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1. Introduction

The singular integral operators and their commutators have been extensively studied in

recent years, and the results are plentiful and substantial. Especially, their boundedness on some

spaces have been resolved with the establishment of the decomposition theory on these spaces.

But the commutators of θ(t)-type Calderón-Zygmund operators which were introduced in [18]

by Yabuta and in [15] by Lizhong Peng, have not been discussed extensively. However, the

introduction of this kind of operators has profound background of partial differential equation.

By the studies of θ(t)-type Calderón-Zygmund operators, we know that the studies of this kind of

operators and commutators are more complicated and difficult than those of standard Calderón-

Zygmund operators and commutators, see [1], [2], [3], [18] and [19] etc for details. In 2002,

Shanzhen Lu, Qiang Wu and Dachun Yang studied the boundedness of commutators generated

by standard Calderón-Zygmund operators and Lipschitz functions on the Hardy type spaces in

[14]. Inspired by the results in [14] and other papers, we studied the commutators generated

by generalized Calderón-Zygmund operators and Lipschitz functions. By the Minkowski integral

inequality and the Jensen inequality to control some inequalities, in this paper, we obtain the

boundedness of the commutator [b, T ] generated by θ(t)-type Calderón-Zygmund operator T and

Lipschitz function b on the Hardy spaces and Herz type Hardy spaces. On critical point, we prove

that this commutator is bounded from Hardy spaces to weak Lebesgue spaces and from Herz

type Hardy spaces to weak Herz spaces.

First of all, let us introduce the definitions of θ(t)-type Calderón-Zygmund operator, cf.

[18], [15] and [19] etc for details.
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Definition 1.1 Suppose that T is a bounded operator from Schwartz class S(Rn) to its dual

S′(Rn), satisfying the following conditions:

(i) There exists C > 0, such that for any f ∈ C∞
0 (Rn), ‖Tf‖L2(Rn) ≤ C‖f‖L2(Rn).

(ii) There exists a continuous function k(x, y) defined on Ω = {(x, y) ∈ R
n × R

n : x 6= y}

and C > 0 such that

a) |k(x, y)| ≤ C|x − y|−n for all (x, y) ∈ Ω;

b) for all x, x0, y ∈ R
n with 2|x − x0| < |y − x0|,

|k(x, y) − k(x0, y)| + |k(y, x) − k(y, x0)| ≤ Cθ(
|x0 − x|

|x0 − y|
)|x0 − y|−n,

where θ(t) is a nonnegative nondecreasing function on [0, +∞) with
∫ 1

0
θ(t)

t dt < +∞ and θ(0) = 0,

θ(2t) ≤ Cθ(t);

c) Tf(x) =
∫

k(x, y)f(y)dy, a.e. x /∈ suppf . Then T is said to be a θ(t)-type Calderón-

Zygmund operator.

For some properties of θ(t)-type Calderón-Zygmund operator defined above, especially the

boundedness on some spaces, see [15], [18] and [19] etc for details.

Similar to the definitions of other commutators, we introduce the definition of commutator

generated by θ(t)-type Calderón-Zygmund operator and Lipschitz function as follows.

Definition 1.2 Let b ∈ Lipβ(Rn), and T be a θ(t)-type Calderón-Zygmund operator. The

commutator [b, T ] generated by b and T is defined by

[b, T ]f(x) = b(x)Tf(x) − T (bf)(x) =

∫

k(x, y)(b(x) − b(y))f(y)dy. (1.1)

For β > 0, Lipschitz space Lipβ(Rn) is defined by

Lipβ(Rn) = {f : ‖f‖Lipβ(Rn) = sup
x,y∈Rn,x 6=y

|f(x) − f(y)|

|x − y|β
< ∞}. (1.2)

Obviously, if β > 1 , then Lipβ(Rn) only includes constant, and [b, T ] ≡ 0 is trivial. So we

restrict 0 < β ≤ 1.

Secondly, let us introduce Riesz integral Iα and its boundedness on Lebesgue spaces which

are useful to the proofs of theorems in the following.

Definition 1.3[16] For 0 < α < n, Riesz integral Iα is defined by

Iα(f)(x) =

∫

Rn

f(y)

|x − y|n−α
dy.

Lemma 1.1[16] Let 0 < α < n, 1 < p < q < ∞, 1/q = 1/p − α/n. Then there exists C > 0,

such that

‖Iα(f)‖q ≤ C‖f‖p .

