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1. Introduction and preliminaries

Let E be a real normed linear space, E∗ its dual, and 〈·, ·〉 the generalized duality pairing

between E and E∗. Let J : E → 2E∗

be the normalized duality mapping defined for each x ∈ E

by

J(x) = {f ∈ E∗ : 〈x, f〉 = ‖x‖2 = ‖f‖2}.

It is well known that if E is smooth then J is single-valued.

Definition 1.1 Let T : D(T ) ⊂ E → E be a mapping. T is said to be asymptotically

nonexpansive if there exists a sequence {kn} ⊂ [1, +∞) with limn→∞ kn = 1 such that

‖T nx − T ny‖ ≤ kn‖x − y‖, ∀x, y ∈ D(T ), n = 1, 2, 3, · · · .

It is well known that if T is nonexpansive, then T is asymptotically nonexpansive with a

constant sequence {1}.

Definition 1.2 Let C be a nonempty convex subset of E, T : C → C be a mapping and x1 ∈ C

be a given point. If sequences {xn}, {yn} ⊂ C are defined by

xn+1 = (1 − αn)xn + αnT nyn,

yn = (1 − βn)xn + βnT nxn, n ≥ 1,

(1.1)
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then {xn} is called the modified Ishikawa iterative sequence of T , where {αn}, {βn} ⊂ [0, 1], with

0 < δ ≤ αn, βn ≤ 1 − δ < 1.

In (1.1) if βn = 0 for all n ≥ 0, then yn = xn. The sequence {xn} defined by

xn+1 = (1 − αn)xn + αnT nxn, n ≥ 1 (1.2)

is called the modified Mann iterative sequence of T , where {αn} ⊂ [0, 1], with 0 < δ ≤ αn ≤

1 − δ < 1.

The concept of asymptotically nonexpansive mapping was first introduced and studied by

Goebel and Kirk[1] in 1972. They proved that if D is a nonempty bounded closed convex subset

of a uniformly convex Banach space E, then every asymptotically nonexpansive selfmapping T

defined on D has a fixed point.

In 2000, Liu and Xue[2] proved the convergence of iterative sequence in a uniformly convex

Banach space for asymptotically nonexpansive mappings. They got the following main theorem.

Theorem LX Let T be a completely continuously asymptotically nonexpansive mapping with

sequence {kn} in a bounded closed convex subset C of a uniformly convex Banach space and

kn ≥ 1,
∑

∞

n=1(kn − 1) < +∞, x1 ∈ C, {xn} defined by (1.1), where {αn} and {βn} satisfy

0 < α ≤ αn ≤ 1
2 , 0 ≤ βn ≤ 1

2 and lim
n→∞

βn = 0, then the iterative sequence {xn} converges to a

fixed point of T .

In this paper, our results generalize Theorem LX, in that we remove the assumption that

C is bounded and we approximate fixed point of asymptotically nonexpansive mapping T on a

closed, convex subset C of a uniformly convex Banach space.

We shall need the following results.

Lemma 1.1[3,4] Let {an}, {bn} and {cn} be sequences of nonnegative real numbers satisfying

the inequality

an+1 ≤ (1 + bn)an + cn, ∀n ≥ 1.

If
∑

∞

n=1 bn < +∞ and
∑

∞

n=1 cn < +∞, then limn→∞ an exists. In particular, if cn ≡ 0, then

limn→∞ an also exists.

Lemma 1.2[5] Let {ρn}∞n=1 and {σn}∞n=1 be sequences of nonnegative real numbers satisfying

the inequality

ρn+1 ≤ ρn + σn, n ≥ 1.

If
∑

∞

n=1 σn < +∞, then limn→∞ ρn exists. In particular, if {ρn}∞n=1 has a subsequence which

converges strongly to zero, then limn→∞ ρn = 0.

Lemma 1.3[6] Suppose that E is a uniformly convex Banach space and 0 < p ≤ tn ≤ q < 1

for all positive intergers n. Also suppose that {xn} and {yn} are two sequences of E such that

lim supn→∞
‖xn‖ ≤ r, lim supn→∞

‖yn‖ ≤ r and limn→∞ ‖tnxn + (1 − tn)yn‖ = r hold for some

r ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.
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2. Main results

Lemma 2.1 Let E be a real normed linear space, C be a nonempty convex subset of E, and

T : C → C be an asymptotically nonexpansive mapping with a real sequence {kn} in [1, +∞)

such that
∑

∞

n=1(kn − 1) < +∞. Let x1 ∈ C, {xn} be the modified Ishikawa iterative sequence

defined by (1.1). If F (T ) 6= ∅, then for any given q ∈ F (T ), limn→∞ ‖xn − q‖ exists.

