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1 ? :����5W ��'=�6��i� G �� n, �<^[sHr�Y�= G =j*~�)� G =&#~��Q$o h(G, x) =
∑n

i=1 N(G, i)xi �GJ�� G =
�Q$o [2], i'
N(G, i) �q� G =�W i ^[s=&#~�=^z�
�Q$orfQ$o=B{4z�/�in;�= (R�G=
�Q$o#<�Kn−

E(G) =f?�r[�f�B1�TOrNZ�z�Q=�iX?EV;4Q*i� %��w�� [2]. � [8]–[10]}�(R
�Q$o=�(a 1niB
�=�s�L-;h�=
�Q$o�(a=5rWIJ=���}A_++B^��Bam�zQ$o�(ma=XU (�G& 1), 0S
g+�� [8] m [9] �_+=}AIMXU�1Æ�Mb+��
�Q$o=�(avv�R�!p+�n� (Z −1=��
�Q$o=�(avv�_++ONP=v���U-;9+B*Wei*��
�Q$o�(a5e�=,�i�F�R R(G), V (G), E(G)[��q� G=�n��FDxm�x�Pn (n ≥ 2)m Cn(n ≥ 4)[��qW n ^FD=3mW��}�=v_m|l %��� [1] m [2].

2 �
E,GJ h(G, x) = xα(G)h1(G, x), Oy α(G) r h(G, x) =�A/$=/z�bG� h(G, x) = h(G), h1(G, x) = h1(G), h(P0) = 1, h(P1) = x, h(D3) = h(C3) = h(K3).�= 1 � G =B��63rxOD"FDd G y�� 2 K=3�d-�63=LDd
G y=K� (Z 3, e)O�� G =B�D"3�U
�Q$o=GJt�
�Q$o h(G, x) BGWma�R β(h(G, x)) �q h(G, x) =�(ma��|� β(G)..�*(: 2004-06-28��7': h~�\�:uÆ (10461009), �`$�\�:|E?�&B (205170)



820 { 8 = � ℄ K 7 26��= 2 i e ∈ E(G), dd� e h"}'b k ^TKD�e�qN� G =� e �0+ k−M[ (��B� k = 0 Ix�M[), k + 1 �� e =M[z�7V ei ∈ E(G), (1 ≤ i ≤ t), N ei�0 (li − 1)− M[ (li ≥ 1), �;9=�W�� n =
J��|� Gn = Gn(l1, l2, · · · , lt). GJ
h(Gn, x) =�(avv[��

βmax(Gn) = max{β(H)|H ∈ Gn}, βmin(Gn) = min{β(H)|H ∈ Gn}.�=� βmax(Gn), βmin(Gn) d Gn yNP=�)� Gn =v��[�|� max(Gn), min(Gn).Gt t = 1 l�W βmax(Gn) = β(Gn) = βmin(Gn).>" 1
[2−4] i G �� n =*	��e R(G) ≤ 1, ?l*)8R�8 G ∈ {Pn, K3|n ≥ 2};�R (1) R(G) = 0 8R�8 G ∈ {Cn, Dn, Tn, K1|n ≥ 4}; (2) R(G) = −1 8R�8 G ∈

{Fn, ξ1
n, ξ2

n, ξ3
n, K−

4 }, `� 1 �q�
� 1 3!#\5��74�a!��~AP4( r, s, t �3[�[ 1>" 2

[3] i e r� G =℄IB���e h(G, x) = h(G − e) + h(G ∗ e).>" 3
[5] N� G, 7V v ∈ V (G), NG(v) = A ∪B, A ∩B = ∅. i H |v r� G =D v [.��e h1(G) = h1(H |v), 8R�8 ∀x ∈ A, y ∈ B, �W xy ∈ E(G).>" 4
[6] i uv r*	� G =℄IB���eW

(1) d uv  uZ� G =D"3R G 6= Cn, e λ1(Guv) > λ1(G);