The boundedness of commutator [b, T ] on the Legesgue spaces is as follows
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Proposition 1.1 Let b ∈ Lipβ(Rn)(β = n( 1
p − 1

q )), 1 < p < q < ∞. Then commutator [b, T ] is

bounded from Lp(Rn) to Lq(Rn).

Proof Let f ∈ Lp(Rn). Then

|[b, T ]f | = |

∫

k(x, y)(b(x) − b(y))f(y)dy|

≤

∫

|k(x, y)| · |b(x) − b(y)| · |f(y)|dy

≤ C‖b‖Lipβ(Rn)

∫

|x − y|β−n|f(y)|dy

= C‖b‖Lipβ(Rn)Iα(|f |)(x).

So

‖[b, T ]f‖q ≤ C‖b‖Lipβ(Rn)‖Iα(|f |)‖q .

Applying Lemma 1.1 for Iα, we have

‖[b, T ]f‖q ≤ C‖b‖Lipβ(Rn)‖f‖p .

This completes the proof of Proposition 1.1. 2

Here, we write the Minkowski integral inequality, which plays an important role in this

paper, as the Lemma 1.2 below[6].

Lemma 1.2 Let µ and ν be σ-finite measures, and 1 ≤ p < ∞. If f(x, y) is measurable on

ν × µ, then

‖

∫

f(x, y)dν(x)‖Lp(µ) ≤

∫

‖f(y)‖Lp(µ)dν(x). (1.3)

Obviously, when p = 1, Lemma 1.2 is the Fubini theorem.

We will study the boundedness of the commutator on Hardy spaces and Herz type Hardy

spaces in Sections 2 and 3, respectively.

2. Boundedness on Hardy spaces

In this section, we discuss the boundedness of commutator [b, T ] generated by θ(t)-type

Calderón-Zygmund operator T and Lipschitz function b on the classical Hardy spaces. And the

boundedness of commutator [b, T ] from the Hardy spaces to weak Lebesgue spaces is obtained.

First, let us review the atomic decomposition of the Hardy spaces, which is important to

study the boundedness of operators. For the following definition and lemma, please see [4], [11]

and [17] for details.

Definition 2.1 Let 0 < p ≤ 1. A function a(x) on L2(Rn) is said to be a (p, 2)-atom, if it

satisfies the following conditions.

1) There exist x0 ∈ R
n and r > 0, such that supp a ⊂ B(x0, r) = {x ∈ R

n : |x − x0| < r};

2) ‖a‖2 ≤ |B(x0, r)|
1/2−1/p;
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3)
∫

Rn a(x)xγdx = 0 for |γ| ≤ [n(1/p − 1)],

where [s] is the largest integer not bigger than s.

Lemma 2.1 Let 0 < p ≤ 1. A distribution f on R
n is said to belong to Hp(Rn) if and only if

f can be written as f =
∑∞

j=−∞ λjaj in the sense of distribution, where aj is (p, 2)-atom, and

{λj} is a sequence of numbers with
∑∞

j=−∞ |λj |
p < ∞. Moreover

∥

∥f
∥

∥

Hp(Rn)
≈ inf

{ ∞
∑

j=−∞

|λj |
p

}1/p

, (2.1)

where the infimum is taken over all the atomic decompositions of f .

Here we obtain the following results.

Theorem 2.1 Let b ∈ Lipβ(Rn) (0 < β ≤ 1), n/(n + β) < p ≤ 1 and 1/q = 1/p − β/n. If
∫ 1

0

θ(t)

t1+β
dt < +∞, then [b, T ] is bounded from Hp(Rn) to Lq(Rn).

Proof By Lemma 2.1, we only need to prove that there exists a constant C > 0, for any

(p, 2)-atom a, such that ‖[b, T ]a‖q ≤ C‖b‖Lipβ
(C being independent of a).

Suppose supp a ⊂ B = B(x0, r). It is easy to see that

∥

∥[b, T ]a
∥

∥

q
≤

(
∫

|x−x0|≤2r

|[b, T ]a(x)|qdx

)1/q

+

(
∫

|x−x0|>2r

|[b, T ]a(x)|qdx

)1/q

:= I + II . (2.2)

Pick real numbers p1 and q1 satisfying 1 < p1 < min(2, n/β), 1/q1 = 1/p1 − β/n. Using the

Hölder inequality and applying the (Lp1 , Lq1) boundedness of [b, T ] in the Proposition 1.1 and

the size condition of a, we obtain

I ≤ C‖b‖Lipβ
‖a‖p1|B|1/q−1/q1 ≤ C‖b‖Lipβ

‖a‖2|B|1/p−1/2 ≤ C‖b‖Lipβ
. (2.3)

