�L�M
(A1) ¬ (A2) �

∫ α

0

|ϕ(s− r(ϕ(0) + z(s))) − ϕ(s− r(ϕ(0) + ω(s)))|ds

≤ R

∫ α

0

|r(ϕ(0) + z(s) − r(ϕ(0) + ω(s))|ds

≤ Rg

∫ α

0

|z(s) − ω(s))|ds ≤ Rgα

∫ α

0

|z′(s) − ω′(s))|ds. (2.2)

 
∫ α

0

|ϕ′(s− r(ϕ(0) + z(s))) − ϕ′(s− r(ϕ(0) + ω(s)))|ds

≤ K

∫ α

0

|r(ϕ(0) + z(s) − r(ϕ(0) + ω(s))|ds

≤ Kg

∫ α

0

|z(s) − ω(s))|ds ≤ Kgα

∫ α

0

|z′(s) − ω′(s))|ds. (2.3)

9
(2.1), (2.2) ¬ (2.3) d��

‖P (z, ϕ, r(z)) − P (ω, ϕ, r(ω))||1α ≤M

∫ α

0

|z(s) − ω(s)|ds+

NRgα

∫ α

0

|z′(s) − ω′(s)|ds+ LKgα

∫ α

0

|z′(s) − ω′(s))|ds

≤ α(M +NRg + LKg)‖z − ω||1α.

�
α < 1

M+NRg+LKg
,
1�2

P ³�" B(α, αβ)
� à�� � ‖ · ||1α

× ´�� p�q ����« ß�à�� � ‖ · ||∞α¯®�� ¨�������«��w
2.3 P : B(α, αβ) × BR × S → B(α, αβ)

=
r ∈ S

y Ç ����1�2 P (r, z, ϕ) × � à z

¬ ϕ
�

Lipschitz ����U ��«��� ßÛà y Ç � r, ��� (z, ϕ), (ω, ψ) ∈ B(α, αβ)×BR, j Ý 5��  ® ‖P (z, ϕ)−P (ω, ψ)||1α ≤

m(‖z − ω||1α + ‖ϕ− ψ||1) ß ´6� ä � 0 ≤ m = m(α) < ∞. >Ùæ 9��6� Ã6� c6�6i k �  �
‖P (z, ϕ)−P (ω, ϕ)||1α + ‖P (ω, ϕ)−P (ω, ψ)||1α ≤ m(‖z − ω||1α + ‖ϕ− ψ||1).

 z9 Î È 2.2 ��� �
‖P (z, ϕ)− P (ω, ϕ)||1α ≤ m‖z − ω||1α. à�× k �  � ‖P (ω, ϕ)− P (ω, ψ)||1α ≤ m(‖ϕ− ψ||1). ß�à
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´�� 0 ≤ m <∞ 5�d «º 
‖P (ω, ϕ) − P (ω, ψ)||1α =

∫ α

0

|f(ϕ(0) + ω(s), ϕ(s− r(ϕ(0) + ω(s))),

ϕ′(s− r(ϕ(0) + ω(s)))) − f(ψ(0) + ω(s), ψ(s− r(ψ(0) + ω(s))), ψ′(s− r(ψ(0) + ω(s))))|ds

≤M

∫ α

0

|ϕ(0) − ψ(0)|ds+N

∫ α

0

|ϕ(s− r(ϕ(0) + ω(s)) − ψ(s− r(ψ(0) + ω(s))|ds+

L

∫ α

0

|ϕ′(s− r(ϕ(0) + ω(s) − ψ′(s− r(ψ(0) + ω(s))|ds, (2.4)

 
M

∫ α

0

|ϕ(0) − ψ(0)| = Mα|ϕ(0) − ψ(0)|

= Mα|ϕ(−r∗) +

∫ 0

−r∗

ϕ′(θ)dθ − ψ(−r∗) −

∫ 0

−r∗

ψ′(θ)dθ|

≤Mα{|ϕ(−r∗) − ψ(−r∗)| +

∫ 0

−r∗

|ϕ′(θ) − ψ′(θ)|dθ} ≤Mα‖ϕ− ψ||1. (2.5)

Ä � å
N

∫ α

0

|ϕ(s− r(ϕ(0) + ω(s)) − ψ(s− r(ψ(0) + ω(s))|ds

≤ N{

∫ α

0

|ϕ(s− r(ϕ(0) + ω(s)) − ϕ(s− r(ψ(0) + ω(s))|ds+

∫ α

0

|ϕ(s− r(ψ(0) + ω(s)) − ψ(s− r(ψ(0) + ω(s)))|ds}

≤ NRαg|ϕ(0) − ψ(0)| +N

∫ 0

−r∗

|ϕ(θ) − ψ(θ)|dθ ≤ N(Rα2gM + r∗)‖ϕ− ψ||1. (2.6)