(2) d uv uZ� G =D"3R G 6= Un, e λ1(Guv) < λ1(G).>" 5
[7] i 1 ≤ r1 ≤ r2, r1 < s1 ≤ s2, r1 + r2 = s1 + s2, Oy r1, r2, s1, s2 
�qpz�e h(Pr1

)h(Pr2
) − h(Ps1

)h(Ps2
) = (−1)r1xr1+1h(Ps1−r1−1)h(Ps2−r1−1).>" 6

[8,9] (1) β(Pn+1) < β(Pn), n ≥ 2;

(2) β(K−

4 ) < β(Cn+1) < β(Cn), n ≥ 3;

(3) β(Dn+1) < β(Dn), n ≥ 4;

(4) β(Fm) < β(Fm+1) < β(Dn) < β(Cn) < β(Pn), n ≥ 5, m ≥ 6.>" 7
[3,9] i n �x T /	�m=q�naD/� λ1(T ) ≥ λ2(T ) ≥ · · · ≥ λq(T ), q � T=�I)z�C; T =
�Q$o=�WZ0a� βi(T ) = −λ2

i , i = 1, 2, · · · , q.>" 8
[10] i� G1 r*	� G =l~��e β(G1) > β(G).>" 9 i� uv ∈ E(G), Guv �qN uv �0+ 1-M[S;9=��d� G rB�x (t� G =e�/TKD[.�rB�x�|� T |G), e

(i) d uv  uZx G(t T |G) =D"3�e β(Guv) < β(G);

(ii) d uv uZx G(t T |G) =D"3R G 6= Un, e β(Guv) > β(G).



4N ^kk��� R(G) ≥ −1 >��Æ�R%p�)bww>"q 821C% UM& 3 � 4 m 7 Gr�
3 H<���)D&�" 1 i f3(x) = f2(x) ± f1(x), Oy fi(x)(i = 1, 2, 3) rs$�z�q=Bam�zQ$o� f1(x), f2(x) �Wma�R βi �q fi(x) =�(ma� ∂i �q fi(x) =/z�

(1) d β2 > β1, ∂2, ∂3 QH1"K�e f3(x) = f2(x) ± f1(x) WmaR β3 < β1 	
(2) d β2 < β1, ∂1, ∂3 QH1"
�e f3(x) = f2(x) − f1(x) WmaR β3 < β2.C% (1)U f1(β1) = 0, β2 > β1 t f3(β1) = f2(β1) 6= 0. L ∂2, ∂3 QH1"K�e x → −∞l� f3(x) \ f2(x) ℄l"V�{8 x → −∞ l� f3(x) \ f3(β1)(= f2(β1)) ℄l"V�LS�2d β3 ∈ (−∞, β1), 0S (1) ;r�
& r (2).2# 1 i fi(x) =

∑ni

j=1 aijx
j , (i = 1, 2) rs$�z�q=m�zQ$o� βi �q fi(x)=�(ma� ∂i �q fi(x) =/z�d β1 6= β2, R�-��uB9��

(1) f3(x) = f2(x) − f1(x), R ∂1, ∂2 QH1"K	
(2) f3(x) = f2(x) + f1(x), R ∂1, ∂2 QH1"
�e2d β3 > min{β1, β2}.C% d�� (1) 9��Gt βi(i = 1, 2, 3) 2d� Y�i β2 = min{β1, β2}, d β3 = β2,eW f1(β2) = 0, :P	d β3 < β2, U f3(β3) = 0 t� f2(β3) = f1(β3) 6= 0. L ∂1, ∂2 QH1"K�e8 x → −∞ l� f1(x) \ f2(x) ℄l"V�{8 x → −∞ l� f1(x) t f2(x) d