For II, the Minkowski inequality says that

II =

(
∫

|x−x0|>2r

∣

∣

∣

∣

∫

B

k(x, y)(b(x) − b(y))a(y)dy

∣

∣

∣

∣

q

dx

)1/q

≤

(
∫

|x−x0|>2r

∣

∣

∣

∣

(b(x) − b(x0))

∫

B

k(x, y)a(y)dy

∣

∣

∣

∣

q

dx

)1/q

+

(
∫

|x−x0|>2r

∣

∣

∣

∣

∫

B

k(x, y)(b(y) − b(x0))a(y)dy

∣

∣

∣

∣

q

dx

)1/q

:=II1 + II2. (2.4)

If |x − x0| > 2r, then
∣

∣

∣

∣

∫

B

k(x, y)(b(y) − b(x0))a(y)dy

∣

∣

∣

∣

≤ C‖b‖Lipβ

∫

B

|y − x0|
β

|x − y|n
|a(y)|dy

≤ C‖b‖Lipβ
|x − x0|

−n

∫

B

|y − x0|
β|a(y)|dy

≤ C‖b‖Lipβ
|x − x0|

−nrβ+n(1−1/p).
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Therefore,

II2 ≤ C‖b‖Lipβ
rβ+n(1−1/p)

(
∫

|x−x0|>2r

|x − x0|
−nqdx

)1/q

≤ C‖b‖Lipβ
rβ+n(1−1/p)

(
∫

|t|>2r

t−nq+n−1dt

)1/q

≤ C‖b‖Lipβ
. (2.5)

For II1, by the vanishing condition of a, using the Lemma 1.2 and the Hölder inequality, we

have

II1 =

(
∫

|x−x0|>2r

∣

∣

∣

∣

(b(x) − b(x0))

∫

B

(k(x, y) − k(x, x0))a(y)dy

∣

∣

∣

∣

q

dx

)1/q

≤ C‖b‖Lipβ

(
∫

|x−x0|>2r

(

|x − x0|
β

∫

B

θ

(

|y − x0|

|x − x0|

)

|x − x0|
−n|a(y)|dy

)q

dx

)1/q

≤ C‖b‖Lipβ

∫

B

|a(y)|

(
∫

|x−x0|>2r

|x − x0|
βq−nqθq

(

|y − x0|

|x − x0|

)

dx

)1/q

dy

≤ C‖b‖Lipβ

∫

B

|a(y)| · |y − x0|
β−n+n/q

(
∫

t<1/2

θq(t)

tq(β−n)+1+n
dt

)1/q

dy.

And the Jensen inequality tells us

(
∫ 1

0

θq(t)

tq(β−n)+1+n
dt

)1/q

≤

( ∞
∑

k=1

∫ 2−k+1

2−k

θq(t)

tq(β−n)+1+n
dt

)1/q

≤ C

( ∞
∑

k=1

θq(2−k+1) · 2k(q(β−n)+n)

)1/q

≤ C

( ∞
∑

k=1

(θ(2−k+1) · 2k(β−n+n/q))1/2

)2

≤ C

(
∫ 1

0

(

θ(t)

tβ−n+2+n/q

)1/2

dt

)2

≤ C

(
∫ 1

0

θ(t)

t1+β
dt

)

·

(
∫ 1

0

1

t1−n+n/q
dt

)

≤ C.

Thus

II1 ≤ C‖b‖Lipβ

∫

B

∣

∣a(y)
∣

∣ ·
∣

∣y − x0

∣

∣

β−n+n/q
dy ≤ C‖b‖Lipβ

. (2.6)

So, by the estimates (2.3), (2.4), (2.5) and (2.6), we get that ‖[b, T ]a‖q ≤ C‖b‖Lipβ
. This

completes the proof of Theorem 2.1. 2

Noticing the fact that BMO(Rn) is the dual space of H1(Rn), we obtain a corollary of

Theorem 2.1 as follows.

Corollary 2.1 Let b ∈ Lipβ(Rn)(0 < β ≤ 1), and

∫ 1

0

θ(t)

t1+β
dt < +∞. Then [b, T ] is bounded

from Ln/β(Rn) to BMO(Rn).
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Generally, [b, T ] is not bounded from Hn/(n+β) to L1 except for the trivial case, but it has

the following weak type estimate.

Theorem 2.2 Let b ∈ Lipβ(Rn) (0 < β ≤ 1), and

∫ 1

0

θ(t)

t1+β
dt < +∞. Then [b, T ] is bounded

from Hn/(n+β)(Rn) to weak L1(Rn).

