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1. Introduction

The LS type equations

iSt + Sxx − LS = 0,

Lt + |S|2x = 0

were first derived by Djordjevic and Redekopp in [1], where S is the envelope of the short wave,

and L is the amplitude of long wave and is real. This system describes the resonance interaction

between the long wave and the short wave. Furthermore, Benney[2], Kawahara and Sugimoto[3]

derived the following system

iSt + Sxx − αLS = γ|S|2S,

Lt + lLLx = m|S|2x,

where α, γ, m and l are real constants. This system describes the general theory of water wave

interaction in a nonlinear medium[2−3]. Guo obtained the existence of global solution for long-

short wave equations in [4]. Zhang and Guo have studied the longtime behavior of the solution

for generalized long-short wave equations[5]. Guo and Wang have studied the approximation

inertial manifolds for LS type equations[6].

In this paper, we consider the existence of a global attractor for the class of the generalized

LS type equations:

iut + uxx − nu + iαu + g(|u|2)u + h1(x) = iβuxx, (1)

nt + |u|2x + lnnx + δn + f(|u|2) + h2(x) = γnxx, (2)
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with the initial conditions

u|t=0 = u0(x), n|t=0 = n0(x), x ∈ Ω = (−D, D), D > 0 (3)

and the periodic boundary conditions

u(x + 2D, t) = u(x, t), n(x + 2D, t) = n(x, t), (4)

where α, β, γ, δ and l are positive constants. u(x, t) is an unknown complex valued vector,

n(x, t) is an unknown real valued function, and h1(x)and h2(x) are given in L2(Ω), g(s) and

f(s)(0 ≤ s < ∞) are smooth real valued functions which satisfy

|g(s)| ≤ c1s
2−σ + c2, s ≥ 0, (5)

|f(s)| ≤ c3s
3
2
−ν + c4, s ≥ 0, (6)

where σ, ν and ci(i = 1, 2, 3, 4) are positive constants. By means of a uniform a priori estimates

for time, and Temam’s[7] methods, we obtain the above results.

Throughout this paper, c will be used to indicate generic constants and dependent of data

(α, β, γ, δ, l, f, g, h1, h2, R). We denote by ‖ · ‖ the norm of H = L2
per(Ω) (real or complex space)

with the corresponding inner product (·, ·), by ‖·‖p the norm of L
p

per(Ω) for all 1 ≤ p ≤ ∞(‖·‖2 =

‖ · ‖), and by ‖ · ‖X the norm of any Banach space X .

2. The global smooth solution

In this section, we derive uniform a priori estimates for time which enable us to show the

existence of the global smooth solution.

Lemma 1 If u0, h1 ∈ L2(Ω), then for the solution (u, n) of problem (1)-(4) we have

‖u‖2 ≤ c0, ∀t ≥ t0, (7)

where c0 and t0 depend on the data (α, h1, R) and R when ‖u0‖ ≤ R.

Proof Taking the inner product of (1) with u in H , we obtain

(iut + uxx − nu + iαu + g(|u|2)u + h1(x) − iβuxx, u) = 0. (8)

Taking the imaginary part of (8), we find

1

2

d

dt
‖u‖2 + α‖u‖2 + β‖ux‖

2 + Im(h1, u) = 0.

By Young inequality and Gronwall lemma we have Lemma 1. Furthermore,

limt→∞‖u(·, t)‖2 ≤
1

α
‖h1‖

2 ≡ E0. (9)

Lemma 2 Suppose that (5) and (6) hold. Then we have

‖ux(t)‖2 + ‖n(t)‖2 ≤ c1, ∀t ≥ t1, (10)
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where c1 and t1 depend on the data (α, β, γ, δ, f, g, h1, h2) and R when ‖u0‖H1
per

≤ R and

‖n0‖ ≤ R.