(−∞, β3) D�Wa�:P�
& r�� (2) 9�=U/��" 2 i*	� G �� n, D u ∈ V (G) R d(u) = 1. dR Hm(G, Ps+1, Pt+1), Oy
m = n + s + t, 2 ≤ s ≤ t �q G =D u [�\3 Ps+1 m Pt+1 =B^BKD"g	S;9=��e β(Hm(G, Ps+1, Pt+1)) < β(Hm(G, Ps, Pt+2)).C% a�M& 2 ;

h(Hm(G, Ps+1, Pt+1)) = h(G)h(Ps)h(Pt) + xh(G − u)[h(Ps−1)h(Pt) + h(Pt−1)h(Ps)],

h(Hm(G, Ps, Pt+2)) = h(G)h(Ps−1)h(Pt+1) + xh(G − u)[h(Ps−2)h(Pt+1) + h(Pt)h(Ps−1)].YUM& 5 ;
h(Hm(G, Ps+1, Pt+1)) − h(Hm(G, Ps, Pt+2))

= (−1)sxsh(Pt−s)[h(G) − xh(G − u)] = (−1)sxs+1h(Pt−s)h(G − u − NG(u)),i' NG(u) �q u =/Dx��6 s =QH1�a�
6 1 mM& 8 GtG& 2 *)�>" 10 i ξ1
n(r, s), r ≥ 5, s ≥ 1, n = r + s. e

(1) 8 s = r − 3 l� β(ξ1
n(r, s)) = β(ξ1

n(r − 1, s + 1)),

(2) 8 s < r − 3 l� β(ξ1
n(r, s)) > β(ξ1

n(r − 1, s + 1)),

(3) 8 s > r − 3 l� β(ξ1
n(r, s)) < β(ξ1

n(r − 1, s + 1)).C% a�M& 2 ;
h(ξ1

n(r, s)) = h(Pr+s) + xh(Ps)h(Pr−2), h(ξ1
n(r − 1, s + 1)) = h(Pr+s) + xh(Ps+1)h(Pr−3).



822 { 8 = � ℄ K 7 26��Z (1) *)�8 s 6= r − 3 l�UM& 5  ;
h(ξ1

n(r, s)) − h(ξ1
n(r − 1, s + 1)) =

{

(−1)sxs+2h(Pr−s−4), s < r − 3;
(−1)r−2xr−1h(Ps−r+2), s > r − 3.$�ZG& 2 =r��Gt (2) m (3) *)��" 3 i ξ1

n(r, s), r ≥ 4, s ≥ 1, n = r + s. e
(1) max(ξ1

n) = ξ1
n(n − 1, 1).

(2) n ≡ 0(mod 2)l�min(ξ1
n) = ξ1

n(n
2 +1, n

2 −1); n ≡ 1(mod2)l�min(ξ1
n) = ξ1

n(n+3
2 , n−3

2 ).C% 8 n = 2k, k ≥ 3 l�a�M& 10 W
β(ξ1

n(k + 1, k − 1)) < β(ξ1
n(k, k)) < · · · < β(ξ1

n(4, n − 4)),

β(ξ1
n(k + 1, k − 1)) < β(ξ1

n(k + 2, k − 2)) < · · · < β(ξ1
n(n − 1, 1)).UM& 2 � 5 y
6 1, G� β(ξ1

n(4, n − 4)) < β(ξ1
n(n − 1, 1)) , e

βmin(ξ
1
n) = β(ξ1

n(k + 1, k − 1)), βmax(ξ
1
n) = β(ξ1

n(n − 1, 1)).
& r n = 2k + 1, k ≥ 2 =U/��" 4 i ξ2
n(r, s), s ≥ r ≥ 1, n = r + s + 3. e

(1) max(ξ2
n) = ξ2

n(1, n − 4).

