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1 R STVUVW
q ≥ 3. XVYVZV[ UVW n \^]`_ W k, aVb k c Gauss \ G(n, k, χ; q) dVbVeVfVg

G(n, k, χ; q) =

q
∑

b=1

χ(b)e(
nbk

q
).

h
k = 1 iVjlkVmVnVoVp Gauss \ G(n, χ).q YVaVb k c Gauss \Vj�rVsVtVuVvVwVx h χ yVzViVj |G(n, k, χ; q)| pV{V|V}V~V�V�Vj�v�V�V�V�V�V�V�V�V�V�V� xl�Ve�XV� q �V�Vp UVW n, � Cochrane �V�V�V� [1] p �V�V�V�V�� �V�

|G(n, 2, χ; q)| ≤ 2ω(q)q
1

2 ,���
ω(q) �V� q pV~V V�V¡ W pV¢ W x Weil[2] £�¤¦¥ q mV� W iVpV§V¨Vx© rVªV«VpV¬Vj G(n, k, χ; q) ­ �V�V®V¯V°V± � �V² ��³¦´ pVµV¶V·V¸Vx h k = 2 iVjº¹V»¼

[3,4] ½V¾V¥ Dirichlet L- ¿ W �VaVbVÀVc Gauss \VpVÁVÂVÃV{VjlÄVÅ � ¥ fVÆVÇV¢VÈVÉVpVÊËVÌVÍ gÎVÏ
1 XVYVZV[V� p �V�VpVÐ UVW n, È

∑

χ6=χ0

χ mod p

|G(n, 2, χ; p)|2 · |L(1, χ)| = C · p2 + O(p
3

2 ln2 p)

\
∑

χ6=χ0

χ mod p

|G(n, 2, χ; p)|4 · |L(1, χ)| = 3 · C · p3 + O(p
5

2 ln2 p),
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C =
∏

p

[1 +
(21)

2

42 · p2
+

(42)
2

44 · p4
+ · · · + (2m

m)2

42m · p2m
+ · · ·]

¬ � ¢Vç W j ∏

p �V�VXVèVÈV� WVéVê j (

2m

m

)

= (2m)!/(m!)2.ÎVÏ
2
T � W p ≡ 3 mod 4, �VXVYVZV[V� p �V�VpVÐ UVW n, ÈVÊ ËVÌVÍ

∑

χ6=χ0

χ mod p

|G(n, 2, χ; p)|6 · |L(1, χ)| = 10 · C · p4 + O(p
7

2 ln2 p).

TVUVW
n � p �V�Vxl¹V» ¼ [3] ë �V� ¥ fVÆVìV¢VíVî Í g

∑

χ mod p

|G(n, 2, χ; p)|4 =

{

(p − 1)[3p2 − 6p− 1 + 4
(

n
p

)√
p], e � p ≡ 1 mod 4;

(p − 1)(3p2 − 6p − 1), e � p ≡ 3 mod 4.

\
∑

χ mod p

|G(n, 2, χ; p)|6 = (p − 1)(10p3 − 25p2 − 4p − 1), e � p ≡ 3 mod 4,

���
(n

p
) m Legendre ïVðVx

}^]`_VñVjlrVsVòVóVô
∑

χ mod q

|G(n, k, χ; q)|2m

p �VõV°V± jlÄVöV÷ é �V�V� ÌVÍ x h m = 1 iVjløVù �V�
∑

χ mod q

|G(n, k, χ; q)|2 =
∑

χ mod q

q
∑

a=1

χ(a)e(
nak

q
)

q
∑

b=1

χ(b)e(−nbk

q
)

= ϕ(q)

q
∑′

a=1

e(
nak

q
− nak

q
) = ϕ2(q).

h
m > 1 iVj �Võ pVúVûVüVýVþVÿVj��V¬������VÆVp�������	Vf�
V¬V}VÈV[VbVpVx��V»Vp�
`pu ��� ¬ ½V¾ aVb 4 c Gauss \VpVÃV{VjlÄ £�¤ fVÆVpVd��Vx���

1
T � W p ��� 4 | p − 1, �VÈ

∑

χ mod p

|G(1, 4, χ; p)|4

=















7p3 − 29p2 + 21p + 1 + 4(p − 1)
(

V −√
p
)

[
(

V −√
p
)2 − 3p − 2

√
p + 1]

+ (p−1)√
p

[
(

V −√
p
)2 − 2p − 2

√
p]2, e � p ≡ 1 mod 8;

