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1 � ~DC℄�l E = {0, 1, 2, · · ·},  $+�:zL%�=�&?�C℄ i "<�x���,((}�1C℄ i+ 1 _ i− 1, 4(\.!NC℄ 0, & 0 "<��(.?�C℄�e\1 ())Q-{3}!�x�O
Q =




−q0 c1 c2 c3 c4 · · ·
d1 −(λ1 + d1) λ1 0 0 · · ·
d2 µ2 −(λ2 + µ2 + d2) λ2 0 · · ·
d3 0 µ3 −(λ3 + µ3 + d3) λ3 · · ·
· · · · · · · · · · · · · · · · · ·



, (1.1)2= λi > 0, di ≥ 0, ci ≥ 0, i ≥ 1;µi > 0, i ≥ 2,� q0 <∞,. QP8p71�QP��7'+��� FellerI� QP���no{ [1–3];A. QP+WJ1�0J QP���7'+ [3−7], (1.1)O1 Q-{3����P}!j�� di 1I�F P� (_�- d1 > 0, c1 > 0, di = 0, ci = 0, i ≥ 2J� Q ene�1F P�); !HF P�1�x�℄/�:E�1�~tO�2?�tO�Gt+W131B� [3]. wf*r�vg�x�}! (1.1) O1 ())Q- {3�7/��v�1tO�H$+WJ6� Q P�'+1�?�ao� Q P�1E,2�<1tOn [4–7],8p76�1�xtOn [8–11]; o [11] }`E,�8p7I�F I� Q P���o+ [11]1`$B��x8p7I�F I� Q P� Φ(λ) 1�-���℄/� Φ(λ) P�-�1�?�ao�� Φ(λ) Pl�1�-�P�1�?�ao�

2 pW�fn>���xmi�� (1.1) O1 Q- {3U %:71 Q P�n Q- {3U Q P��4i E0 = E − {0}, QE0
= {qij ; j ∈ E0} P Q + E0 B1|;�sXon: 2004-11-17^`yk: KuB��$>5,��*i>DAhZ (Nq> [2005]64 T), KuIE=��av (N�E 0447096)



770 U 	  y % / � 26��e 2.1
[10] i

z1 = 0, z2 =
1

λ1
, · · · , zn =

1

λ1
+ · · · +

µ2µ3 · · ·µn−1

λ1λ2 · · ·λn−1
, n ≥ 3,

z=̂ lim
n→∞

zn =
1

λ1
+

∞∑

n=2

µ2µ3 · · ·µn

λ1λ2 · · ·λn

;

π1 = 1, πn =
λ1λ2 · · ·λn−1

µ2µ3 · · ·µn

, n ≥ 2..
(1) >�

QE0
u = 01u u '+4un

ui = u1 +

i−1∑

j=1

(zi − zj)djujπj .>�
(λI −QE0

)u = 0, λ > 01u u(λ) '+4un
ui(λ) = u1(λ) +

i−1∑

j=1

(zi − zj)(λ + dj)uj(λ)πj . (2.1)

(2) Q- {3��"1�?�aoP
R=̂

∞∑

n=2

(
1 + dn

λn

+
µn(1 + dn−1)

λnλn−1
+ · · · +

µn · · ·µ2(1 + d1)

λn · · ·λ2λ1
+
µn · · ·µ2

λn · · ·λ1
) = ∞.�e 2.2

[10] D u(λ) P>� (λI −QE0
)u = 0, λ > 0 1u�e (2.1) C"��

vi(λ) = ui(λ)
∞∑

j=i

zj+1 − zj

uj(λ)uj+1(λ)
, i ≥ 1,

ϕ∗
ij(λ) =

{
ui(λ)vj(λ)πj , j > i;
vi(λ)uj(λ)πj , j ≤ i.. Φ∗(λ) = {ϕ∗

ij(λ); i, j ∈ E0} PI� QE0
P���e 2.3

[11] D
Φ(λ) =

(
0 0

0 Φ∗(λ)

)
+ r00(λ)

(
1

ξ(λ)

