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[1]. ¬ G ­�®�¯ ��°¡±�²³

V (G)
¦

E(G) ´�µ � G
��¶�·�¸�¦�¹�¸�° ³

dG(x) ´�µ ¶�· x º G » ��¼�½�� ¬ g, f
±�² ­¾�¿ º V (G) À ��Á ¯�Â ½�Ã�Ä�½�°ÆÅ�Ç�È ¯ x ∈ V (G)

�
g(x) ≤ f(x), É � G

� ®�¯ (g, f)- ÊË ­ G
� ®�¯�Ì�Í Ë � F , Î�Ï Ç�È ¯ x ∈ V (G)

�
g(x) ≤ dF (x) ≤ f(x).

Å�Ç�Ð�Ñ
x ∈ V (G)�

g(x) ≤ f(x)(g(x) < f(x)), Ò�Ó ��Ô�� g ≤ f(g < f). ¬ Ð�Ñ S, T ⊆ V (G), G[S] ´�µ G
��Õ

S Öª× � Ë �ª°ØÔ G−S = G[V (G)\S].
Å

E1 ⊆ E(G),
³

G−E1 ´ªµªÙ G »ÛÚªÜ E1 » �ªÝªÞ�¹� Ïªß �ª�ª� EG(S, T ) = {xy ∈ E(G)|x ∈ S, y ∈ T}, eG(S, T ) = |EG(S, T )|.
�ªàªáªâª°ãÇªÐªÑªÄ½

f ,
Ô

f(S) =
∑

x∈S f(x), ä�å�æ f(Φ) = 0.
Ô

δG(S, T ; g, f) = f(S)−g(T )+dG(T )−eG(S, T ).

Folkman,Fulkerson º 1970 ç�è�Ï�ß�Ó�é ��ê�ë�ìí�î
1.1

[2] ¬ G = (X, Y ) ­�®�¯�ï Þ���° g
¦

f
±�² ­ ¾�¿ º V (G) À ��Á ¯�Â ½�Ã�Ä½ð° Î Ç�È ¯ x∈V (G)

�
g(x)≤f(x) , É G

� ®�¯ (g, f)- Ê Ë�ñ å�ò ñ Ç�Ð�Ñ S⊆X
¦

T⊆Y�
δG(S, T ; g, f)≥0 å δG(T, S; g, f)≥0.º 1988 ç�ó�ô�õ [3] ö�÷�ø (g, f)- ù�ú ����û�ü�°þý�°þÿ�� G

��Ð�Ñ ®�� ¹���� G
� ®¯ (g, f)- Ê Ë ° É�� � G

� ®�¯ (g, f)- ù�ú ��° ä�å���× ø ®�¯ � ­ (g, f)- ù�ú ��� ®�¯��±���� ��� °
	 ��× ø ®�¯ ��� ®�¯ (g, f)- Ê Ë�� � ®���� ¾�¹�� � � ��� [4].
����
��

[5−6]��� ø�� ® û�ü�� Ó ì���ë ÿ�� G
��Ð�Ñ

k � ¹���� G
� ®�¯ (g, f)- Ê Ë ° É�� G ­�®�¯

(g, f)− k− ù�ú ��° ä�å ±�² Ï�ß ø ñ g < f ­�®�¯ � ­ (g, f)− 2− ù�ú ��¦ (g, f)-3- ù�ú �� � ±���� ��� �þÅ ∀x∈V (G)
�

f(x) = g(x), É���®�¯ (g, f)-3- ù�ú � G ­�®�¯ f -3- ù�ú��� ñ
g≤f ����� � G ­�®�¯ (g, f)-3- ù�ú ��� � � ����­�®�¯�� ñ���� ����� �þ��� Ï�ßø � Ó ê�ë�ì���! #"
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(i)
ñ

g≤f � ° ®�¯�ï Þ�� G = (X, Y ) ­ (g, f)-3- ù�ú ��� ®�¯�� ±���� ����8
(ii)