(2) n ≡ 0(mod 2)l�min(ξ2
n) = ξ2

n(n
2−2, n

2−1); n ≡ 1(mod 2)l�min(ξ2
n) = ξ2

n(n−3
2 , n−3

2 ).C% 8 2 ≤ r ≤ 3 l�UM& 2 ;
h(ξ2

n(r, s)) = h(Pn) + h(P2)h(Ps)h(Pr), h(ξ2
n(r − 1, s + 1)) = h(Pn) + h(P2)h(Ps+1)h(Pr−1).YUM& 5

h(ξ2
n(r, s)) − h(ξ2

n(r − 1, s + 1)) = (−1)rxrh(P2)h(Ps−r).�6 r =QH1�a�
6 1 mM& 8 Gt β(ξ2
n(r, s)) < β(ξ2

n(r − 1, s + 1)). $�ZG& 3 =r��tG& 4 *)��" 5 i ξ3
n(r, s, t), t ≥ s ≥ 1, n = r + s + t + 3, r ≥ 1. e

(1) max(ξ3
n) = ξ3

n(n − 5, 1, 1).

(2) n ≡ 0(mod 2) l� min(ξ3
n) = ξ3

n(1, n
2 − 2, n

2 − 2); n ≡ 1(mod 2) l� min(ξ3
n) =

ξ3
n(1, n−5

2 , n−3
2 ).C% UZN ξ3

n(r, s, t) �0B^e�/TKD[.o;9D[.x Tn+1(1, 2, r, s, t), UM& 3, h1(ξ
3
n(r, s, t)) = h1(Tn+1(1, 2, r, s, t)). Ya�M& 9 ;

β(Tn+1(1, 2, r − 1, s + 1, t)) < β(Tn(1, 2, r − 1, s, t)) < β(Tn+1(1, 2, r, s, t)), r ≥ 2, t ≥ s ≥ 1.ZrW β(ξ3
n(r − 1, s + 1, t)) < β(ξ3

n(r, s, t)). U-Gt max(ξ3
n) = ξ3

n(n − 5, 1, 1).1Æ�UG& 2 t β(ξ3
n(r, s, t)) < β(ξ3

n(r, s− 1, t + 1)), r ≥ 1, t ≥ s ≥ 2. $�ZG& 3 =r��t
βmax(ξ

3
n) = β(n − 5, 1, 1), βmin(ξ

3
n) =

{

β(ξ3
n(1, k, k)), n − 4 = 2k;

β(ξ3
n(1, k, k + 1)), n − 4 = 2k + 1.



4N ^kk��� R(G) ≥ −1 >��Æ�R%p�)bww>"q 823i' k �qpz��" 6 i Tn(r, s, t), r ≥ s ≥ t ≥ 1, n = r + s + t + 1. e
(1) max(Tn) = Tn(1, 1, n− 3).

(2) n ≡ 0(mod 3) l� min(Tn) = Tn(n
3 − 1, n

3 , n
3 ); n ≡ 1(mod 3) l� min(Tn) =

Tn(n−1
3 , n−1

3 , n−1
3 ); n ≡ 2(mod 3) l� min(Tn) = Tn(n−2

3 , n−2
3 , n+1

3 ).C% UG& 2 t β(Tn(r, s, t)) < β(Tn(r + 1, s − 1, t)), t ≥ 1, r ≥ s ≥ 2. Ya�M& 9, GtG& 6 *)�2# 2 βmax(ξ
2
n) < βmax(ξ

1
n) ≤ βmax(ξ

3
n) < βmax(Tn), n ≥ 7.��B� n = 5 l� βmax(ξ

2
n) = βmax(ξ

1
n); n = 6 l� βmax(ξ

3
n) = βmax(ξ

2
n) < βmax(ξ

1
n);

n = 7 l� βmax(ξ
3
n) = βmax(ξ

1
n).C% a�G& 3–6, UM& 2 t

h(ξ1
n(n − 1, 1)) = h(Pn) + x2h(Pn−3) = xh(Pn−1) + xh(Pn−2) + x2h(Pn−3),

h(ξ2
n(1, n − 4)) = h(Pn) + xh(P2)h(Pn−4) = xh(Dn−1) + xh(Pn−2),

h(ξ3
n(n − 5, 1, 1)) = h(Tn(n − 3, 1, 1)) + h(P2)h(Tn−3(n − 6, 1, 1))

