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1 ��Wq\Oi� G )(: 3 PFI�A ) G B8I� S ⊆ V (G), P_�"�z[	" V (A) � A DH�	" S ��� G 1>.B8IDH��(:I1�&P 3 B�B��'P��h��vm 3 PHyOB��'P��>�� G P�)\B�a 3 PFI�'K k ≥ 1 )~0� F = {a1, a2, · · · , ak+2} ⊆ E(G), �� F )a=z[D+B�78��

(1) = i P~0"� {ai, ai+1, ai+2} Pv��>

(2) = i Pv0"� {ai, ai+1, ai+2} Pv��h��' F )vm y. = k = 1 "� F :)vm��>��' F ) rSy.�� F 1B� a2, a4, · · · , ak+1 yOBJH'P� F B y�, � a1 yO<�� a3 yOBJHz�� ak+2 yO<�� ak yOBJH'P� F B �PM, 0�f�LQHL}Æ�� F1B�yOBJH'P� F B pM. a1,ak+2 'P� F B PC, a2, a4, · · · , ak+1 'P� F B�,a3, a5, · · · , ak 'P� F B ℄. Q�P x � y B�'� xy− y, "� Fxy.� G )�a 3 PFI� v ∈ V (G). � G − v � 3 PF�� x 'P fxHM. � G,H PÆ}RmI�K~I G + H P� V (G + H) = V (G) ∪ V (H),E(G + H) = {xy|x ∈ V (G), y ∈

V (H)}∪E(G)∪E(H). � G)vmI�A)}JH�B8��AB>.8IB��"P EG[A].
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 k E���C�b 3 QGJ 837�h 3 � uv ) G 1B(:D+:�� G′ = G/uv, u � v � G′ 1B5	HP u′. � G1�� u � v yOB���� G′ 1�)�����m � e = xy ) G 1�� uv yOB����� x,y,u,v ) G 1B_�6H��'# 4,

e �) G′ B(:D+:��[h&i e u�) G′ BD�0���W e ) G′ 1B������ e ) G 1B����=z G − e 1	 2 Hl��P S. � G− e − S 1� x � y =�d(d��P A � B. � uv ∈ EG[A ∪ S] � uv ∈ EG[B ∪ S]. ��vÆj�� uv ∈ EG[A ∪ S]. [hd�3�F&zA^�� S = {u, v}, � u′ ) G′ − e BHl�� G′ ) 3 PFbT
� u � v1-	vH.� S, �a� S = {u, y},y 6= v. � |A| ≥ 2, �) {u′, y} ) G′ − e B 2 Hl�5W
e �) G′ BD�0�
� {u, v} ∩ S = ∅, � |A| ≥ 3, �) S u) G′ − e B 2 Hl�5W e �) G′ BD�0�� 2�h 4 , G 1BvDD�0��I���	e Bb�����#e Bb����#DD�0�2� G 1BHvm��h1��m � uv ) G BvDD�0��X G′ = G− uv, e = xy ) G 1�� uv �Hv��h1B���� e ) G′ 1Bb�����'# 4, e �) G′ BD�0���3 e ) G′ 1B(:D+:��� e � G 1Bkm��h1�� e u� G′ 1B_���h1�#� e ) G′ 1B(:D+:�bT��3 e �� G 1BÆv��h1���P e ) G B����=z G 16�
3 Hl S ⊃ {x, y}. #" S u) G′ 1B 3 Hl��3 e �) G′ 1B(:D+:��bT� 2� [6] 1� Oxley � Wu y5&iS[hBKI�Nh 5 � G )�a 3PFI��)\�� e) G B����� e�vmRDQ�)b���B�1�W��� e )�y\���� e �Nvvm���" e ��Rm� F1 � F2 ��
F1 � F2 M)��>� e )�fBNvst�� F1 � F2 B}?6D�M)b����
2 w��~��a 3 PFI1�K~z[�3�8��}� �ID�0H��}R �by\�B�f�h�LBNvvD�yO��,by\��B=	oH��f+:PvH��3H)D�0H��,}�I��}v �by\�B�f�h�LBRD�RDz�B�yO��,by\��P��> (��by\�1�=	B+:���I��5�). (1) �h��>B#�D�M)(:D+:���,}1B��by\�B�fyOB#D(:D+:�+:��x4�I$�BD�0��+?I1WD�0�P,� (2) �h��>�-	RD(:D+:���Æ}+:}1vD��x4�I$�BD�0��+?I1WD�0�P,�Ry\���}��>1BvDD+:��$��8 (1).[h�:#�3�8RI=$�B�`&zA^��z[BA^1��RB�4i�I1=	JHB"��^4i�3�8>�Y�i��R�����[|K��I G5�k3�8�AI
G′, � e = uv ∈ E(G), e = uv ∈ E(G′), �' G 1B� e = uv � G′ 1.^
� e = uv ∈ E(G′)< e = uv 6∈ E(G), �' e ) G′ 1Be ��

1). Q�Jj��[a�J���



838 1 k o 7 � z _ 26=
(1) �8vRIBPFj��ajB�`��D�0HBK~�j0 1 D)��8v�+IB�a 3 PFj�
(2) �8XRIBPFj��ajB�`�A#�a 3 PFI G 1Bby\� F , �}�fP v, RQ�d�P ux1, xkw(k ≥ 2), oHP x1, x2, · · · , xk−1, xk. �� v � G 1�� F L3vD� e = vp yO�,�B=	oH��f+:PvH��� F B=	oH��f+:P G′ 1BH"P v. Uf	 G′ �)�a 3 PFI�e��� G′ �) 3 PFI��6� 2 Hl S′, $ G′ − S′ �PF�#"� v ∈ S′, ���

S′ u) G B 2 Hl�#� G ) 3 PFIbT�� � {u, v} ∩ S′ 6= ∅, �R'jD� u ∈ S′, � S′ = {u, v}. � S = {u, v} u) G B 2 Hl�bT�� � p ∈ S′, � S′ = {p, v}. � S = {p, x1} ) G B 2 Hl�bT��3� S′ = {v, y}, y 6= u, w, p. �� d′Gv = 3, =z� G′ − S′ 1�	vd(-� u,w,p 1BvmH�� G′ − S′ 	vmd(-� u, �� w,p. � S = {x1, y} ) G B 2 Hl�bT
�
G′ −S′ 	vmd(-� w, �� u,p, H7DA.bT
� G′ −S′ 	vmd(-� p, �� u,w.� S = {v, y} ) G B 2 Hl�bT�� G′ �)�a 3 PFI��6� G′ 1B� e, $ G′ − e � 3 PF��� e �Dp)��>�B��, G′ − e 1R�BH�gP G 1Bby\��|)�=A?BI (� G− e) �) 3PFI�5W� e ) G BD�0��#� G )�a 3 PFIbT�<*��/�8�+IB�a 3 PFj�5W��8X�+IB�a 3 PFj�

(3) �8�RIBPFj��ajB�`�� F )�a 3 PFI G 1Bby\��}�fP v, RQ�d�P ux1, xkw(k ≥ 2), oHP x1, x2, · · · , xk−1, xk, �� v � G 1�� F L.�RD�yO�,� F B=	oH+:PvH��hHP x, ��5��I�AI G′. Uf	 G′ �)�a 3 PFI�e��� G′ �) 3PFI��6� 2 Hl S′, $ G′ − S′ �PF�|* S′ ∩ {v, x} 6= ∅.#"� S′ = {x, v}, � S = {x1, v} ) G B 2 Hl�#� G ) 3 PFI�bT
�
x ∈ S′, v 6∈ S′, � S′ = {x, y}, y 6= v, = y = u "� S = {xk, u} ) G B 2 Hl�bT�= y = w"� S = {x1, w} ) G B 2 Hl�bT
� x 6∈ S′,v ∈ S′, � S′ = {v, y}, y 6= x, � S = {v, y}) G B 2 Hl�bT�� G′ �)�a 3 PFI��6� G′ 1B� e, $ G′ − e � 3 PF��� e �Dp)��>�B��, G′ − e 1R�B��>�gP G 1Bby\��|)�=A?BI (� G− e) �) 3 PFI�5W� e ) G BD�0��#� G )�a 3 PFIbT���D�0��(:D+:�BK~)��8��+IB�a 3 PFj�

2). Q�J^AC[T^AC|J���
(1) �8vRIB����b���0B�`�� G )�a 3 PFI� x ) G 1BD�0H�X G′ = G− x. �j0 1 D)�G′ u)�a 3PFI�� e = uv ) G1B����� G 1	�� {u, v}B 3Hl S. �� G−x� 3PF�=z x /∈ S. �3� x � G−S Bvmd(1��P A. ��P x ) G 1BD�0H�Uf	 G[N [x]] ∼= K1,3. e��� N(x) = {a, b, c}, ab ∈ E(G),℄� ab) GB����p;KI 5,ab�Nvvmby\����) G − x �	 2 PH�#� G − x �) 3 PFbT��3 |A| ≥ 2,



4| Y�g�E��
 k E���C�b 3 QGJ 8395W G′ 1�	 3 Hl S ⊃ {u, v}. �) e �) G′ 1B(:D+:��x	 f(G′) ≤ f(G).

(2) �8XRIB����b���0B�`�A#�a 3 PFI G 1Bby\� F , �}�fP v, RQ�d�P ux1, xkw(k ≥ 2), oHP x1, x2, · · · , xk, �� v � G 1�� F L3vD� e = vp yO�,� F B=	oH��f+:PvH��� F B=	oH��f+:P G′ 1BH v. Uf-\x?� e GA^���h�8R� G′ 1.^B G 1=	���Bj0�Y�p�jBi��=z� G 1B#���� G′ 1�)����[hGA^ e. � e ) G B����℄� e �� G 1BÆ���h1��) G 1	�� {v, p} B 3 Hl S = {v, p, y}. � G − S Bvmd() A, }ÆBd(�P B,� A ∩ {u, w, x1, · · · , xk} 6= ∅ 6= B ∩ {u, w, x1, · · · , xk}, �W A ∩ {u, w} 6= ∅ 6= B ∩ {u, w}. ��
G 1	�F� F BoHB 3 Do��_.B u−w Z�=z y 6∈ {x1, x2, · · · , xk}, 5W {v, p, y}) G′ B 3 Hl�=z� e �) G′ B(:D+:��� e � G′ 1� 3 PHyO��3� e )
G′ B�����3D*��#3�F[� G 1B=	����� G′ 1.^���f� G′ 1�)�����3	 f(G′) ≤ f(G).

(3) �8�RIB����b���0B�`�� F )�a 3 PFI G 1Bby\��}�fP v, RQ�d�P ux1, xkw(k ≥ 2), oHP x1, x2, · · · , xk, �� v � G 1�� F L.�RD�yO�,� F B=	oH+:PvH��hHP x, ��5��I�AI G′. ��hBA^D)� G′ �)�a 3 PFI�[hdR3�h&zA^�� � xv ) G′ Bb����� xv vK) G′ B(:D+:��X G′′ = G′/xv. 3"|*� G′ 1�� v yOB���� G′′ 1�)����[h&i G′ 1� v yOB���� G′′1�)����� rv ) G′ 1B����� r 6= x. �3� G 1)� P L� v yOBvD������ dG(v) ≥ 4, �'# 4,dG(r) = 3. 5W d′G(r) = d′′G(r) = dG(r) = 3. rv � G′ 1�D�0���� G ? G′, �? G′′ B�*1�M	e (:D+:��<*� G 1B�����
G′′ 1.^�vKu) G′′ 1B����5W f(G′′) ≤ f(G). [hp; G′′ 1 uv, vw )eD�0d�F&zA^�

(I). uv, vw � G′′ 1M�D�0�3"� G′′ )�a 3 PFI�� f(G′′) ≤ f(G). � G′′1	D�0�����I 3 )�D�0��� v yO�����hBA^� G′′ 1BD�0�� G 1vK)(:D+:��'� sv ) G 1B(:D+:��W sv � G′′ 1)D�0��℄� d′′G(s) ≥ 4. X G∗ = G′′ − sv. �'# 6 ��I 4,G′′ 1B���-Dp)P G∗ 1B(:D+:����#sB�� G′′ 1�� vs �Hvm��h1��W vs � G 1��Æ���h1��3 s �� u � w _W��a� sw ∈ E(G), � sw ) G 1B����� G 1	 3 Hl T ⊃ {w, s}. ℄� T u) G∗ 1�� {w, s} B 3 Hl� sw � G∗ 1�)(:D+:���
dG(s) = d′′G(s) ≥ 4, �'# 4,dG(w) = 3. �) d∗G(w) = dG(w) = 3. sw � G∗ 1�D�0�x
sw ) G∗ 1B�����|�.� G 1�� v, s yOB����� G∗ 1.^�u) G∗ 1B����;�=/�	 f(G∗) ≤ f(G). � G∗ 1�	D�0���5g�/�*�+?A?vm�a 3 PFI��P G. ��hBA^)� f(G) ≤ f(G).