)
(1 η(λ)) ,2= Φ∗(λ) PI� QE0

P��e �� 2.2 C"�
η(λ) = eΦ∗(λ), e = (q0j ; j ∈ E0) = (c1, c2, · · ·),
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ξ(λ) = 1 − λΦ∗(λ)1,

r00(λ) = (c+ λ+ λη(λ)1)−1,

c = q0 −

∞∑

i=1

ci.. Φ(λ) PI� Q P��U� 2.1 � W = (wi; i ∈ E) P5?���O wi > 0, i ∈ E, 4 ∑
i∈E wi = 1.� Q- {3�-���O'+5?� W = (wi; i ∈ E), M

wiqij = wjqji, i, j ∈ E.%J� W n Q 1-�?��U� 2.2 � Q P� P (t) = (pij(t); i, j ∈ E, t ≥ 0) P�-�1��O'+5?� W =

(wi; i ∈ E), M
wipij(t) = wjpji(t), i, j ∈ E, t ≥ 03k$

wiψij(λ) = wjψji(λ).2= ψij(λ) P pij(t) 1
R�[�%J� W P P (t) _ Ψ(λ) 1-�?���e 2.4 Q- {3�-�1�?�aoP
πj =

cj

dj

d1

c1
, j ≥ 1;

∞∑

j=1

πj <∞. (2.2)42l�1�-�?�n
w0 = (1 +

c1

d1

∞∑

j=1

πj)
−1, wj =

cj

dj

w0 = πjw1, j ≥ 1. (2.3)�j D Q- {3�-��.'+5?�
W = (w0, w1, w2, · · ·),M
wiqij = wjqji, i, j ∈ E,7 i = 1,  π1 = 1 / w1 = π1w1; - i ≥ 2, 7 j = i− 1 ≥ 1, /
wiqi,i−1 = wi−1qi−1,ie
wiµi = wi−1λi−1,[�!

wi =
λi−1

µi

wi−1 =
λi−1

µi

λi−2

µi−1
wi−2 = · · · =

λi−1λi−2 · · ·λ1

µiµi−1 · · ·µ2
w1 = πiw1,



772 U 	  y % / � 26�7 i = 0, j ≥ 1, ! w0cj = wjdj , FVe/
wj =

cj

dj

w0, πj =
wj

w1
=
cj

dj

d1

c1
, j ≥ 1,# $ W P?���%�

∞∑

j=1

πj =
1

w1

∞∑

j=1

wj =
w0

w1

∞∑

j=1

cj

dj

<∞,e (2.2) ���# 
1 =

∞∑

i=0

wi = w0 +

∞∑

i=1

wi = w0 +

∞∑

i=1

ci

di

w0 = w0(1 +

∞∑

i=1

ci

di

),/
w0 = (1 +

∞∑

j=1

cj

dj

)−1 = (1 +
c1

d1

∞∑

j=1

πj)
−1,G�-�?� W = (w0, w1, w2, · · ·)  (2.3) [C"�=8�� (2.2) ���. (2.3) 7�1 W !���4��6

wiqij = wjqji, i, j ∈ E,
∞∑

j=0

wj = w0 +
∞∑

j=1

wj = w0(1 +
∞∑

j=1

cj

dj

) = 1,e (w0, w1, w2, · · ·) P Q 1�-�?��
3 �z Q [PSblN|�s�x8p7I�F I� Q P�1�-���℄/I�F I� Q P�P�-�1�?�ao��I� Q P�Pl�1�-� Q P�1�?�ao�Ue 3.1 Q �-�1�?�aoP2I� Q P� Φ(λ)( �� 2.3 C") �-��4 
(2.3) :71 (w0, w1, w2, · · ·) P\�1-�?���j D Φ(λ) �-�� (w0, w1, w2, · · ·) P\1-�?��.!

wifij(t) = wjfji(t), i, j ∈ E, t ≥ 0,2=� F (t) P9�1I� Q P�� %/
wif

′
ij(0) = wjf

′
ji(0), i, j ∈ E, t ≥ 0,e

wiqij = wjqji, i, j ∈ E.G W = (w0, w1, w2, · · ·) P Q 1-�?��



41 s;��J�G!J� Q Q�2�.�� 773=8�D Q �-�� �� 2.4 7 (2.2) ���4 Q 1-�?�n (2.3), x:�6 (2.3)�P Φ(λ) 1-�?�e�� [3] I� Q P�1E,7
ϕij(λ) =

∞∑

n=0

ϕ
(n)
ij (λ),2=

ϕ
(0)
ij (λ) =

δij

λ+ qi
,

ϕ
(n+1)
ij (λ) =

∑

k 6=j

ϕ
(n)
ik (λ)qkj

λ+ qj
=

∑

k 6=i

qikϕ
(n)
kj (λ)

λ+ qi
.�

ϕ̃
(n)
ij (λ) = ϕ

(n)
ji (λ)

wj

wi

, (3.1)

ϕ̃ij(λ) =
∞∑

n=0

ϕ
(n)
ij (λ)..!