Proof By the Lemma 2.1, we know that there exist (n/(n + β), 2)-atom aj , supp aj ⊂ Bj =

B(xj , rj), and number λj , j ∈ Z, such that

f =

∞
∑

j=−∞

λjaj , and

∞
∑

j=−∞

|λj |
p < ∞.

It is easy to see that

[b, T ]f(x) =
∞
∑

j=−∞

λj(b(x) − b(xj))Taj(x)χ2Bj (x)+

∞
∑

j=−∞

λj(b(x) − b(xj))Taj(x)χ(2Bj)c(x)−

T

( ∞
∑

j=−∞

λj(b − b(xj))aj

)

(x)

:=I1 + I2 + I3. (2.7)

By the Hölder inequality and the boundedness of T on L2, we have

‖(b − b(xj))Taj(x)χ2Bj‖1 =

∫

2Bj

|b(x) − b(xj)| · |Taj|dx

≤ C‖b‖Lipβ

∫

2Bj

|x − xj |
β |Taj|dx

≤ C‖b‖Lipβ

(
∫

2Bj

|x − xj |
2βdx

)

‖Taj‖2

≤ C‖b‖Lipβ
r

β+n/2
j ‖aj‖2

≤ C‖b‖Lipβ
.

And the vanishing condition of atom aj shows that

‖(b − b(xj))Taj(x)χ(2Bj)c‖1 =

∫

(2Bj)c

∣

∣

∣

∣

(b(x) − b(xj))

∫

Bj

k(x, y)aj(y)dy

∣

∣

∣

∣

dx

≤ C‖b‖Lipβ

∫

(2Bj)c

|x − xj |
β

∣

∣

∣

∣

∫

Bj

(k(x, y) − k(x, xj))aj(y)dy

∣

∣

∣

∣

dx

≤ C‖b‖Lipβ

∫

(2Bj)c

|x − xj |
β

∫

Bj

θ

(

|y − xj |

|x − xj |

)

|x − xj |
−n|aj(y)|dydx

≤ C‖b‖Lipβ

∫

Bj

|aj(y)| · |y − xj |
β

∫ 1

0

θ(t)

t1+β
dtdy

≤ C‖b‖Lipβ
.
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Therefore,

|{x ∈ R
n : |Ii| > λ/3}| ≤ Cλ−1‖Ii‖1 ≤ Cλ−1

∞
∑

j=−∞

|λj |, i = 1, 2. (2.8)

By

‖(b − b(xj))aj‖1 ≤ C‖b‖Lipβ

∫

Bj

rβ |a(y)|dy ≤ C,

and the weak type (1.1) property of T , we have

|{x ∈ R
n : |I3| > λ/3}| ≤ Cλ−1

∥

∥

∥

∥

∞
∑

j=−∞

λj(b − b(xj))aj

∥

∥

∥

∥

1

≤ Cλ−1
∞
∑

j=−∞

|λj |. (2.9)

Noticing the fact that n/(n + β) < 1 and using the Jensen inequality, we get

|{x ∈ R
n : |[b, T ]f(x)| > λ}| ≤

3
∑

i=1

|{x ∈ R
n : |Ii(x)| > λ/3}|

≤ Cλ−1
∞
∑

j=−∞

|λj |

≤ Cλ−1

( ∞
∑

j=−∞

|λj |
n/(n+β)

)(n+β)/n

. (2.10)

Taking infinum over all the central atomic decomposition of f finishes the proof of Theorem

2.2. 2

3. Boundedness on Herz type Hardy spaces

In this section, we discuss the boundedness of the commutator [b, T ] generated by θ(t)-type

Calderón-Zygmund operator T and Lipschitz function b on the Herz type Hardy spaces.

First, we introduce the definition of Herz type Hardy space and its atomic decomposition

characterization as follows[8,12].

Definition 3.1 Let S′(Rn) be the distribution function space on R
n, and α ∈ R, 0 < p, q ≤ ∞.

For k ∈ Z, suppose that Bk = {x ∈ R
n : |x| ≤ 2k}, Ek = Bk \ Bk−1, and χk = χEk

is the

characteristic function of Ek.

(i) The homogeneous Herz space K̇α,p
q (Rn) is defined by

K̇α,p
q (Rn) = {f : f ∈ Lq

loc(R
n \ {0}), ‖f‖K̇α,p

q (Rn) < ∞},

where

‖f‖K̇α,p
q (Rn) =

{ ∞
∑

k=−∞

2kαp‖fχk‖
p
Lq(Rn)

}1/p

.