(II). uv, vw � G′′ 1-p�0}1vD���vÆj�'� G′′ 1�0 uv �� vw �D�0�X G∗ = G′ − uv. � e ) G 1�� xi(i = 1, 2, · · · , k) yOBÆv���� G )�a 3 PFI�=z G− e 	 2 Hl S. �) S u) G′ − e B 2 Hl�� x ∈ S, � S = {x, y}, � {y, v}� {y, w} ) G∗ − e B 2 Hl�5W e � G∗ 1�D�0�� x /∈ S, � G′ − e − S BRmd(



840 1 k o 7 � z _ 26=d�P A, B, � {v, w} ⊆ A ∪ S � {v, w} ⊆ B ∪ S. �) S u) G∗ − e B 2 Hl�5W e �
G∗ 1u�D�0�� vw � G∗ 1�D�0�x G∗ )�a 3 PFI�[h&i� G 1B����� G∗ 1.^��u) G∗ B����℄�� G 1�� u, v, w yOB���u) G∗ 1B����

(i). � ut ) G 1BvD�����W ut u) G′ 1B�����) G′ 1	 3 Hl
S ⊃ {u, t}. � S = {u, t, y},℄� t 6= v. � y = x, � {u, t, v}) G∗ 1B 3Hl�ut) G∗ B�D+:��� y 6= x, � G′ − S BRmd(d�P A, B, � {v, w} ⊆ A ∪ S � {v, w} ⊆ B ∪ S.�) S u) G∗ B 3 Hl�5W ut u�) G∗ B(:D+:��

(ii). � vs ) G 1��� F �BvD�����Wu) G′ 1B�����) G′ 1	 3Hl S ⊃ {v, s}. � S = {v, s, y}, ℄� t 6= u, w. � y = x, � {v, s} ) G∗ 1B 2 Hl� vs )
G∗ B�D+:��� y 6= x, � S u) G∗ B 3 Hl�5W vs u�) G∗ B(:D+:��

(iii). � wp ) G 1BvD����H�D& wp u) G∗ 1BvD����;�=/�Uf	 f(G∗) < f(G).

(III). uv, vw�G′′1Dx4�0�XG∗ = G′′−uv−vw,�G∗ = G′−x. 4i x)G′BD�0H��j0 1,G∗ �)�a 3 PFI� f(G∗) ≤ f(G′) − 3. 4W	 f(G∗) ≤ f(G) − 2 < f(G).� � xv ) G′ B�����by\� F �)Sy\� F ′. ℄��R� G 1� F L��
v yOB����3�8��i��fB���Bj0�� G 1B#���� G′ 1��)����� e ) G 1� v yO���� F �B�����'# 3 )� e .��vm 3 PHyO��F�3�8�� e ��+�#m 3 PHyO���|&i e � G′ 1��D(:+:�5W e ) G′ B����3"	 f(G′) ≤ f(G).[hUf'K G 1W��h�� G 1	y\� F , }�fP v, oHP x, RQ�d�P
ux, xw. X G′ = G/ux, �� u,x � G′ 1B5	H�"P u.