Ä���å
L

∫ α

0

|ϕ′(s− r(ϕ(0) + ω(s) − ψ′(s− r(ψ(0) + ω(s))|ds

≤ L{

∫ α

0

|ϕ′(s− r(ϕ(0) + ω(s)) − ϕ′(s− r(ψ(0) + ω(s))|ds+

∫ α

0

|ϕ′(s− r(ψ(0) + ω(s)) − ψ′(s− r(ψ(0) + ω(s)))|ds}

≤ L{Kg

∫ α

0

|ϕ(0) − ψ(0)| +

∫ 0

−r∗

|ϕ′(θ) − ψ′(θ)|}

≤ L{Kgα||ϕ− ψ||1 + (||ϕ(−r∗) − ψ(−r∗)|| +

∫ 0

−r∗

|ϕ′(θ) − ψ′(θ)|)}

≤ L(Kgα+ 1)||ϕ− ψ||1. (2.7)

9
(2.4),(2.5),(2.6) ¬ (2.7) ¯®â�� «��w

2.4 z(t) × ��� z(t) = P (z, ϕ, r)(t) (��c (1.6)) Æ�´ Ã ½�¥���1�2 z(t) ∈ C2−0, 5
²�³ ä � Q, 7 ¡ |z′(t1) − z′(t2)| ≤ Q|t1 − t2|,

ß�*�+ � t1, t2 ∈ [−r∗, α] 8�á «
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�6�
t1, t2 ∈ [−r∗, 0], � C6� Ó 8Ùá «�k �  ® t1, t2 ∈ [0, α] � C 8Ùá656d « >Ùæ �=

t1, t2 ∈ [0, α]
��� å

z(t) =

∫ t

0

f(ϕ(0) + z(s), ϕ(s− r(ϕ(0) + z(s)), ϕ′(s− r(ϕ(0) + z(s)))ds,

à�×
|z′(t1) − z′(t2)| =|f(ϕ(0) + z(t1), ϕ(t1 − r(ϕ(0) + z(t1)), ϕ

′(t1 − r(ϕ(0) + z(t1)))−

f(ϕ(0) + z(t2), ϕ(t2 − r(ϕ(0) + z(t2)), ϕ
′(t2 − r(ϕ(0) + z(t2)))|

≤M |z(t1) − z(t2)| +NRg|z(t1) − z(t2)| + LKg|z(t1) − z(t2)|

≤(M +NRg + LKg)|z(t1) − z(t2)|,

9
z(t) ��� � ³ [0, α] å é�� � R0 b
|z′(t1) − z′(t2)| ≤ (M +NRg + LKg)|z(t1) − z(t2)| ≤ (M +NRg + LKg)R0|t1 − t2|.

�� « 9 Î È 2.1–2.4 ¬ p�q�Ã ½�¥�¤ È�d���Ç�È ¡  «� ³ ì�B�C g�h�¸ ������������� Ôâá�¸� �U�¡ À ���
d

dt
D(x(t), x(t − r)) = f(x(t), x(t − r)), r = r(x(t)).

9 à �Ù�Ù�Ù�Ù�Ù�Ù� Ô áÙ¸6 6U6¡ À �Ù� ÃÙÄÙà �Ù�Ù�Ù�6¢ á �6£ Ë ��� å6¤6¥ � « > %������¤ h�� Ã�f ¡ a�¦� « à�×�§�B�C�¨�å ¤ h�� � ��� �Ù�����
d

dt
(x(t) + cx(t− r) = f(x(t), x(t− r)), r = r(x(t))

x(θ) = ϕ(θ), θ ∈ [−r∗, 0], ϕ(·) ∈ C[−r∗, 0]. (2.8)

� Ó = ϕ(·) ∈ C2−0[−r∗, 0]
��� 5 ϕ(·) ∈ V 1,∞[−r∗, 0] ( � Ì�Í�� Ç�! ),

m�© E�F�G
(2.8)× © E�F�G (1.4)

��V�ª�£ Ë « 5 © E�F�G (2.8)
=

f I�J L�M A1 ¬ A2

��� ³ [0, α] å Æ�´§�«
ϕ(·) ∈ C[−r∗, 0], j Ý�«�¬ Ã�a ��\������ Ð�Ñ� D�E�F�G (2.8)

Z ��8 ] À �����  �����§�� ²�³���¬�Æ�´�� Z � %���\�] À ����� Ã ½�¥�« >�æ Ã�C�®���ß f ¯ $�°�± � ��� (2.8)×�²�å § j Ý Ã�f ¡ � � >�æ�³�æ�³ ¢ ´�µ�´�µ�� F�G «¶�· D�E�F�G
(2.8) ×�² ²�³����   Ã d�R ( < ��� � ¶�·�¸ )

��§�«
¸t¹tºt»t¼
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Existence of Solutions for a Class of State-dependent Neutral

Differential Equations

SHU Xiao-bao1, XU Yuan-tong2

(1. Department of Mathematics, Hunan University, Changsha 410082, China;
2. Department of Mathematics, SUN Yat-Sen University, Guangzhou 510275, China )

Abstract: By using fixed point method, we study the existence and uniqueness of solutions for state-
dependent neutral differential systems

x
′(t) = f(x(t), x(t − r), x′(t − r)), r = r(x(t))

on quasi-Banach space.

Key words: quasi-Banach space; state-dependent neutral differential equations; existence; uniqueness.