ϕ̃ij(λ) =

∞∑

n=0

ϕ
(n)
ji (λ)

wj

wi

= ϕji(λ)
wj

wi

, (3.2)xL&6"
ϕ̃

(n)
ij (λ) = ϕ

(n)
ij (λ), ∀n. (3.3)- n = 0 J�!

ϕ̃
(0)
ij (λ) = ϕ

(0)
ji (λ)

wj

wi

=
δij

λ+ qi

wj

wi

=
δij

λ+ qi
= ϕ

(0)
ij (λ);L&jD (3.2) 9 n J����. (3.1)  wjqjk = wkqkj /

ϕ̃
(n+1)
ij (λ) = ϕ

(n+1)
ji (λ)

wj

wi

=
∑

k 6=j

qjkϕ
(n)
kj (λ)

λ+ qj

wj

wi

=
∑

k 6=j

qjkϕ̃
(n)
kj (λ)

λ+ qj

wj

wi

=
∑

k 6=j

qjkϕ
(n)
ik (λ)

wj

wk

λ+ qj

wj

wi

=
∑

k 6=j

ϕ
(n)
ij (λ)qkj

λ+ qj
= ϕ

(n+1)
ij (λ).G (3.3) ���&;/ ϕ̃ij(λ) = ϕij(λ), ) (3.2) /

wiϕij(λ) = wjϕji(λ).G {wi} �P Φ(λ) 1�-�?��Ue 3.2 D Q �-��.2I� Q P� Φ(λ) Pl�1�-� Q P�1�?�aoP R = ∞.
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∑

i∈E wiXi(λ) H$ λ +6BH�# �� 2.1(2) / X(λ) 6= 0.

(i) � limλ→+∞ λ
∑

i∈E wiX i(λ) = ∞, �
zi(λ) = (1− λΦ(λ)1)i, ηi(λ) = wizi(λ), i ∈ E,y< zi(λ) P��6H� ϕij(λ) �-�/

(λ− µ)
∑

k∈E

ηk(λ)ϕkj(µ) = (λ− µ)
∑

k∈E

wkzk(λ)ϕkj(µ) = (λ − µ)
∑

k∈E

wjϕjk(µ)zk(λ)

= wj(zj(µ) − zj(λ)) = ηj(µ) − ηj(λ).G
η(λ) ∈ LΦ(λ),4

lim
λ→+∞

λη(λ)1 = lim
λ→+∞

∑

i∈E

λwizi(λ) = ∞. o{ [1] 7� 2.6 7
ψij(λ) = ϕij(λ) +

zi(λ)wjzj(λ)

c+ λ
∑

k∈E

wkzk(λ)P Q P��# 
wiψij(λ) = wiϕij(λ) +

wizi(λ)wjzj(λ)

c+ λ
∑

k∈E

wkzk(λ)
= wjϕji(λ) + wj

zj(λ)wizi(λ)

c+ λ
∑

k∈E

wkzk(λ)

= wjψji(λ),G Ψ(λ) = (ψij(λ); i, j ∈ E) P�-� Q P��
(ii) � limλ→+∞ λ

∑
i∈E

wiXi(λ) < +∞, .
A=̂ lim

λ→+∞
λ

∑

i∈E

wiX(λ)(1 −X i) <∞,2= Xi = limλ→0Xi(λ),  �-����/ ηj(λ)=̂wjXj(λ) P��6H�7 C > A, �
ψij(λ) = ϕij(λ) +

Xi(λ)wjXj(λ)

C + λ
∑

k∈E

wkXk(λ)(1 −Xk)
,. o{ [1] 7� 2.6 7 Ψ(λ) P Q P��9r�6�/ Ψ(λ) = (ψij(λ); i, j ∈ E) P�f$

Φ(λ) 1�-� Q P��FVe/� R <∞, .�-� Q P��l��=8�� R = ∞, e Q ��"�x6�-� Q P�l���Y$ [11] 7� 3.1 �/�?�
Q P�}!x�O

R(λ) =

(
0 0

0 Φ∗(λ)

)
+ r00(λ)

(
1

ξ(λ)