(I). dG(u) ≥ 4. � vp ) G 1�� vx B������I 3 ) vp u) G′ B�����
e = wp ) G 1B����� G − e 	 2 Hl��P S, ℄�� w � p � G − e − S BRm�HBd(1��a� w =�Bd(P A, }Æd(B�P B, � p ∈ B. �� ux ∈ E(G), =z
ux ∈ EG−e[A ∪ S], � ux ∈ EG−e[B ∪ S]. 5W� G′ − e 1	 2 Hl��3� e ) G′ B�D�0���'# 5,e �) G′ 1B(:D+:��x e �) G′ B����� f = ru ) G 1B�����) G− f 	 2 Hl��P S. ℄�� r � u � G− ru BRm�HBd(1�� r =�Bd(P A, }Æd(B�P B. �� dG(u) ≥ 4, �3 u ∈ B, �W |B| ≥ 2. �� ux ∈ E(G),=z x ∈ S ∪ B. � x 6∈ B, � G′ 1	 2 Hl�� G′ ) 3 PFbT�� x ∈ B, � G′ − ru 1	
2 Hl��3� ru ) G′ B�D�0����'# 5,e �) G′ 1B(:D+:��=z� e )
G′ 1B������I 3 )� G 10S� u,x,w,v yOB���L�}Æ=	B���� G′1�)����<*� G 10 xv L�}Æ=	���� G′ 1�)������ G′ 1$�BD�0�-Dp) uv, uw.

(i). � uv, uw � G′ 1M�D�0�� f(G′) ≤ f(G).

(ii). � uv, uw � G′ 1-D�0}1BvD���vÆj�� G′ 1-p�0 uv. X
G′′ = G′ − uv, � dG(v) = d′G(v) ≥ 4. |*�G 1�� u yOB���� G′ 1�)����[& G1� uyOB���� G′ 1u)����� us) G1�BvD������ dG(u) ≥ 4,�'# 4,dG(s) = 3, �) d′′G(s) = dG(s) = 3. us � G′′ 1�D�0��W	 f(G′′) < f(G).

(iii). � uv, uw � G′ 1� G′ 1Dx4�0�X G′′ = G′ − uv − uw, � G′′ = G− x. 4i



4| Y�g�E��
 k E���C�b 3 QGJ 841

x ) G 1BD�0H��j0 1,G′′ �)�a 3 PFI� f(G′′) ≤ f(G) − 2 < f(G).

(II). dG(u) = 3. � NG(u) = {s, r, x}, ��I 3,G 1�� u, x yOB���� G′ 1�)������ G′ 1$�BD�0�-Dp)� uyOB6D� su, ru, uv, uw. W�?U-p�0}1BvD�[hd�F&zA^�
(i). � su � ru � G′ 1D�0���vÆj�� ru D�0�X G′′ = G′ − ru. �� G 1W��h�=z G′ 1?U.^Rm��h {u, r, v}, {u, s, w}. ��I 4,G′ 1-	 rv, uv �	Dp�P G′′ 1Bb����� rv ∈ EG �) G 1B������ dG(r) = d′G(r) ≥ 4, p;'# 4, 	 d′′G(v) = d′G(v) = dG(v) = 3. �3 rv ) G′′ B�D�0����P rv ) G 1B�����) G 1	 3 Hl S ⊃ {r, v}. � S = {r, v, y}. � y 6= u, x, � S u) G′′ 1B�� {r, v}B 3 Hl� rv �) G′′ 1B(:D+:��� y = u, � x � G − S Bvmd( A 1���

rv /∈ EG. �3 |A| ≥ 2. =z S u) G′′ 1B�� {r, v} B 3 Hl� rv �) G′′ 1B(:D+:��� y = x, H�D& rv �) G′′ 1B(:D+:��<*�Uf	 f(G′′) < f(G).

(ii). � uv � uw � G′ 1D�0���vÆj�� uv D�0�X G′′ = G′ − uv. H7�Dz&i f(G′′) < f(G).

3 OiK�n� G )�	 k(k ≥ 3) Db�����0P m B�a 3 PFI�UfRI G 1Bb���B0l k 4i}m&i�-\r&-%D+�G3 ��dl\�."dl\�R�dl\�\,}1Bvm��B=	oH��f+:PvH�dl\�)P\���."dl\�Hs\,}1Bvm��B=	oH��f+:PvH�."dl\�)P\��3�= k = 3 "�0^)M�'�= k ≤ n "�0^)M��Æ}vm.U	 n Db���B�a 3 PFIMDz�\5�vYU�8v�X��Bq�8�C�WA?�[h&i�= k = n + 1 "�0^u)M�� G )�a 3 PFI� f(G) = n + 1, e(G) = m ≥ k = n + 1. � m = n + 1, � G 1eD�M)b����Æ�v� e ∈ E(G). �� e ) G 1B(:D+:��� G 1+: e, �I1BD�0�x4�0��A�aI G′, � f(G′) ≤ n, �}m'K�0^R G′ )M�5W0^R G u)M�'� f(G) = n + 1, e(G) < m "�0^y)M�^� f(G) = n + 1, e(G) = m. RI G  ivYU�8v�X�� (1) ��Av�aI��P G′. ��hBA^D)� G′ �)�a 3 PFI��� f(G′) < f(G) � f(G′) = f(G), e(G′) < e(G). �}m'��0^R G′ )M�5W0^R G u)M��3Dz'K�I G 1�	y\��R}1vmy\�# �8�
(2), AI G′, ��hBA^	 f(G′) < f(G) � f(G′) = f(G),e(G′) < e(G). �}m'��0^R G′ )M�5W0^R G u)M� 2Ge�
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Minimally 3-Connected Graphs with Exactly k Non-Essential Edges