(ii) The nonhomogeneous Herz space Kα,p
q (Rn) is defined by

Kα,p
q (Rn) = {f : f ∈ Lq

loc(R
n), ‖f‖Kα,p

q (Rn) < ∞},
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where

‖f‖Kα,p
q (Rn) = (‖fχB0‖

p
q +

∞
∑

k=1

2kαp‖fχk‖
p
Lq)

1/p.

For all 0 < p < ∞ and α ∈ R, it is easy to check that

K̇0,p
p (Rn) = K0,p

p (Rn) = Lp(Rn), and K̇α/p,p
p (Rn) = Lp

|x|α(Rn).

So, the Herz spaces are the generalization of the Lebesgue spaces, and the homogeneous Herz

spaces contain the Lebesgue spaces with power weights.

Noticing the fact that [b, T ]f(x) ≤ C‖b‖Lipβ
Iβ(|f |)(x), by the Theorems 2.3 and 2.4 of [10],

we can obtain the boundedness of commutator [b, T ] on the Herz spaces as follows.

Proposition 3.1 Let b ∈ Lipβ(Rn) (0 < β ≤ 1). If 0 < p ≤ ∞, 1 < q1, q2 < ∞, and

1/q2 = 1/q1−β/n, −n/q2 < α < n(1−1/q2), then [b, T ] is bounded from K̇α,p
q1

(Rn) to K̇α,p
q2

(Rn)

and from Kα,p
q1

(Rn) to Kα,p
q2

(Rn).

Definition 3.2 Let S′(Rn) be the distribution function space on R
n. Suppose that G(f) is the

grand maximal function of f [12,17], and α ∈ R, 0 < p, q < ∞.

(i) The homogeneous Herz type Hardy space HK̇α,p
q (Rn) is defined by

HK̇α,p
q (Rn) = {f ∈ S′(Rn) : G(f) ∈ K̇α,p

q (Rn)}.

Moreover, we define

‖f‖HK̇α,p
q (Rn) = ‖G(f)‖K̇α,p

q (Rn).

(ii) The nonhomogeneous Herz type Hardy space HKα,p
q (Rn) is defined by

HKα,p
q (Rn) = {f ∈ S′(Rn) : G(f) ∈ Kα,p

q (Rn)}.

Moreover, we define

‖f‖HKα,p
q (Rn) = ‖G(f)‖Kα,p

q (Rn).

For 0 < p < ∞, it is easy to check that

HK̇0,p
p (Rn) = HK0,p

p (Rn) = Hp(Rn), and HK̇α/p,p
p (Rn) = Hp

|x|α(Rn).

This means that the Herz type Hardy space is the generalization of the classical Hardy spaces,

and the homogeneous Herz type Hardy space contains the classical Hardy spaces with power

weights.

For 1 < q < +∞, it can be proved that if −n/q < α < n(1 − 1/q), then

HK̇α,p
q (Rn) = K̇α,p

q (Rn), and HKα,p
q (Rn) = Kα,p

q (Rn).

And if α ≥ n(1 − 1/q), then one can prove that

HK̇α,p
q (Rn) 6= K̇α,p

q (Rn), and HKα,p
q (Rn) ⊂ Kα,p

q (Rn)[10,12].
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Now, we introduce the atomic decomposition of the Herz type Hardy spaces, which makes

the study of the boundedness of operators on these spaces convenient.

Definition 3.3 Let α ∈ R, 1 < q < ∞. A function a(x) on R
n is called a central (α, q)-atom,

if it satisfies the following conditions.

1) There exists r > 0, such that suppa ⊂ B(0, r);

2) ‖a‖q ≤ |B(0, r)|−α/n;

3)
∫

Rn a(x)xγdx = 0, for |γ| ≤ [α − n(1 − 1/q)].

Lemma 3.1 Let 0 < p < ∞, 1 < q < ∞, and α ≥ n(1 − 1/q). Then a distribution f on R
n is

said to belong to HK̇α,p
q (Rn) if and only if f can be written as f =

∑∞
k=−∞ λkak in the sense of

distribution, where ak is central (α, q)-atom with support Bk, and {λk} is a sequence of number

with
∑∞

k=−∞ |λk|
p < ∞. Furthermore

∥

∥f
∥

∥

HK̇α,p
q (Rn)

≈ inf

{ ∞
∑

k=−∞

|λk|
p

}1/p

, (3.1)

where the infimum is taken over all atomic decompositions of f [12].