Proof Taking the inner product of (2) with n in H , we see that

d

dt
‖n‖2 + 2δ‖n‖2 + 2γ‖nx‖

2 = 2

∫
Ω

nx|u|
2dx − 2

∫
Ω

f(|u|2)ndx − 2

∫
Ω

h2ndx. (11)

Taking the imaginary part of the inner product of (1) with uxx in H , we obtain that

d

dt
‖ux‖

2 + 2α‖ux‖
2 + 2β‖uxx‖

2 = 2Im(gu, uxx) − 2Im(nu, uxx) + 2Im(h1, uxx). (12)

In the following, ∀ρ > 0, when t is large enough, we have

|

∫
Ω

nx|u|
2dx| ≤ ‖nx‖ · ‖u‖

2
L4 ≤ c‖nx‖‖ux‖

1
2 ‖u‖

3
2 ≤

ρ

2
‖nx‖

2 +
ρ

2
‖uxx‖

2 + c(ρ),

|Im(g(|u|2)u, uxx)| ≤ c‖uxx‖
3
4 · ‖u‖

5
4 ‖g′‖L2 ≤ c‖uxx‖

5−2σ

4 ‖u‖
15−2σ

4 ≤
ρ

2
‖uxx‖

2 + c(ρ),

|Im(nu, uxx)| ≤ c‖nx‖‖uxx‖
3
4 ‖u‖

5
4 ≤

ρ

2
‖nx‖

2 +
ρ

2
‖uxx‖

2 + c(ρ).

Combining (11) and (12), we get that

d

dt
(‖n‖2 + ‖ux‖

2) + 2α‖ux‖
2 + 2β‖uxx‖

2 + 2δ‖n‖2 + 2γ‖nx‖
2

≤ 2ρ‖n‖2 + ρ‖ux‖
2 + 2ρ‖nx‖

2 + 4ρ‖uxx‖
2 +

1

ρ
(‖h1‖

2 + ‖h2‖
2) + c(ρ).

Let E = ‖n‖2 + ‖ux‖
2. Assume that α ≤ δ, then we see that

d

dt
E + αE + 2β‖uxx‖

2 + (2δ − α)‖n‖2 + 2γ‖nx‖
2 + α‖ux‖

2

≤ 2ρ‖n‖2 + ρ‖ux‖
2 + 2ρ‖nx‖

2 + 4ρ‖uxx‖
2 +

1

ρ
(‖h1‖

2 + ‖h2‖
2) + c(ρ).

Let ρ ≤ min{α, γ, β
2 , δ − α

2 }, we find that

d

dt
E + αE ≤

1

ρ
(‖h1‖

2 + ‖h2‖
2) + c(ρ), ∀t ≥ t0. (13)

By Gronwall lemma we see that

E(t) ≤ E(t0)e
−α(t−t0) +

1

α
(1 − e−α(t−t0))(

1

ρ
‖h1‖

2 +
1

ρ
‖h2‖

2 + c), ∀t ≥ t0.

Note

|E(t0)| = ‖n(t0)‖
2 + ‖ux(t0)‖

2 ≤ 2R2,

where R satisfies ‖u0‖H1 ≤ R, ‖n0‖ ≤ R. Then, we infer that

E(t) ≤
2

α
(
1

ρ
‖h1‖

2 +
1

ρ
‖h2‖

2 + c), ∀t ≥ t1, (14)
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where t1 = max{t0, t0 + 1
α

ln
2αR2− 1

ρ
‖h1‖

2− 1
ρ
‖h2‖

2+c
1
ρ
‖h1‖2+ 1

ρ
‖h2‖2+c

}.

By (14) it follows that

‖ux(t)‖2 + ‖n(t)‖2 ≤ c1, ∀t ≥ t1,

which concludes Lemma 2. If α ≥ δ, we can also deduce the same result. Furthermore,

limt→∞(‖ux(·, t)‖2 + ‖n(·, t)‖2) ≤
2

α
(
1

ρ
‖h1‖

2 +
1

ρ
‖h2‖

2 + max
t≥t1

c) ≡ E1. (15)

By Agmon inequality, Lemmas 1 and 2 imply that

‖u(t)‖H1
per

+ ‖u(t)‖L∞ ≤ c, ∀t ≥ t1. (16)

Lemma 3 Suppose that Lemma 2 holds and that h2, h1 ∈ H1
per(Ω). Then we have

‖uxx(t)‖ + ‖nx(t)‖ ≤ c2, ∀t ≥ t2, (17)

where c2 and t2 depend on the data (α, β, γ, δ, l, f, g, h1, h2) and R when ‖u0‖H2
per

≤ R and

‖n0‖H1
per

≤ R.