Proof For any given q ∈ F (T ), using iterates (1.1), we have

‖xn+1 − q‖ = ‖(1 − αn)(xn − q) + αn(T nyn − q)‖

≤ (1 − αn)‖xn − q‖ + αnkn‖yn − q‖. (2.1)

Otherwise,

‖yn − q‖ = ‖(1 − βn)(xn − q) + βn(T nxn − q)‖

≤ (1 − βn)‖xn − q‖ + βnkn‖xn − q‖

= [1 + (kn − 1)βn]‖xn − q‖

≤ kn‖xn − q‖. (2.2)

Substituting (2.2) into (2.1), we have

‖xn+1 − q‖ ≤ (1 − αn)‖xn − q‖ + αnk2
n‖xn − q‖

= [1 + αn(k2
n − 1)]‖xn − q‖. (2.3)

Set an = ‖xn − q‖, bn = αn(k2
n − 1) = αn(kn + 1)(kn − 1). Then Inequality (2.3) is equal to

an+1 ≤ (1 + bn)an.

Since
∑

∞

n=1(kn − 1) < +∞, {kn} is a bounded sequence and αn ∈ [0, 1], so
∑

∞

n=1 bn < +∞. By

Lemma 1.1, we know limn→∞ an = limn→∞ ‖xn − q‖ exists.

Lemma 2.2 Let E be a uniformly convex Banach space, C be a nonempty convex subset of

E, and T : C → C be an asymptotically nonexpansive mapping with a real sequence {kn} in

[1, +∞) such that
∑

∞

n=1(kn − 1) < +∞. Let x1 ∈ C, {xn} be the modified Ishikawa iterative

sequence defined by (1.1). If F (T ) 6= ∅, then limn→∞ ‖xn − Txn‖ = 0.

Proof Since F (T ) 6= ∅, let q ∈ F (T ). By Lemma 2.1, we know limn→∞ ‖xn − q‖ exists. Let

limn→∞ ‖xn − q‖ = c, c ≥ 0.

Step 1. We prove limn→∞ ‖xn − T nxn‖ = 0.

From (1.1), we have

‖yn − q‖ = ‖(1 − βn)(xn − q) + βn(T nxn − T nq)‖

≤ [1 + (kn − 1)βn]‖xn − q‖

≤ kn‖xn − q‖.
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Taking lim sup on both sides of the above inequality, we have

lim sup
n→∞

‖yn − q‖ ≤ c. (2.4)

Next, consider ‖T nyn − q‖ ≤ kn‖yn − q‖. Taking lim sup on both sides of the above inequality

and then using (2.4), we get that

lim sup
n→∞

‖T nyn − q‖ ≤ c.

Furthermore, limn→∞ ‖xn+1 − q‖ = c means that

lim
n→∞

‖(1 − αn)(xn − q) + αn(T nyn − q)‖ = c.

Hence applying Lemma 1.3, we obtain that

lim
n→∞

‖xn − T nyn‖ = 0.

Next,

‖xn − q‖ ≤ ‖xn − T nyn‖ + ‖T nyn − q‖ ≤ ‖xn − T nyn‖ + kn‖yn − q‖

gives that

c ≤ lim inf
n→∞

‖yn − q‖ ≤ lim sup
n→∞

‖yn − q‖ ≤ c.

That is limn→∞ ‖yn − q‖ = c. Now limn→∞ ‖yn − q‖ = c can be expressed as

lim
n→∞

‖(1 − βn)(xn − q) + βn(T nxn − q)‖ = c.

Observe that ‖T nxn−q‖ ≤ kn‖xn−q‖. Taking lim sup on both the sides in the above inequality,

we have lim supn→∞
‖T nxn−q‖ ≤ c. So again by Lemma 1.3, we have limn→∞ ‖xn−T nxn‖ = 0.

Step 2. We prove limn→∞ ‖xn − Txn‖ = 0.

For convenience, let ρn = ‖xn − T nxn‖.

Now consider

‖xn − xn+1‖ = ‖αn(xn − T nyn)‖

≤ αn‖xn − T nxn‖ + αn‖T
nxn − T nyn‖

≤ αn‖xn − T nxn‖ + αnkn‖xn − yn‖

≤ αn‖xn − T nxn‖ + αnβnkn‖xn − T nxn‖

= αnρn + αnβnknρn.