Here, we obtain that the commutator [b, T ] generated by θ(t)-type Calderón-Zygmund oper-

ator T and Lipschitz function b is bounded from the Herz type Hardy spaces to the Herz spaces.

That is the following theorem.

Theorem 3.1 Let b ∈ Lipβ(Rn) (0 < β ≤ 1). For 0 < p < +∞, 1 < q1, q2 < +∞,

1/q2 = 1/q1 − β/n, and n(1 − 1/q1) ≤ α < n(1 − 1/q1) + β. Suppose

∫ 1

0

θ(t)

t1+β
dt < ∞. Then

[b, T ] is bounded from HK̇α,p
q1

(Rn) to K̇α,p
q2

(Rn).

Proof By Lemma 3.1, we know that f =
∑∞

k=−∞ λkak, where ak is a central (α, q1)-atom with

support Bk, and
∑∞

k=−∞ |λk|
p < ∞. Write

‖[b, T ]f‖p

K̇α,p
q2

=

∞
∑

j=−∞

2jαp‖[b, T ]fχj‖
p
q2

≤C

∞
∑

j=−∞

2jαp

( j−2
∑

k=−∞

|λk| · ‖([b, T ]ak)χj‖q2

)p

+

C

∞
∑

j=−∞

2jαp

( ∞
∑

k=j−1

|λk| · ‖([b, T ]ak)χj‖q2

)p

:=I + II. (3.2)

Noticing the fact that ‖ak‖q ≤ 2−αk, and using the (Lq1 , Lq2) boundedness of [b, T ] in the

Proposition 1.1, the Abel lemma and the Hölder inequality, one can obtain that

II = C
∞
∑

j=−∞

2jαp

( ∞
∑

k=j−1

|λk| · ‖([b, T ]ak)χj‖q2

)p
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≤ C‖b‖p
Lipβ

∞
∑

j=−∞

2jαp

( ∞
∑

k=j−1

|λk| · ‖ak‖q1

)p

≤ C‖b‖p
Lipβ























∞
∑

k=−∞

|λk|
p

k+1
∑

j=−∞

2(j−k)αp, if p ≤ 1

∞
∑

j=−∞

( ∞
∑

k=j−1

|λk|
p2(j−k)αp/2

)( ∞
∑

k=j−1

2(j−k)αp′/2

)p/p′

, if p > 1

≤ C‖b‖p
Lipβ



























∞
∑

k=−∞

|λk|
p

k+1
∑

j=−∞

2(j−k)αp, if p ≤ 1

∞
∑

k=−∞

|λk|
p

k+1
∑

j=−∞

2(j−k)αp/2, if p > 1

≤ C‖b‖p
Lipβ

∞
∑

k=−∞

|λk|
p. (3.3)

For I, we have

‖([b, T ]ak)χj‖q2 =

(
∫

Bj\Bj−1

∣

∣

∣

∣

∫

Bk

(b(x) − b(y))k(x, y)ak(y)dy

∣

∣

∣

∣

q2

dx

)1/q2

≤

(
∫

Bj\Bj−1

∣

∣

∣

∣

(b(x) − b(0))

∫

Bk

k(x, y)ak(y)dy

∣

∣

∣

∣

q2

dx

)1/q2

+

(
∫

Bj\Bj−1

∣

∣

∣

∣

∫

Bk

(b(y) − b(0))k(x, y)ak(y)dy

∣

∣

∣

∣

q2

dx

)1/q2

:=I1 + I2 . (3.4)

In addition
∣

∣

∣

∣

∫

Bk

(b(y) − b(0))k(x, y)ak(y)dy

∣

∣

∣

∣

≤ C‖b‖Lipβ

∫

Bk

|y|β

|x − y|n
|ak(y)|dy

≤ C‖b‖Lipβ
|x|−n2k(β+n(1−1/q1)−α).

Therefore,

I2 ≤ C‖b‖Lipβ
2−jα2(j−k)(α−n(1−1/q1)−β) := C‖b‖Lipβ

2−jαW (j, k), (3.5)

where

W (j, k) = 2(j−k)(α−n(1−1/q1)−β).