7p3 − 29p2 + 21p + 1 + (p−1)√
p

[
(

V −√
p
)2

+ 2p + 2
√

p]2, e � p ≡ 5 mod 8,

���
V =

∑p

a=1 e(a4

p
).
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T
χ4 m�� p p 4 c����Vjl�VÈ

V =

p
∑

a=1

e(
a4

p
) = 1 +

p−1
∑

a=1

e(
a4

p
)

= 1 +

p−1
∑

a=1

(1 + χ4(a) + χ2
4(a) + χ3

4(a))e(
a

p
)

= τ(χ4) + τ(χ2
4) + τ(χ3

4) �
√

p,

���� Vd�� 1
�V�

∑

χ mod p

|G(1, 4, χ; p)|4 = 7p3 + O(p
5

2 ).

� ��!�" rVs�#�$Vj ¬�%�&V­ q Y G(n, k, χ; p) p�'VcVÃV{VpVÊ ËVÌVÍ x(�V»VX���) � ¥�* dVp+�, jlk � ¬ £�¤ fVÆVpVg���
2
T

p ≥ 5 mV� W j k mVÐ UVW j UVW n � p �V�Vj Ä T dk = (k, p− 1) > 1, �VÈ
∑

χ mod p

|G(n, k, χ; p)|4 = (2dk − 1) p3 + O(d3
kp

5

2 ).

2 -/. R/0
m ¥�1�2 d��Vp £�¤ j�3�4VfVÆVÇV¢�5��Vx6��

1
T � W p ��� 4 | p − 1, χ4 m�� p p 4 c����Vjl�VÈ

p−1
∑

a=1

χ4(a
4 − 1) = [1 + χ4(−1)] (

τ2(χ4)√
p

− 1); (1)

p−1
∑

a=1

χ2
4(a

4 − 1) = −2 +
χ4(−1)√

p
(τ2(χ4) + τ2(χ4)). (2)

7�8 ��9�:�;VpV·V¸VÈ
p−1
∑

a=1

χ4(a
4 − 1) =

p−1
∑

a=1

[1 + χ4(a) + χ2
4(a) + +χ3

4(a)]χ4(a − 1).

< �¦Y χ2
4 m�=����Vj � Gauss pVý�> ÌVÍ ( ?�@V»�A [5]

� pVd�� 9.16)

p
∑

a=1

e(
a2

p
) =

1

2

√
p (1 + i) (1 + e

−πip

2 ) =



















√
p, e � p ≡ 1 mod 4;

0, e � p ≡ 2 mod 4;

i
√

p, e � p ≡ 3 mod 4;

(1 + i)
√

p, e � p ≡ 0 mod 4.

�V�
τ(χ2

4) =
√

p. (3)
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p−1
∑

a=1

χ4(a − 1) = −χ4(−1),

p−1
∑

a=1

χ2
4(a)χ4(a − 1) =

p−1
∑

a=1

χ2
4(a)χ4(a − 1) =

p−1
∑

a=1

χ4(a)χ4(1 − a) = χ4(−1)

p−1
∑

a=1

χ4(a)χ4(a − 1),

p−1
∑

a=1

χ3
4(a)χ4(a − 1) =

p−1
∑

a=1

χ4(a)χ4(a − 1) =

p−1
∑

a=1

χ4(1 − a) = −1,

�VÈ
p−1
∑

a=1

χ4(a
4 − 1) = [1 + χ4(−1)] (

p−1
∑

a=1

χ4(a)χ4(a − 1)) − [1 + χ4(−1)] .

���� 
τ2(χ4) =

p−1
∑

a=1

χ4(a)e(
a

p
)

p−1
∑

b=1

χ4(b)e(
b

p
) =

p−1
∑

a=1

p−1
∑

b=1

χ4(a)χ2
4(b)e(

b(a + 1)

p
)

= τ(χ2
4)

p−1
∑

a=1

χ4(a)χ2
4(a + 1) =

√
p

p−1
∑

a=1

χ2
4(a)χ4(a − 1)

=
√

pχ4(−1)

p−1
∑

a=1

χ4(a)χ4(a − 1),

�V�
p−1
∑

a=1

χ4(a
4 − 1) = [1 + χ4(−1)] (

τ2(χ4)√
p

− 1).