ñ
f(X) = f(Y ) � ° ®�¯�ï Þ�� G = (X, Y ) ­ f -3- ù�ú ��� ®�¯�� ±���� ��� �

2 9;:;<;=;>;?A@CB
D�î

2.1 ¬ G = (X, Y ) ­�®�¯�ï Þ���° g
¦

f
±�² ­ ¾�¿ º V (G) À ��Á ¯�Â ½�Ã�Ä�½å g≤f , É G ­�®�¯ (g, f)-3- ù�ú ��° ñ å�ò ñ Ç�Ð�Ñ S⊆X ,T⊆Y ,

�
δG(S, T ; g, f) = f(S) − g(T ) + dG(T ) − eG(S, T ) ≥ ε(S, T ) (1)

å
δG(T, S; g, f) = f(T )− g(S) + dG(S) − eG(T, S) ≥ ε(T, S), (2)

E » ° ε(S, T )
¾�¿�� Ó ì Å

dG−T (S)≥3, É ε(S, T ) = 3;
Å

dG−T (S) = 2, É ε(S, T ) = 2;Å
dG−T (S) = 1, É ε(S, T ) = 1; F�É ε(S, T ) = 0G�H ¬ ei = uivi, i = 1, 2, 3

���
G
��Ð�Ñ�I � ¹�°þÔ G′ = G − {e1, e2, e3}.

¾�¿
V (G)À ��Ä�½ f ′, g′, Î

f ′(x) =

{

f(x) − n(x), x = ui, vi, i = 1, 2, 3

f(x), F�É
g′(x) =

{

g(x) − n(x), x = ui, vi, i = 1, 2, 3

g(x), F�É
E » ° n(x) ´�µ ¶�· x J e1,e2,e3 ��K�L ��¼�½��M ©�°

G ­�®�¯ (g, f)-3- ù�ú � ⇐⇒
Ç

G
��Ð�Ñ�I � ¹ e1,e2,e3,G

� ®�¯ (g, f)- Ê Ë�
e1,e2, e3 ⇐⇒ G′

� ®�¯ (g′, f ′)- Ê Ë ��N�O ö�P 1.1, Q ��R�£�Ç�Ð�Ñ S ⊆ X
¦

T ⊆ Y
�

δG′(S, T ; g′, f ′) = f ′(S) − g′(T ) + dG′(T ) − eG′(S, T ) ≥ 0, (3)

å
δG′(T, S; g′, f ′) = f ′(T ) − g′(S) + dG′(S) − eG′(T, S) ≥ 0. (4)Õ

ei(i = 1, 2, 3)
��Ð�Ñ�S�°

(3) T ¦ (4) T�U�V ° ñ å�ò ñ Ç�Ð�Ñ S⊆X
¦

T⊆Y
� Ó�W Á T

U�V
min

ei∈E(G),i=1,2,3
δG′(S, T ; g′, f ′) ≥ 0, (5)

min
ei∈E(G),i=1,2,3

δG′(T, S; g′, f ′) ≥ 0. (6)

X Ñ ß�Ò�Ó�Y�Z ì
dG′(T ) − g′(T ) = dG(T ) − g(T ), (7)

dG′(S) − g′(S) = dG(S) − g(S). (8)
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Õ
ε(S, T )

��¾�¿�a T (7),(8) b�c
ε(S, T ) = max

ei∈E(G),i=1,2,3
{dG−T (S) − dG′−T (S)}

= max
ei∈E(G),i=1,2,3

{[dG(S) − eG(S, T )] − [dG′(S) − eG′(S, T )]}

= max
ei∈E(G),i=1,2,3

{[f(S) − f ′(S)] − [eG(S, T ) − eG′(S, T )]}

= max
ei∈E(G),i=1,2,3

{[f(S) − eG(S, T )] − [f ′(S) − eG′(S, T )]}

= max
ei∈E(G),i=1,2,3

{[f(S) − g(T ) + dG(T ) − eG(S, T )]−

[f ′(S) − g′(T ) + dG′(T ) − eG′(S, T )]}

= max
ei∈E(G),i=1,2,3

{δG(S, T ; g, f)− δG′(S, T ; g′, f ′)}

= δG(S, T ; g, f)− min
ei∈E(G),i=1,2,3

δG′(S, T ; g′, f ′),

Ù�d
min

ei∈E(G),i=1,2,3
δG′(S, T ; g′, f ′) = δG(S, T ; g, f)− ε(S, T ).