That is

‖xn − xn+1‖ ≤ αnρn + αnβnknρn.
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Next consider

‖xn+1 − Txn+1‖ ≤ ‖xn+1 − T n+1xn+1‖ + ‖T n+1xn+1 − Txn+1‖

≤ ρn+1 + k1‖T
nxn+1 − xn+1‖

≤ ρn+1 + k1‖T
nxn+1 − T nxn‖ + k1‖T

nxn − xn‖ + k1‖xn − xn+1‖

≤ ρn+1 + k1kn‖xn+1 − xn‖ + k1‖T
nxn − xn‖ + k1‖xn − xn+1‖

= ρn+1 + k1(kn + 1)‖xn − xn+1‖ + k1ρn

≤ ρn+1 + k1(kn + 1)αnρn + k1kn(kn + 1)αnβnρn + k1ρn.

From Step 1, we have limn→∞ ρn = 0, kn → 1(n → ∞) and 0 ≤ αn, βn ≤ 1, so

lim
n→∞

‖xn − Txn‖ = 0.

Theorem 2.1 Let E be a uniformly convex Banach space and C its nonempty closed convex

subset of E, and T : C → C be a completely continuously asymptotically nonexpansive mapping

with a real sequence {kn} in [1, +∞) such that
∑

∞

n=1(kn − 1) < +∞. Let x1 ∈ C, {xn} be the

modified Ishikawa iterative sequence defined by (1.1). If F (T ) 6= ∅, then {xn} converges strongly

to a fixed point of T .

Proof Since F (T ) 6= ∅, by Lemma 2.2, we know

lim
n→∞

‖xn − Txn‖ = 0. (2.5)

Since T is completely continuous, by Lemma 2.1, we have {xn} is bounded and C is a closed

subset, so there must exist {Txnk
}+∞

k=1 ⊂ {Txn}
+∞

n=1. Set

lim
k→+∞

Txnk
= q. (2.6)

It follows from (2.5) and (2.6), we get

lim
k→+∞

xnk
= q. (2.7)

Since T is completely continuous, T is obviously continuous. It follows from (2.6) and (2.7) that

so ‖q − Tq‖ = 0. Thus q is a fixed point of T .

From (1.1), we have

‖xn+1 − q‖ = ‖(1 − αn)xn + αnT nyn − q‖ = ‖(1 − αn)(xn − q) + αn(T nyn − q)‖

≤ (1 − αn)‖xn − q‖ + αnkn‖yn − q‖. (2.8)

Next, consider

‖yn − q‖ = ‖(1 − βn)xn + βnT nxn − q‖ = ‖(1 − βn)(xn − q) + βn(T nxn − q)‖

≤ (1 − βn)‖xn − q‖ + βnkn‖xn − q‖ = [1 + (kn − 1)βn]‖xn − q‖. (2.9)
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Using (2.9) in (2.8), we obtain

‖xn+1 − q‖ ≤ (1 − αn)‖xn − q‖ + αnkn[1 + (kn − 1)βn]‖xn − q‖

= ‖xn − q‖ + (kn − 1)(1 + knβn)αn‖xn − q‖. (2.10)

By Lemma 2.1, for all n ≥ 0, ‖xn − q‖ is bounded, kn → 1(n → ∞) and 0 ≤ αn, βn ≤ 1, so there

exists M > 0 such that

(1 + knβn)αn‖xn − q‖ ≤ M. (2.11)

Submitting it into (2.10), we have

‖xn+1 − q‖ ≤ ‖xn − q‖ + M(kn − 1).

Since
∑

∞

n=1(kn − 1) < +∞, by Lemma 1.2, we also know limn→∞ ‖xn − q‖ exists. Again by

(2.7) and Lemma 1.2, we know {xn} converges strongly to q.

Corollary 2.1 Let E be a uniformly convex Banach space and C its nonempty closed convex

subset of E, and T : C → C be a completely continuously asymptotically nonexpansive mapping

with a real sequence {kn} in [1, +∞) such that
∑

∞

n=1(kn − 1) < +∞. Let x1 ∈ C, {xn} be the

modified Mann iterative sequence defined by (1.2). If F (T ) 6= ∅, then {xn} converges strongly

to a fixed point of T .

Proof Taking βn = 0 in Theorem 2.1, we know Corollary 2.1 is true.
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