For I1, noticing that j ≥ k + 2, by the vanishing condition of ak and the Lemma 1.2, we get

I1 =

(
∫

Bj\Bj−1

∣

∣

∣

∣

(b(x) − b(0))

∫

Bk

(k(x, y) − k(x, 0))ak(y)dy

∣

∣

∣

∣

q2

dx

)1/q2

≤ C‖b‖Lipβ

(
∫

Bj\Bj−1

(

|x|β
∫

Bk

θ

(

|y|

|x|

)

|x|−n|ak(y)|dy

)q2

dx

)1/q2
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≤ C‖b‖Lipβ

∫

Bk

|ak(y)|

(
∫

Bj\Bj−1

(

θ

(

|y|

|x|

)

|x|β−n

)q2

dx

)1/q2

dy

≤ C‖b‖Lipβ

∫

Bk

|ak(y)| · |y|β2−j(n(1−1/q1)+β)

(
∫ 1

0

θq2(t)

t1+βq2
dt

)1/q2

dy. (3.6)

In addition the Jensen inequality, one shows that

(
∫ 1

0

θq2(t)

t1+βq2
dt

)1/q2

≤

( ∞
∑

k=1

∫ 2−k+1

2−k

θq2(t)

t1+βq2
dt

)1/q2

≤ C

( ∞
∑

k=1

(θ(2−k+1) · 2kβ)q2

)1/q2

≤ C

∞
∑

k=1

θ(2−k+1) · 2kβ ≤ C

∫ 1

0

θ(t)

t1+β
dt ≤ C.

Thus

I1 ≤ C‖b‖Lipβ
2−k(α−n(1−1/q1)−β)2−j(n(1−1/q1)+β)

= C‖b‖Lipβ
2−jα2(j−k)(α−n(1−1/q1)−β)

:= C‖b‖Lipβ
2−jαW (j, k). (3.7)

Similar to (3.3), we have that

I ≤ C‖b‖p
Lipβ

∞
∑

j=−∞

( j−2
∑

k=−∞

|λk|W (j, k)

)p

≤ C‖b‖p
Lipβ



























∞
∑

j=−∞

j−2
∑

k=−∞

|λk|
pW (j, k)p, if p ≤ 1

∞
∑

j=−∞

( j−2
∑

k=−∞

|λk|
pW (j, k)

)( j−2
∑

k=−∞

W (j, k)

)p/p′

, if p > 1

≤ C‖b‖p
Lipβ

∞
∑

k=−∞

|λk|
p.

(3.8)

Colligating the above estimates of (3.3) and (3.8), we have

‖[b, T ]f‖K̇α,p
q2

≤ C‖b‖Lipβ

( ∞
∑

k=−∞

|λk|
p

)1/p

. (3.9)

Taking the infinum over all the central atomic decomposition of f , we finish the proof of

Theorem 3.1. 2

Similarly, the results related to the nonhomogeneous Herz spaces also hold. And the proof

is similar to Theorem 3.1. Here, we omit the details.

On critical point, the commutator [b, T ] generated by θ(t)-type Calderón-Zygmund operator

T and Lipschitz function b has weak type estimate similar to Theorem 2.2. So, we introduce the

definition of the weak Herz spaces, which was introduced in [1] initially.

Definition 3.4 Let α ∈ R, 0 < p < ∞ and 0 < q < ∞ (Bk and Ek are the same as Definition

3.1).
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(i) A measurable function f on R
n is said to belong to the homogeneous weak Herz spaces

WK̇α,p
q (Rn), if ‖f‖WK̇α,p

q (Rn) = supλ>0 λ{
∑∞

k=−∞ 2kαp|{x ∈ Ek : |f(x)| > λ}|p/q}1/p < ∞.

(ii) A measurable function f on R
n is said to belong to the nonhomogeneous weak Herz

spaces WKα,p
q (Rn), if

‖f‖WKα,p
q (Rn) = sup

λ>0
λ

{

|{x ∈ B0 : |f(x)| > λ}|p/q+

∞
∑

k=1

2kαp|{x ∈ Ek : |f(x)| > λ}|p/q

}1/p

<∞.

For all 0 < p < ∞ and α ∈ R, one can get

WK̇0,p
p (Rn) = WK0,p

p (Rn) = WLp(Rn), and WK̇α/p,p
p (Rn) = WLp

|x|α(Rn).

This shows that the weak Herz space contains weak Lp(Rn) space, and the homogeneous weak

Herz space contains weak Lp(Rn) spaces with power weights.

Theorem 3.2 Let b ∈ Lipβ(Rn)(0 < β ≤ 1). Suppose that 0 < p ≤ 1, 1 < q1, q2 < +∞,

1/q2 = 1/q1 − β/n, and

∫ 1

0

θ(t)

t1+β
dt < ∞. Then [b, T ] is bounded from HK̇

n(1−1/q1)+β,p
q1 (Rn) to

WK̇
n(1−1/q1)+β,p
q2 (Rn).