e P b R
min

ei∈E(G),i=1,2,3
δG′(T, S; g′, f ′) = δG(T, S; g, f)− ε(T, S).

f
(5) T ¦ (6) T�U�V ° ñ å�ò ñ T (1)

¦ T (2) U�V � 2D î
2.2 ¬ G = (X, Y ) ­ ® ¯ ï Þ � ° f ­ ¾ ¿ º V (G) À ��g�h Â ½ Ã � Ä ½ å

f(X) = f(Y ), É G ­�®�¯ f -3- ù�ú ��� � � ����­ Ç�Ð�Ñ S⊆X, T⊆Y
�

δG(S, T ; f) = f(S) − f(T ) + dG(T ) − eG(S, T ) ≥ ε(S, T ), (9)

E » ° δG(S, T ; f) = δG(S, T ; f, f), ε(S, T )
��¾�¿ J ¾ P 2.1 » ε(S, T )

��¾�¿ � e �G�H Ç�Ð�Ñ
S⊆X, T⊆Y ,

O�¾ P 2.1,G ­ f − 3− ù�ú ��° ñ å�ò ñ T (9) U�V ° å
δG(T, S; f) ≥ ε(T, S), (10)

E » ° δG(T, S; f) = δG(T, S; f, f). i�Q�j R�£ (9) T�k�l (10) T ý b �
Y�Z�À ° ñ f(X) = f(Y ) �

δG(X \ S, Y \ T ; f) =f(X\S)− f(Y \T ) + dG(Y \T ) − eG(X\S, Y \T )

=(f(X) − f(S)) − (f(Y ) − f(T )) + dG(Y \T )− (dG(Y \T ) − dG−T (S))

=(f(X) − f(Y )) − (f(T ) − f(S)) + dG−T (S)

=f(T ) − f(S) + dG(S) − eG(T, S) = δG(T, S; f).Õ
d

G−(Y \T )
(X\S) = dG−S(T )

a
ε(T, S)

¾ª¿ bmc ε(X\S, Y \T ) = ε(T, S) .
O T (9),δG(T, S; f) =

δG(X\S, Y \T ; f) ≥ ε(X\S, Y \T ) = ε(T, S). n�­ (9) o � (10). 2

3 p <��� Ï�ß ø ñ g≤f ��®�¯�ï Þ�� G = (X, Y ) ­ (g, f)-3- ù�ú ��� � � ��� ° e ����× ø
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ñ

f(X) = f(Y ) � ° ®�¯�ï Þ�� G = (X, Y ) ­ (g, f)-3- ù�ú ��� ®�¯�� ±���� ��� ��
��������ê�q�°�r�s�t × � Ó ����°�u���v�w���x n Alspach y�z [7]
� ÷ ®�{ v�w��|�} Ç ®�~ ��� G, g

¦
f
±�² ­ ¾�¿ º V (G) À ��Á ¯�Â ½�Ã�Ä�½�° Î Ç�È ¯ x∈V (G)�

g(x)≤f(x), ��� � G ­ (g, f)-3- ù�ú ��� ��� �
�;�;�;�;�
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Criterion for a Type of (g, f)-3-Covered Graphs

HUANG Guang-xin1, YIN Feng2

(1. School of Information and Management, Chengdu University of Technology, Sichuan 610059, China;
2. Dept. of Math., Sichuan University of Science and Engineering, Zigong 643000, China )

Abstract: First, (g, f)-3-covered graph is defined. A graph G is called a (g, f)-3-covered graph if every
three edges belong to a (g, f)-factor. Then a necessary and sufficient condition for a bipartite graph
G = (X, Y ) to be (g, f)-3-covered is given when g ≤ f . Moreover, a necessary and sufficient condition
for a bipartitle graph G = (X, Y ) to be f -3-covered is obtained.

Key words: graph; factor; covered graph; (g, f)-3-covered graph.