Proof Taking the imaginary part of the inner product of (1) with uxxxx in H , we see that

d

dt
‖uxx‖

2 + 2α‖uxx‖
2 + 2β‖uxxx‖

2 = −2Im(gu, ux4) + 2Im(nu, ux4) − 2Im(h1, ux4).

Taking the inner product of (2) with nxx in H , we find that

1

2

d

dt
‖nx‖

2 + δ‖nx‖
2 + γ‖nxx‖

2 =

∫
Ω

|u|2xnxxdx +

∫
Ω

f(|u|2)nxxdx + l‖nx‖
3
L3 +

∫
Ω

h2nxxdx.

Similar to the method of Lemma 2, we calculate and derive that

d

dt
(‖nx‖

2 + ‖uxx‖
2) + 2α‖uxx‖

2 + 2β‖uxxx‖
2 + 2δ‖nx‖

2 + 2γ‖nxx‖
2

≤ ρ‖nx‖
2 + 3ρ‖uxx‖

2 + 4ρ‖nxx‖
2 + 6ρ‖uxxx‖

2 +
1

ρ
(‖h1x‖

2 + ‖h2x‖
2) + c(ρ).

And we have

‖uxx(t)‖2 + ‖nx(t)‖2 ≤ c2, ∀t ≥ t2.

Furthermore,

limt→∞(‖uxx(·, t)‖2 + ‖nx(·, t)‖2) ≤
2

α
(
1

ρ
‖h1x‖

2 +
1

ρ
‖h2x‖

2 + max
t≥t2

c) ≡ E2. (18)

The proof of Lemma 3 is completed.

Lemma 4 Suppose that Lemma 3 holds, and that h1 ∈ H2
per(Ω), h2 ∈ H1

per(Ω). Then we have

‖uxxx(t)‖2 + ‖nxx(t)‖2 ≤
c

t
, ∀t > 0, (19)

where the constant c depends on the data (α, β, γ, δ, l, f, g), ‖h1‖H2 , ‖h2‖H1 , ‖u0‖H2
per

, ‖n0‖H1
per

and T .
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Proof Taking the imaginary part of the inner product of (1) with t2 ∂6u
∂x6 in H , we see that

1

2

d

dt
‖tuxxx‖

2 + α‖tuxxx‖
2 + β‖tuxxxx‖

2

= t‖uxxx‖
2 + Im(gu, t2

∂6u

∂x6
) − Im(nu, t2

∂6u

∂x6
) + Im(h1, t

2 ∂6u

∂x6
). (20)

Taking the inner product of (2) with t2nxxxx in H , we find that

1

2

d

dt
‖tnxx‖

2 + δ‖tnxx‖
2 + γ‖tnxxx‖

2

= t‖nxx‖
2 − (|u|2x, t2nxxxx) − l(nnx, t2nx4) − (f(|u|2), t2nxxxx) − (h2, t

2nxxxx) (21)

Similar to the method of Lemma 2, we calculate every term in (20) and (21) and note that

t‖uxxx‖
2 ≤

β

8
‖tuxxxx‖

2 + c, t‖nxx‖
2 ≤

γ

8
‖tnxxx‖

2 + c,

where the constant c depends on data (α, β, γ, δ, l, f, g), ‖uo‖H2 , ‖n0‖H1 and T . We find that

d

dt
(‖tnxx‖

2 + ‖tuxxx‖
2) + 2α‖tuxxx‖

2 + β‖tuxxxx‖
2 + 2δ‖tnxx‖

2 + γ‖tnxxx‖
2

≤ c(‖tnxx‖
2 + ‖tuxxx‖

2 + ‖h1xx‖
2 + ‖h2x‖

2).

And then

‖uxxx(t)‖2 + ‖nxx(t)‖2 ≤
c

t
, ∀t > 0.