� � £�¤¦¥ Í (1). C�DVp � � �V� Í (2).6��
2
T � W p ��� 4 | p − 1, χ4 m�� p p 4 c����Vjl�VÈ











τ(χ4) + τ(χ4) = V −√
p;

τ2(χ4) + τ2(χ4) =
(

V −√
p
)2 − 2pχ4(−1);

τ3(χ4) + τ3(χ4) =
(

V −√
p
)3 − 3pχ4(−1)

(

V −√
p
)

.

7�8 üV_
V =

p
∑

a=1

e(
a4

p
) = 1 +

p−1
∑

a=1

e(
a4

p
)

= 1 +

p−1
∑

a=1

(1 + χ4(a) + χ2
4(a) + χ3

4(a))e(
a

p
)

= τ(χ4) + τ(χ2
4) + τ(χ3

4) =
√

p + τ(χ4) + τ(χ4),

��� �V�
(V −√

p)2 = (τ(χ4) + τ(χ4))
2

= τ2(χ4) + τ2(χ4) + 2pχ4(−1)
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\
(V −√

p)3 = (τ(χ4) + τ(χ4))
3 = τ3(χ4) + τ3(χ4) + 3pχ4(−1)[τ(χ4) + τ(χ4)],

è � È










τ(χ4) + τ(χ4) = V −√
p;

τ2(χ4) + τ2(χ4) =
(

V −√
p
)2 − 2pχ4(−1);

τ3(χ4) + τ3(χ4) =
(

V −√
p
)3 − 3pχ4(−1)

(

V −√
p
)

.

6��
3
T

χ1, · · · , χr m�� p (p ≥ 5, mV� W ) p�E�F����Vj f1(x), · · ·, fr(x) m�� p p�G�HÐV��I�J Í jlc W µ�KVm k1, · · · , kr. L k = k1 + · · · + kr, �VÈ
|
p−1
∑

x=0

χ1 (f1(x)) · · ·χr (fr(x)) | � (k − 1)p1−θk ,

���
θ2 =

1

2
, θ3 = 1

4 , θk = 3
2k+8 e � k ≥ 4; M h

χk1

1 · · ·χkr

r = χ0

iVj θk

� � θk−1 N�O x7�8 ?�@V»�A [6].6��
4
T

p ≥ 5 mV� W j k mVÐ UVW j χ m�� p pVZV[�E�F����Vj Ä T dk = (k, p−1) > 1,�VÈ
p−1
∑

a=1

χ(ak − 1) � dkp
1

2 .

7�8 T
χdk
m�� p p dk c����Vjl����5�� 3 øVù �V�

p−1
∑

a=1

χ(ak − 1) =

p−1
∑

a=1

[1 + χdk
(a) + · · · + χdk−1

dk
(a)]χ(a − 1) � dkp

1

2 .

3 P/0/Q/R/ST � W p ��� 4 | p − 1, χ4 m�� p p 4 c����Vjl�VÈ
∑

χ mod p

|G(1, 4, χ; p)|4 =
∑

χ mod p

|
p

∑

b=1

χ(b)e(
b4

p
)|4 = (p − 1)

p−1
∑

b=1

|
p−1
∑

c=1

e(
c4(b4 − 1)

p
)|2

= (p − 1)

p−1
∑

b=1

|
p−1
∑

c=1

[1 + χ4(c) + χ2
4(c) + χ3

4(c)]e(
c(b4 − 1)

p
)|2

= (p − 1)

p−1
∑

b=1

|
p−1
∑

c=1

e(
c(b4 − 1)

p
) + χ4(b

4 − 1)τ(χ4) + χ2
4(b

4 − 1)τ(χ2
4) + χ3

4(b
4 − 1)τ(χ3

4)|2

= 4(p − 1)3 + (p − 1)

p−1
∑

b=1

|χ4(b
4 − 1)τ(χ4) + χ2

4(b
4 − 1)τ(χ2

4) + χ3
4(b

4 − 1)τ(χ3
4) − 1|2.
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�V�
∑

χ mod p

|G(1, 4, χ; p)|4 = 4(p − 1)3 + (p − 1)(3p + 1) (p − 5) + (p − 1)×

[(1 + χ4(−1)) (
√

pτ(χ4) − τ(χ4))

p−1
∑

b=1

χ4(b
4 − 1)+

(1 + χ4(−1)) (
√

pτ(χ4) − τ(χ4))

p−1
∑

b=1

χ4(b
4 − 1)+

(χ4(−1)τ2(χ4) + χ4(−1)τ2(χ4) − 2
√

p)

p−1
∑

b=1

χ2
4(b

4 − 1)]

