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1 ���d^�rT 9Q��(8�Ex [1], ��H�{uVB� [2]:W� 1 4`℄ f(z) 8�0s σp(f) B�o�
σp(f) = lim

r→∞

logp+1 M(r, f)

log r
= lim

r→∞

logp T (r, f)

log r
.W� 2 4`℄ f(z) 8�0s8/�;� i(f) B�o�

i(f) =



















0 I f YJ�U ;

min{n ∈ N : σn(f) < ∞} I f Y�*4`℄�>-,1V
n ∈ N T7 σn(f) < ∞;

∞ H$b"8 n ∈ N E" σn(f) = ∞.� 1 �a<�t.��B�Æ)`℄ f(z) 8�0{s µp(f) p;/�;� iµ(f).W� 3 4`℄ f(z) $>�0[�;℄ λp(f, 0) B�o�
λp(f, 0) = λp(f) = lim

r→∞

logp n(r, 1
f
)

log r
(p ∈ N).

f(z) A�g$>�0[�;℄ λp(f, 0) B�o�
λp(f, 0) = λp(f) = lim

r→∞

logp n(r, 1
f
)

log r
(p ∈ N).v\ts: 2004-09-28`f�r: ℄yFD�m� (10161006), \DPFD�m� (04010360)



758 ^ � � 	 & 8 ) 26ÆW� 4 4`℄ f(z) $>�0[�;℄8/�;� iλ(f, 0) B�o�
iλ(f, 0) = iλ(f) =



























0 I n(r, 1
f
) = O(log r);

min{n ∈ N : λn(f) < ∞} I-,1V n ∈ N T7 λn(f) < ∞;

∞ H$b"8 n ∈ N E" λn(f) = ∞.

1998 5� L. Kinnunen ��!N"
f (k) + Ak−1f

(k−1) + · · · + A1f
′ + A0f = 0, (1.1)

f (k) + Ak−1f
(k−1) + · · · + A1f

′ + A0f = F, (1.2)d
f ′′ + A(z)f = 0 (1.3)�8�0/�sp$>�0[�;℄�, [2] A76�Wj A zN Aj(z) Y4`℄ (j = 0, 1, · · · , k − 1), ;A i(A0) = p, i(Aj) < p, k σp(Aj) <

σp(A0) = σ(j = 1, · · · , k − 1), 0 < p < ∞, 2-H$mQN" (1.1) 8E�VP$� f "
σp+1(f) = σ.Wj B zN A(z) Y4`℄�+I i(A) = p, λp(A) < σp(A), 1 < p < ∞, 2-N" (1.3)8E�P$� f , " λp+1(f) ≤ σp(A) ≤ λp(f).�rlK!B� A dB� B 8�^�76�{/uVB��Wj 1 zN Aj(z) = expp{cjnzn + · · ·+ cj0}(j = 0, 1, · · · , k − 1), ;A cjn, · · · , cj0 oP$S�℄�' ρj =

cjn

c0n
, I 0 < ρj < 1(j = 1, 2, · · · , k − 1), 0 < p < ∞, .H$mQN" (1.1) 8E�VP$� f " σp+1(f) = n.zn 1 zN Aj(z) = Bj(z) expp{cjnzn + · · · + cj0}(j = 0, 1, · · · , k − 1), ;A cjn, · · · , cj0oP$S�℄� Bj(z) o4`℄+I i(Bj) < p(j 6= 0), i(B0) = 1, 0 < p < ∞, ' ρj =

cjn

c0n
, I

0 < ρj < 1(j = 1, 2, · · · , k − 1), .H$mQN" (1.1) 8E�VP$� f " σp+1(f) = n.Wj 2 zN Aj(z) = expp{cjnzn + · · · + cj0}(j = 0, 1, · · · , k − 1), ;A cjn, · · · , cj0 oP$S�℄�' ρj =
cjn

c0n
, I 0 < ρj < 1(j = 1, 2, · · · , k − 1), 0 < p < ∞, F 6≡ 0 o4`℄�>

i(F ) = q, .H$mQN" (1.2) {/ 2 V�(!��
(i) zN q ≤ p + 1, k1 q = p + 1 > σp+1(F ) < n, 2-N" (1.2) 8b"� f E+I

λp+1(f) = λp+1(f) = σp+1(f) = n, >J'B�V�k� f0 +I σp+1(f0) < n k i(f0) < p + 1.