)
(1 η(λ)) ,
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(η(λ), ξ(λ)) ∈ DΦ∗(λ), ξ(λ) = 1− λΦ∗(λ)1,

lim
λ→+∞

λη(λ) = e, lim
λ→+∞

λξ(λ) = d,

r00(λ) = (c+ λ+ λη(λ)1)−1.e
rij(λ) = ϕ∗

ij(λ) + r00(λ)ξi(λ)ηj(λ), i, j ≥ 1,

r0j(λ) = r00(λ)ηj(λ), j ≥ 1,

ri0(λ) = r00(λ)ξi(λ), i ≥ 1.[��- i > 1 J�!
∑

j∈E

rij(λ) = ri0(λ) +
∑

j∈E0

(
ϕ∗

ij(λ) + r00(λ)ξi(λ)ηj(λ)
)
, %/

λ(1 − λ
∑

j∈E

rij(λ)) = −λr00(λ)λξi(λ) + λ(1 − λ
∑

j∈E0

ϕ∗
ij(λ)) − λr00(λ)λξi(λ)

∑

j∈E0

ηj(λ), 
lim

λ→+∞
λr00(λ) = 1,

lim
λ→+∞

λξi(λ) = lim
λ→+∞

λ(1 − λ
∑

j∈E0

ϕ∗
ij(λ)) = di,

lim
λ→+∞

∑

j∈E0

ηj(λ) = 0,/
lim

λ→+∞
λ(1 − λ

∑

j∈E

rij(λ)) = 0, i ≥ 1; (3.4)- i = 0 J� R(λ) �-�/
w0r00(λ)ηj(λ) = w0r0j(λ) = wjrj0(λ) = wjr00(λ)ξj(λ),e

w0ηj(λ) = wjξj(λ), (3.5)[�
w0

∑

j∈E

r0j(λ) = w0r00(λ) +
∑

j∈E0

r00(λ)w0ηj(λ)

= r00(λ) + r00(λ)
∑

j∈E0

wjξj(λ).
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w0λ(1 − λ

∑

j∈E

r0j(λ)) = w0λ(1 − λr00(λ)) − λr00(λ)
∑

j∈E0

wjλξj(λ). (3.6)#�n
lim

λ→+∞
λξj(λ) = dj , j ∈ E0,[��- λ �?)J�!
λξj(λ) ≤ dj + 1.; �� 2.4 7
wj =

cj

dj

w0,[�! ∑

j∈E0

wj(dj + 1) = w0

∑

j∈E0

cj +
∑

j∈E0

wj <∞.G 	;S�7�� Q aoe
lim

λ→+∞
λ(1 − λr00(λ)) = q0, lim

λ→+∞
ληi(λ) = ci, (3.6), (3.5) /

w0 lim
λ→+∞

λ(1 − λ
∑

j∈E

r0j(λ)) = w0q0 − lim
λ→+∞

λr00(λ)
∑

j∈E0

lim
λ→+∞

wjλξj(λ)

= w0q0 −
∑

j∈E0

lim
λ→+∞

w0ληj(λ) = w0q0 −
∑

j∈E0

cj .e
lim

λ→+∞
λ(1 − λ

∑

j∈E

r0j(λ)) = q0 −

∞∑

j=1

cj .tV (3.4) 7�R(λ) P B � Q P��; R = ∞ 1�?�aoP B � Q P�l��e R(λ)PI� Q P��g +�� (1.1) 1 Q- {3=�D
λn = 42n+1, dn = 2n, cn =

1

2n−1
, n ≥ 1, µn = 42n, n ≥ 2, q0 ≥ 2..�Z"

πj =
cj

dj

d1

c1
=

1

4j−1
, j ≥ 1,

∞∑

j=1

πj =

∞∑

j=1

1

4j−1
=

4

3
<∞.[�� �� 2.4 7 Q- {3�-��#

R =
1

3

∞∑

n=2

(
1

4n+2
−

1

42n−2
) +

∞∑

n=2

(
1

22n+4
−

1

23n+2
) <∞.
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5 , wn = 3

5·22n−1 , n ≥ 1, P�-� Q P�1-�?��Mavx�
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Symmetric Properties for an Extended Birth-Death Minimal

Q-Process

WU Qun-ying
(Dept. of Math. and Phys., Guilin University of Technology, Guangxi 541004, China )

Abstract: A new structure with the special property that catastrophes is imposed to ordinary birth-
death processes is considered. The symmetric properties for the Markov minimal Q-process are presented.

Key words: stable extended birth-death minimal Q-process; symmetric; uniqueness.