= 7p3 − 29p2 + 21p + 1+

(p − 1) (1 + χ4(−1))
2
[(−√

p − χ4(−1)
√

p + 1) (τ(χ4) + τ(χ4)) + τ3(χ4) + τ3(χ4)]+

(p − 1)√
p

[χ4(−1)
(

τ2(χ4) + τ2(χ4)
)

− 2
√

p]2

= 7p3 − 29p2 + 21p + 1+

(p − 1) [1 + χ4(−1)]
2
(V −√

p) [(V −√
p)2 − 3pχ4(−1) −√

p − χ4(−1)
√

p + 1]+

(p − 1)√
p

[χ4(−1) (V −√
p)

2 − 2p − 2
√

p]2

=



















7p3 − 29p2 + 21p + 1 + 4(p − 1)
(

V −√
p
)

[

(

V −√
p
)2 − 3p − 2

√
p + 1

]

+ (p−1)√
p

[

(

V −√
p
)2 − 2p − 2

√
p
]2

, e � p ≡ 1 mod 8;

7p3 − 29p2 + 21p + 1 + (p−1)√
p

[

(

V −√
p
)2

+ 2p + 2
√

p
]2

, e � p ≡ 5 mod 8,

� � £�¤¦¥ d�� 1.T
p ≥ 5 mV� W j k mVÐ UVW j UVW n � p �V�Vj Ä T dk = (k, p− 1) > 1, χdk

m�� p p
dk c����Vjl����5�� 4 È

∑

χ mod p

|G(n, k, χ; p)|4 =
∑

χ mod p

|
p

∑

b=1

χ(b)e(
nbk

p
)|4

= (p − 1)

p−1
∑

b=1

|
p−1
∑

c=1

e(
nck(bk − 1)

p
)|2

= (p − 1)

p−1
∑

b=1

|
p−1
∑

c=1

[1 + χdk
(c) + · · · + χdk−1

dk
(c)]e(

nc(bk − 1)

p
)|2

= (p − 1)

p−1
∑

b=1

|
p−1
∑

c=1

e(
nc(bk − 1)

p
) + χdk

(n(bk − 1))τ(χdk
) + · · · + χdk−1

dk
(n(bk − 1))τ(χdk−1

dk
)|2

= dk(p − 1)3 + (p − 1)

p−1
∑

b=1

|χdk
(n(bk − 1))τ(χdk

) + · · · + χdk−1
dk

(n(bk − 1))τ(χdk−1
dk

) − 1|2
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= dk(p − 1)3 + (p − 1) [(dk − 1) p + 1] (p − 1 − dk) +

(p − 1)

dk−1
∑

i=1

i−1
∑

j=0

τ(χi
dk

)τ (χj
dk

)χi−j
dk

(n)

p−1
∑

b=1

χi−j
dk

(bk − 1)+

(p − 1)

dk−2
∑

i=0

dk−1
∑

j=i+1

τ(χi
dk

)τ (χj
dk

)χj−i
dk

(n)

p−1
∑

b=1

χj−i
dk

(bk − 1)

= (2dk − 1) p3 + O(d3
kp

5

2 ).

� � 1�2V¥ d�� 2 p £�¤ xT�U ��VVX�W�XV¹V» ¼�Y�Z p�[�\�]�WV�V��^�\Vp�_�`ba
c/d/e/f/g

[1] COCHRANE T, ZHENG Zhi-yong. Pure and mixed exponential sums [J]. Acta Arith., 1999, 91: 249–278.
[2] WEIL A. On some exponential sums [J]. Proc. Nat. Acad. Sci. U.S.A., 1948, 34: 204–207.
[3] ZHANG Wen-peng. Moments of generalized quadratic gauss sums weighted by L-functions[J]. J. Number

Theory, 2002, 92: 304–314.
[4] ZHANG Wen-peng, DENG Yu-ping. A hybrid mean value of the inversion of L-functions and general quadratic

Gauss sums[J]. Nagoya Math. J., 2002, 167: 1–15.
[5] APOSTOL T M. Introduction to Analytic Number Theory [M]. Springer-Verlag, New York, 1976.
[6] DAVENPORT H. On character sums in finite fields [J]. Acta Math., 1939, 71: 99-121.

On the General k-th Gauss Sums and Their Fourth Power Mean

LIU Hua-ning
(Dept. of Math., Northwest University, Xi’an 710069, China )

Abstract: This paper deals with the fourth power mean of the general k-th Gauss sums, and give two
calculating formulae.

Key words: general Gauss sums; fourth power mean; calculating formula.