(ii) zN q ≥ p + 1, k1 q = p + 1 > σp+1(F ) > n, 2-N" (1.2) 8b"� f E+I
σq(f) = σq(F ).Wj 3 zN A(z) Y=_""}Vn>8Æ)`℄�+I i(A) = p, λp(A) < σp(A), 1 <

p < ∞, > A(z) 8{s+I 0 < µ(A) k 1 < iµ(A) ≤ p, 2-N" (1.3) 8E�P$Æ)� f ,+I λp+1(f) ≤ σp(A) ≤ λp(f).

2 � k�j 1
[3] zN f(z) Y4`℄� α > 1 Y�WB8S�℄�HE�WB8 ε > 0, "
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(i) -,�V�℄ c > 0 ���$ α dof E1 ⊂ [0, +∞) ""�~�F�+IHb"+I |z| = r 6∈ E1 8> z,

|
f (k)(z)

f(z)
| ≤ c[T (αr, f)rε log T (αr, f)]k (k ∈ N). (2.1)

(ii) -,�V�℄ c > 0 ���$ α dof E2 ⊂ [0, 2π), ;~�Fo 0, HE� ϕ0 ∈

[0, 2π) − E2, -,�V�℄ R0 = R0(ϕ0) > 0, +IHb"+I arg z = ϕ0 p |z| = r > R0 8>
z,

|
f (k)(z)

f(z)
| ≤ c[T (αr, f) logT (αr, f)]k (k ∈ N). (2.2)�j 2

[2] I4`℄ f(z) +I i(f) = p ≥ 1, . σp(f) = σp(f
′).�j 3

[4] N A0, . . . , Ak−1, F 6≡ 0 EY4`℄� f(z) YN" (1.2) 8E�4`℄��+I{/ Ve|8��
(1) max{i(F ) = q, i(Aj)(j = 0, · · · , k − 1)} < i(f) = n(0 < n < ∞);

(2) max{σn(F ), σn(Aj)(j = 0, . . . , k − 1)} ≤ b < σn(f) = σ.2- i
λ
(f) = iλ(f) = i(f) = n > λn(f) = λn(f) = σn(f) = σ.�j 4

[5] zN f(z) o4`℄� σ(f) = β < +∞, 2-HE�WB8 ε > 0, -,�V~�FdH℄�FEo"�8of E3 ⊂ (1, +∞), 3 |z| = r 6∈ [0, 1]
⋃

E3, > r $Q.R�"
exp{−rβ+ε} ≤ |f(z)| ≤ exp{rβ+ε}. (2.3)�j 5

[6] zNÆ)`℄ f(z) = g(z)/d(z), ;A g(z), d(z) Y4`℄>+I µ(g) = µ(f) =

µ ≤ σ(g) = σ(f) ≤ +∞, λ(d) = σ(d) = λ( 1
f
) = β < µ. 3 |z| = r R� |g(z)| = M(r, g), νg(r) o

g 8A�;��.3 |z| = r 6∈ E4 R�"
f (n)(z)

f(z)
=

(

νg(r)

z

)n

(1 + o(1)) (n ∈ N). (2.4);A E4 oH℄�F"}8of�!�� 4 �g860NLt.F�76{/2V����j 6 zNÆ)`℄ f(z) +I i(f) = p(0 < p < ∞) > σp(f) = σ, iλ( 1
f
) = 1. .HEW8 ε > 0, -,�V"}~��Fd"}H℄�Fof E5 ⊂ (1,∞), 3 |z| = r 6∈ [0, 1]

⋃

E5 > r$Q.R�"
|f(z)| ≤ expp{r

σ+ε}. (2.5)�j 7
[5] zN g(z) u�s4`℄�+I σ2(g) = σ, .

lim
r→∞

log log νg(r)

log r
= σ. (2.6);A ν(r) o g 8A�;��!�� 7 �g860NLt.F�76{/2V����j 8 zN4`℄ g(z) +I i(g) = p(0 < p < ∞) , σp(g) = σ, .

lim
r→∞

logp νg(r)

log r
= σp(g) = σ. (2.7)
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[7] zN f(z) Y�7/L8�*Æ)`℄�.3 r → ∞ R�

T (r, f) ≤ (2 +
1

k
)N(r,

1

f
) + (2 +

2

k
)N(r,

1

f (k) − 1
) + S(r, f). (2.8);A k YE�54℄��j 10

[8] zN F (r) % G(r) Y (0,∞) A8P{`℄�G^ (1)F (r) ≤ G(r) n.e.; k (2)3 r 6∈ [0, 1]
⋃

E6 R� F (r) ≤ G(r), ;A E6 oH℄�F"}8of�.HEW�℄ α > 1, -, r0 > 0, 3 r > r0 R�" F (r) ≤ G(αr) (;A n.e. �V, (0,∞) A'B��Fo"}8of).