LIU Yu-xing1, SU Jian-ji2

(1. Dept. of Math., Ganzhou Teacher’s College, Jiangxi 341000, China;
2. College of Math. & Comput. Sci., Guangxi Normal University, Guilin 541004, China )

Abstract: Let G be a simple 3-connected graph. An edge e of a simple 3-connected graph G is essential
if neither the deletion G\e nor the contraction G/e is simple and 3-connected.

For essential edges of a 3-connected graph, Tutte obtained the following theorem.

Theorem 1 Let G be a simple 3-connected graph. Then every edge is essential if and only if G is a

wheel.

This theorem ensures the existence of at least one non-essential edge in every simple 3-connected
graph that is not a wheel. The existence of non-essential edges has become a powerful induction tool.

Oxley and Wu proved that if G is a minimally 3-connected graph that is not a wheel, then there
are at least three non-essential edges, and characterized the minimally 3-connected graphs with exactly
three non-essential edges. Reid and Wu also determined all minimally 3-connected graphs with at most
five non-essential edges.

In this paper, we use a quite different way to solve this problem. We prove the result by constructing
all of the minimally 3-connected graphs with exactly k non-essential edges through several operations,
starting with a wheel. That is, firstly, in a minimally 3-connected graph, we define the following three
operations:

Operation One: Deletion of any deletable vertex.
Operation Two: If the hub of a non-trivial fan is incident to only one edge out of the fan, then

all the inner-vertices of the fan and the hub of the non-trivial fan are contracted into a vertex. If the
vertex is a deletable vertex, then it is deleted.

Operation Three: If the hub of a non-trivial fan is incident to two or more edges out of the
fan, then the non-trivial fan is transformed into a triad (that is, in the non-trivial fan, we contract all
arcs and delete loops and multi-edges). First, if the three edges of the triad are simple-contractible, the
simple-contractible edge that is incident to the hub of the former non-trivial fan is contracted. All the
generated deletable edges are deleted in turn, till there are no deletable edges in the graph. Secondly, if
there are exactly two simple-contractible edges in the triad, then any one of them is contracted, and all
the generated deletable edges are deleted in turn, till there are no deletable edges in the graph. For any
non-trivial fan. Operation One is applied on any one of contractible edges chosen from the fan.

Then by the above operations and the operation of adding edges, we can construct all minimally
3-connected graphs with exactly k (k ≥ 3) non-essential edges, starting with a wheel. By induction, a
minimally 3-connected graph with exactly k (k ≥ 4) non-essential edges, can be transformed into a min-
imally 3-connected graph with much less non-essential edges by a series of these operations. According
to the induction hypothesis, a minimally 3-connected graph with less than k non-essential edges can be
obtained from a wheel by the inverse of the used operations. Therefore, a minimally 3-connected graph
with exactly k non-essential edges can be obtained from a wheel by the inverse of the used operations.
In this way, all minimally 3-connected graphs with exactly k non-essential edges can be constructed
completely.

So, we obtain the following main result of the paper:

Theorem 2 Gk (k ≥ 3) can be transformed into W through a series of Operation One, Two, Three

and the deletion of edges. Hence, Gk (k ≥ 3) can be obtained from a wheel by the inverse of the

used operations, where Gk and W are used to denote a minimally 3-connected graph with exactly k
non-essential edges and a wheel, respectively.

Key words: minimally 3-connected graph; non-essential edge; fan; wheel.