By an induction argument, Galerkin method and the techniques used in [4], we can easily

obtain the main results:

Lemma 5 Suppose that (5) and (6) hold, h1 ∈ H2
per(Ω), h2 ∈ H1

per(Ω) and u0(x) ∈ H3
per(Ω), n0(x) ∈

H2
per(Ω). Then we have

sup
0≤t≤T

‖uN(·, t)‖2
H3(Ω) ≤ c, (22)

sup
0≤t≤T

‖nN(·, t)‖2
H2(Ω) ≤ c, (23)

where uN(x, t), nN (x, t) is the approximate solution of the problems (1)–(4), and c depends on

the data (α, β, γ, δ, l, f, g), ‖h1‖H2 , ‖h2‖H1 , ‖u0‖H3 and ‖n0‖H2 , and is independent of N .

Theorem 1 If the conditions in Lemma 5 are satisfied, then there exists a unique global

solution u(x, t), n(x, t) for the initial value problems (1)–(4):

u(x, t) ∈ L∞(0, T ; H3(Ω)), n(x, t) ∈ L∞(0, T ; H2(Ω)). (24)

3. The global attractor

In order to prove the existence of global attractor of problems (1)–(4), we need the following

result.
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Lemma 6[7] Let E be a Banach Space. Let {St, t ≥ 0} be a set of semi-group operators, i.e.

St : E → E satisfies

StSτ = St+τ , S0 = I,

where I is the identity operator. We also assume the following.

(i) Operator St is bounded, i.e. for each R > 0, there exists a constant c(R) such that

‖u‖E ≤ R implies

‖Stu‖E ≤ c(R), t ∈ [0,∞);

(ii) There is a bounded absorbing set B0 ⊂ E, i.e. for any bounded set B ⊂ E, there exists

a constant T such that

StB ⊂ B0, t ≥ T ;

(iii) St is a completely continuous operator for T > 0.

Then the operator semi-group St has a compact global attractor.

Theorem 2 Suppose that problems (1)–(4) have a global smooth solution and that the condi-

tions in Lemma 4 are satisfied, then there exists a global attractor A of the periodic initial value

problem (1)–(4), i.e. there is a set A, such that

(i) StA = A, t ∈ R+;

(ii) limt→∞ dist(StB, A) = 0, for any bounded set B ⊂ E,

where

dist(X, Y ) = sup
x∈X

inf
y∈Y

‖x − y‖E,

and St is a semi-group operator generated by problems (1)–(4).

Proof On account of the result of Lemma 6, we shall prove this theorem by checking the

conditions in Lemma 6. Under the assumptions of the theorem, we know that there exists an

operator semi-group generated by problems (1)–(4). We set the Banach Space

E = H2
per(Ω) × H1

per(Ω), (u, n) ∈ E, ‖(u, n)‖2
E = ‖u‖2

H2 + ‖n‖2
H1

and St : E → E. Using the results of Lemmas 1–3, and assuming that B ⊂ E belongs to the

ball {‖(u, n)‖E ≤ R}, we have

‖St(u0, n0)‖
2
E = ‖(u, n)‖2

E = ‖u‖2
H2 + ‖n‖2

H1

≤ C(R2, ‖h1‖
2
H1 + ‖h2‖

2
H1), t ≥ 0, (u0, n0) ∈ B.

This means that {St} is uniformly bounded in E. Furthermore, from the results of the Lemmas

1–3 we see that

‖St(u0, n0)‖
2
E = ‖u‖2

H2 + ‖n‖2
H1 ≤ 2(E0 + E1 + E2), t ≥ t0(R, ‖h1‖

2
H1 + ‖h2‖

2
H1).

Hence,

Ā = {(u(·, t), n(·, t)) ∈ E, ‖(u, n)‖2
E ≤ 2(E0 + E1 + E2)}
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is a bounded absorbing set of the operator semi-group St. From Lemma 4 we know that

‖uxxx‖
2 + ‖nxx‖

2 ≤
c

t
∀t > 0, ‖(u0, n0)‖E ≤ R.

By the compact imbedding H3 ×H2 →֒ H2 ×H1, the operator semi-group St : E → E for t > 0

is completely continuous. The proof of the theorem is now completed.

Remark Just as the remarks in [7], the attractor A obtained in Theorem 2 is the ω-limit set

of the absorbing set Ā, i.e.

A = ω(Ā) =
⋂
τ≥0

∪t≥τStĀ.
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