3 XkS�qWj 1 R�p t.Q! c0n > 0 % c0n < 0  C?��60�
(i) zN c0n > 0, !N" (1.1) �7

|A0| ≤ |
f (k)(z)

f(z)
| + · · · + |Aj ||

f (j)(z)

f(z)
| + · · · + |A1||

f ′(z)

f(z)
|. (3.1)!�� 1 �7�-,�Vof E1 ""�~�F�3 |z| = r 6∈ [0, 1] ∪ E1 R�"

|
f (j)(z)

f(z)
| ≤ M [rT (2r, f)]2k (j = 1, 2, · · · , k), (3.2);A M o5�℄�H$4`℄ A0(z) "

M(r, A0) ≥ expp{(1 − ε)c0nrn}, (3.3)!�:U |ez| ≤ e|z|, �73 |z| = r $Q.R�"
|Aj(z)| ≤ expp{|cjz

n + · · · |} < expp{(1 + ε)crn} (j = 1, 2, · · · , k − 1), (3.4);A c = max{cjn, j 6= 0}. ZHE�WB8 ε(0 < ε < c0n−c
c0n+c

), 3 z = |r| $Q.> |A0(z)| =

M(r, A0) R�! (3.1)–(3.4) 7
expp{(1 − ε)c0nrn} ≤ k expp{(1 + ε)crn}M [rT (2r, f)]2k. (3.5)! (3.5) 7

σp+1(f) ≥ n.&�N/�! Wiman-Valiron[9−11] �(�7�-,�VH℄�Fo"�8of E7 ⊂ (1, +∞),3 |z| = r 6∈ [0, 1] ∪ E7 > |f(z)| = M(r, f) R�"
|
f (j)(z)

f(z)
| = (

νf (r)

r
)j(1 + o(1)) (j = 1, · · · , k). (3.6)�*�! (1.1) p (3.6) �73 |z| = r 6∈ [0, 1] ∪ E7 > |f(z)| = M(r, f) R�"

(
νf (r)

r
)k|1 + o(1)| ≤ k expp{(1 + ε)c0nrn}}(

νf(r)

r
)k−1|1 + o(1)|. (3.7)



4: i��;�v�nRO#�9A10�t^&%?A1\�<^ 761! (3.7) �7 σp+1(f) ≤ n, ,KN" (1.1) 8E�P$� f +I σp+1(f) = n.

(ii) zN c0n < 0, ! (i) Ag�860NL�76�(�zn 1 R�p !�� 4 pB� 1 �g860NLF�67j( 1.Wj 2 R�p zN f YN" (1.2) 8E��� f1, f2, · · · , fk YN" (1.2) bH�8=+N" (1.1) 8�Vl(�y�.!B� 1 860�7 σp+1(fj) = n(j = 1, 2, · · · , k) > f(z) ���Vo
f = D1f1 + D2f2 + · · · + Dkfk, (3.8);A D1, · · · , Dk o4`℄+I

D
′

j = F · Gj(f1, · · · , fk) · W (f1, · · · , fk)−1 (j = 1, · · · , k), (3.9);A Gj(f1, · · · , fk) Y f1, · · · , fk 8�y℄mQJ�U�W (f1, · · · , fk) Y f1, · · · , fk 8Wronsky�#U�
(i) �o i(F ) = q, q ≤ p+1, >3 q = p+1 R" σp+1(F ) < n, ! (3.9) �7 σp+1(D

′
j) ≤ n,#! (3.8) �7 σp+1(f) ≤ n.t.G�N" (1.2) >J"�V�k� f0 +I σp+1(f0) < n k i(f0) < p + 1, H$+I

σp+1(f) = n 8� f(z), !�� 3, �7 λp+1(f) = λp+1(f) = σp+1(f) = n. XSL�zNN"
(1.2) i"&k�V� f∗ 6≡ f0 +I i(f∗) < p + 1 k σp+1(f

∗) < n, 2- i(f0 − f∗) < p + 1 k
σp+1(f0 − f∗) < n, 2 f0 − f∗ YN" (1.1) 8��2%B� 1 8�( σp+1(f0 − f∗) = n ,I�

(ii) ! (3.8),(3.9),�7e|��7 σq (f) ≤ σq(F ),�N" (1.2) �8/�s�7 σq (f) ≥

σq(F ), Z σq(f) = σq(F ).Wj 3 R�p t.Q! λp+1(f) ≤ σp(A) % σp(A) ≤ λp(f)  �Q�60�
(i) o!60 λp+1(f) ≤ σp(A), |60H$N" (1.3) 8E�P$Æ)� f " σp+1(f) =

σp(A).