Proof Let f ∈ HK̇
n(1−1/q1)+β,p
q1 (Rn). By Lemma 3.1, one has

f =

∞
∑

k=−∞

λkak,

where ak is a central (n(1 − 1
q1

) + β, q1)-atom with support Bk, and
∑∞

k=−∞ |λk|
p < ∞. Write

‖[b, T ]f‖p

WK̇
n(1−1/q1)+β,p
q2

= sup
λ>0

λp
∞
∑

j=−∞

2j(n(1−1/q1)+β)p|{x ∈ Ej : |[b, T ]f | > λ}|p/q2

≤ C sup
λ>0

λp
∞
∑

j=−∞

2j(n(1−1/q1)+β)p

∣

∣

∣

∣

{

x ∈ Ej :

∣

∣

∣

∣

j−2
∑

k=−∞

λk(b(x) − b(0))Tak(x)

∣

∣

∣

∣

> λ/3

}∣

∣

∣

∣

p/q2

+

C sup
λ>0

λp
∞
∑

j=−∞

2j(n(1−1/q1)+β)p

∣

∣

∣

∣

{

x ∈ Ej :

∣

∣

∣

∣

j−2
∑

k=−∞

λkT ((b − b(0))ak)(x)

∣

∣

∣

∣

> λ/3

}∣

∣

∣

∣

p/q2

+

C sup
λ>0

λp
∞
∑

j=−∞

2j(n(1−1/q1)+β)p

∣

∣

∣

∣

{

x ∈ Ej :

∣

∣

∣

∣

∞
∑

k=j−1

λk[b, T ]ak(x)

∣

∣

∣

∣

> λ/3

}
∣

∣

∣

∣

p/q2

:= M1 + M2 + M3. (3.10)

Similar to II in Theorem 3.1, it is easy to know that

M3 ≤ C
∞
∑

j=−∞

2j(n(1−1/q1)+β)p

∥

∥

∥

∥

∞
∑

k=j−1

λk[b, T ]ak(x)χj

∥

∥

∥

∥

p

q2

≤ C‖b‖p
Lipβ

∞
∑

k=−∞

|λk|
p. (3.11)
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Similar to I1 in Theorem 3.1, we deduce that

M1 ≤ C

∞
∑

j=−∞

2j(n(1−1/q1)+β)p

∥

∥

∥

∥

j−2
∑

k=−∞

λk(b(x) − b(0))Tak(x)χj

∥

∥

∥

∥

p

q2

≤ C‖b‖p
Lipβ

∞
∑

k=−∞

|λk|
p.

(3.12)

Noticing the fact that x ∈ Ej , we have

∣

∣

∣

∣

j−2
∑

k=−∞

λkT ((b − b(0))ak)(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

j−2
∑

k=−∞

λk

∫

Bk

k(x, y)(b(y) − b(0))ak(y)dy

∣

∣

∣

∣

≤ C‖b‖Lipβ

∣

∣

∣

∣

j−2
∑

k=−∞

λk

∫

Bk

|y|β

|x − y|n
ak(y)dy

∣

∣

∣

∣

≤ C2−jn‖b‖Lipβ

j−2
∑

k=−∞

|λk|

≤ C2−jn‖b‖Lipβ

∞
∑

k=−∞

|λk|. (3.13)

Choosing j0 ∈ Z such that

2j0n ≤ 3Cλ−1‖b‖Lipβ

∞
∑

k=−∞

|λk| < 2(j0+1)n. (3.14)

For j ≥ j0 + 1, it is easy to see that

{

x ∈ Ej : |

j−2
∑

k=−∞

λkT ((b − b(0))ak)(x)| > λ/3
}

is an empty set. Therefore,

M2 ≤ C sup
λ>0

λp

j0
∑

j=−∞

2j(n(1−1/q1)+β)p|Ej |
p/q2 ≤ C‖b‖p

Lipβ

( ∞
∑

k=−∞

|λk|

)p

≤ C‖b‖p
Lipβ

∞
∑

k=−∞

|λk|
p. (3.15)

For any central atomic decomposition of f , colligating the estimates of M1, M2, M3 above,

we have

‖[b, T ]f‖
WK̇

n(1−1/q1)+β,p
q2

≤ C‖b‖Lipβ

( ∞
∑

k=−∞

|λk|
p

)1/p

. (3.16)

Taking the infinum, we complete the proof of Theorem 3.2. 2

The similar results related to the nonhomogeneous weak Herz spaces also hold. The details

are omitted to save the space.
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