= xh(Pn−1) + x2h(Pn−3) + h(P2)[xh(Pn−4) + x2h(Pn−6)].YUM& 5 ;
h(ξ2

n(1, n − 4)) − h(ξ1
n(n − 1, 1)) = x[h(P2)h(Pn−4) − xh(Pn−3)] = x3h(Pn−6),

h(ξ3
n(n − 5, 1, 1))− h(ξ1

n(n − 1, 1)) = −x2[xh(Pn−5) − h(P2)h(Pn−6)] = x4h(Pn−8).Zr�a�
6 1 yM& 8 t�6*)�2# 3 βmin(ξ
3
n) ≤ βmin(ξ

2
n) ≤ βmin(ξ

1
n) < βmin(Tn), n ≥ 6.C% (1) a�G& 3–5, 8 n = 2k, k ≥ 3 l�UM& 2 ;

h(ξ1
n(k+1, k−1)) = h(Pn)+xh(Pk−1)h(Pk−1), h(ξ2

n(k−2, k−1)) = h(Pn)+h(P2)h(Pk−2)h(Pk−1),

h(ξ3
n(1, k − 2, k − 2)) = h(Tn(3, k − 2, k − 2)) + h(P2)h(P2k−3)

= h(P3)h(P2k−3) + h(P2)[xh2(Pk−2) + h(P2k−3)].YUM& 5 ;
h(ξ2

n(k−2, k−1))−h(ξ1
n(k+1, k−1)) = [h(P2)h(Pk−2)−xh(Pk−1)]h(Pk−1) = x2h(Pk−1)h(Pk−4),

h(ξ3
n(1, k − 2, k − 2)) − h(ξ2

n(k − 2, k − 1)) = x2h(P2)h(Pk−3)h(Pk−4),Gt k = 3 l�W βmin(ξ
3
n) = βmin(ξ

2
n) = βmin(ξ

1
n); k > 3 l�a�
6 1 mM& 8 t

βmin(ξ
3
n) < βmin(ξ

2
n) < βmin(ξ

1
n).
& r�8 n = 2k + 1, k ≥ 3 l�HW βmin(ξ

3
n) < βmin(ξ

2
n) < βmin(ξ

1
n).
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(2) a�G& 6, 8 n = 3k, k ≥ 2 l�UM& 2

h(ξ1
n(n − k + 1, k − 1)) = h(Tn(k − 1, k, k)) + xh(Tn−2(k − 1, k − 1, k − 1)),UM& 8 yG& 1(1) t β(ξ1

n(n − k + 1, k − 1)) < β(Tn(k − 1, k, k)). LS βmin(ξ
1
n) ≤ β(ξ1

n(n −

k + 1, k − 1)) < βmin(Tn). 
& r n = 3k + 1, 3k + 2, (k ≥ 2) l�HW βmin(ξ1
n) < βmin(Tn)*)�
�46�
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On Extremes of Minimum Real Roots of Adjoint Polynomials of

Graphs with R(G) ≥ −1

REN Hai-zhen, LIU Ru-ying
(Department of Mathematics and Information Science, Qinghai Normal University, Xining 810008, China )

Abstract: In this paper, the extremes of the minimum real roots of the adjoint polynomials of graphs
are defined, and the graphs with R(G) ≥ −1 are characterized by the extremes of the minimum real
roots of its adjoint polynomials. Moreover, the root extreme graphs of the adjoint polynomials of graphs
with R(G) ≥ −1 are given. Then, some new results on the order of the minimum real roots of the adjoint
polynomials of graphs are obtained.

Key words: adjoint polynomial; character; minimum roots; order.