(a) !N" (1.3) pH℄5℄���7
m(r, A) = m(r,

f ′′

f
) = O{log(rT (r, f))}. (3.10)�o λ( 1

A
) < σ(A) = ∞, Z�7

lim
r→∞

log m(r, A)

log r
= σp(A). (3.11)! (3.10),(3.11) 7 σp+1(f) ≥ σp(A).

(b) !N" (1.3) �7E�Æ)� f 8n>Æo A 8n>��* f 8n>o"}V�Z
λ( 1

f
) = λ( 1

A
) = 0, X� Hadamard B��N f(z) = g(z)

d(z) , 2� g(z) o4`℄� d(z) oJ�U�!N" (1.3) pB�e|�7
0 < µ(A) ≤ µ(f) = µ(g) ≤ ∞,! (3.10) �7

i(g) = i(f) ≥ p + 1.



762 ^ � � 	 & 8 ) 26Æ!�� 5, -,of E4 ⊂ (1, +∞), lmE4 < ∞, 3 |z| = r 6∈ [0, 1] ∪ E4, |g(z)| = M(r, g) R�"
f (2)(z)

f(z)
=

(

νg(r)

z

)2

(1 + o(1)) . (3.12)!�� 6, -,of E5 ⊂ (1, +∞), lmE5 < ∞, 3 |z| = r 6∈ [0, 1] ∪ E5 R"�
|A(z)| ≤ expp{r

σp(A)+ε}. (3.13)} (3.12),(3.13) 0H (1.3) 7
(

νg(r)

z

)2

(1 + o(1)) ≤ expp{r
σp(A)+ε}. (3.14)!�� 8 d (3.14) 7

σp+1(f) = σp+1(g) = lim
r→∞

logp+1 νg(r)

log r
≤ σp(A) + ε,! ε8E����7 σp+1(f) ≤ σp(A). Hf (a),(b)�7H$N" (1.3)8Æ)� f " σp+1(f) =

σp(A), Z λp+1(f) ≤ σp(A).

(ii) N f oN" (1.3) 8Æ)��Z f ′(z)
f(z) ��4o"�`℄�S. f(z) �j" f(z) =

P1(z) exp(P2(z)), ;A P1, P2 YJ�U�,K f(z) Y"}s8�,I��*�t.� `℄
B(z) = f(z)

f ′(z) $�� 9, $Y"
T (r, B) ≤ 3N(r,

1

B
) + 4N(r,

1

B′ − 1
) + S(r, B),k

T (r, B) = O{N(r,
1

B
) + N(r,

1

B′ − 1
)} r 6∈ E8.;A E8 8~�F mE8 < +∞. 2

N(r,
1

B
) = N(r,

f ′

f
) = N(r, f) + N(r,

1

f
),

N(r,
1

B′ − 1
) = N(r,−

f ′2

ff ′′
) = O{N(r, f) + N(r,

1

f
) + N(r,

1

f ′′
)},ZLUho

T (r,
f

f ′
) = O{N(r, f) + N(r,

1

f
) + N(r,

1

f ′′
)} r 6∈ E8. (3.15)*k�! (1.3) 7

N(r,
1

f ′′
) ≤ N(r,

1

f
) + N(r,

1

A
).!$ λ( 1

f
) = λ( 1

A
) = 0, Z N(r, f) < N(r, A) < rM , ;A M oE��85�℄�$Y (3.15) ho

T (r,
f ′

f
) = O{N(r,

1

f
) + N(r,

1

A
) + rM} r 6∈ E8. (3.16)



4: i��;�v�nRO#�9A10�t^&%?A1\�<^ 763X�zN λp(A) < σp(A) �G^ σp(A) ≤ λp(f) �!��r λp(f) < σp(A) k 0 < iλ(f) < p, .! (3.16) p�� 10 7 σp(
f
f ′

) < σp(A), ' ϕ = f ′

f
, !$

T (r,
f ′

f
) = T (r,

f

f ′
) + o(1),Z" σp(ϕ) < σp(A), CK, (1.3) �7 −A = ϕ′ + ϕ2, �*t.76

σp(A) ≤ σp(ϕ) < σp(A),j%,I�Z�(!��Mg}��
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The Iterated Order and Iterated Convergence Exponent
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Abstract: In this paper, we investigate the iterated order and iterated convergence exponent to zero
sequence of the solutions of some classes of differential equations.

Key words: differential equation; iterated order; iterated convergence exponent to zero sequence.


