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1. Introduction and preliminaries

Let E be a real normed linear space, E* its dual, and (-, -) the generalized duality pairing
between E and E*. Let J : E — 25" be the normalized duality mapping defined for each z € E
by

J(@) ={f € E": (z, f) = |=]* = | fI*}-

It is well known that if E is smooth then J is single-valued.

Definition 1.1 Let T : D(T) C E — E be a mapping. T is said to be asymptotically

nonexpansive if there exists a sequence {ky} C [1,+00) with lim, . k, = 1 such that
|T"x — T"y|| < kypllz —yl|, Vz,y € DT),n=1,2,3,---.

It is well known that if T" is nonexpansive, then T is asymptotically nonexpansive with a

constant sequence {1}.

Definition 1.2 Let C be a nonempty convex subset of E, T : C'— C be a mapping and 1 € C
be a given point. If sequences {x,},{y,} C C are defined by

Tn+1 = (1 - an)xn + anTnynu

(1.1)
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then {x,} is called the modified Ishikawa iterative sequence of T', where {a, }, {Bn} C [0, 1], with
0<d<a,,fB.<1-60<1.
In (1.1) if B, =0 for all n > 0, then y,, = x,,. The sequence {x,,} defined by

Tnt1 = (1 — ap)xn + T xn,n > 1 (1.2)

is called the modified Mann iterative sequence of T, where {a,,} C [0,1], with 0 < § < a,, <
1-6<1.

The concept of asymptotically nonexpansive mapping was first introduced and studied by
Goebel and Kirk!" in 1972. They proved that if D is a nonempty bounded closed convex subset
of a uniformly convex Banach space E, then every asymptotically nonexpansive selfmapping T’
defined on D has a fixed point.

In 2000, Liu and Xuel? proved the convergence of iterative sequence in a uniformly convex

Banach space for asymptotically nonexpansive mappings. They got the following main theorem.

Theorem LX Let T be a completely continuously asymptotically nonexpansive mapping with
sequence {ky} in a bounded closed convex subset C' of a uniformly convex Banach space and
kn > 1,5 (kn, — 1) < +o0, 21 € C, {x,} defined by (1.1), where {a,} and {8,} satisfy
O<a<a,< %, 0< B8, < % and nlingo Bn = 0, then the iterative sequence {x,} converges to a
fixed point of T.

In this paper, our results generalize Theorem LX, in that we remove the assumption that
C is bounded and we approximate fixed point of asymptotically nonexpansive mapping 7" on a
closed, convex subset C of a uniformly convex Banach space.

We shall need the following results.

Lemma 1.134 Let {a,}, {b,} and {c,} be sequences of nonnegative real numbers satisfying

the inequality
ant1 < (1 +bp)ay + ¢y, Y > 1.

IfFY > by < +oo and Y o0 ¢, < 400, then lim, . a, exists. In particular, if ¢, = 0, then

lim,, ., a, also exists.

Lemma 1.2 Let {p,}5, and {0,}52, be sequences of nonnegative real numbers satisfying

the inequality

Pni1 < pn+0on, m2>1

If Y | on < 400, then lim, o py exists. In particular, if {p,}52, has a subsequence which

converges strongly to zero, then lim,,_. pn, = 0.

Lemma 1.3 Suppose that E is a uniformly convex Banach space and 0 < p < t, < ¢ < 1
for all positive intergers n. Also suppose that {z,} and {y,} are two sequences of E such that
limsup,, o [|Zn]] < 7, limsup,,_, |ynll <7 and lim,— o |[tnzn + (1 — ty)yn|| = 7 hold for some

r > 0. Then lim,, .o |2, — yu|| = 0.
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2. Main results

Lemma 2.1 Let E be a real normed linear space, C' be a nonempty convex subset of E, and
T : C — C be an asymptotically nonexpansive mapping with a real sequence {k,} in [1,400)
such that Y~ (k, — 1) < 400. Let x1 € C, {x,} be the modified Ishikawa iterative sequence
defined by (1.1). If F(T) # (), then for any given q € F(T), limy, o ||xn — q|| exists.

Proof For any given g € F(T), using iterates (1.1), we have

[znt1 —qll = [[(1 = an)(@n — @) + an(T"yn — )l
< (1= an)llzn = qll + anknllyn — gl (2.1)

Otherwise,

lyn —all = (1 = Bn)(@n — @) + Bu(T"@n — g
< (1= Ba)lwn = all + Buknllzn — 4l
= [1+ (kn — 1)Ba]l|wn — 4l
< knllzn — ql|- (2.2)

Substituting (2.2) into (2.1), we have

l2nt1 = all < (1= an)llzn = dll + anky 2 — g
= 1+ an(ky = 1)lllzn — gl (2.3)

Set a, = [|zn — q||,bn = an(k2 — 1) = ap(k, +1)(k, —1). Then Inequality (2.3) is equal to
Gn41 S (1 + bn)an

Since >~°° | (k, — 1) < +o0, {ky} is a bounded sequence and «a,, € [0,1], s0 Y7, b, < +00. By

Lemma 1.1, we know lim,,_,« a,, = lim, . ||z, — ¢ exists.

Lemma 2.2 Let E be a uniformly convex Banach space, C' be a nonempty convex subset of
E, and T : C — C be an asymptotically nonexpansive mapping with a real sequence {k,} in
[1,400) such that Y " (k, — 1) < 4o00. Let z1 € C, {x,} be the modified Ishikawa iterative
sequence defined by (1.1). If F(T) # 0, then lim,, o ||xn — T2zy| = 0.

Proof Since F(T) # 0, let ¢ € F(T). By Lemma 2.1, we know lim,, . ||z, — ¢l exists. Let
limp oo |2 — ¢l = ¢,c = 0.

Step 1. We prove lim,, . ||2n — T™2,|| = 0.

From (1.1), we have

lyn — gl = |(1 = Bn)(®n — @) + Bu(T" 20 — T"q)||
< [1 + (kn - l)ﬁn]Hxn - (J||
< Enllzn —ql.
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Taking lim sup on both sides of the above inequality, we have

limsup [y, — gl < c. (2.4)

n—oo

Next, consider | Ty, — q|| < knllyn — ¢||. Taking limsup on both sides of the above inequality
and then using (2.4), we get that

limsup ||T"y, — q| < c.

n—oo

Furthermore, lim,_,c ||[Zn+1 — ¢|| = ¢ means that

lim [|(1 = an)(zn = q) + an(T"yn — gl = c.

n—oo

Hence applying Lemma 1.3, we obtain that

lim ||z, — T"yn|| = 0.

n—oo

Next,

[2n = qll < llzn =Tyl + [T"yn — all < llzn = T ynll + knllyn — 4|l

gives that

¢ <liminf ||y, — ¢|| < limsup ||y, — q| < ¢
n—0o0 n— oo
That is limy, 0 ||yn — ¢|| = ¢. Now lim,, 0 ||yn — ¢]| = ¢ can be expressed as
lim [[(1 = Ba) (@ — ) + Bu(T"n — )| = c.

Observe that ||T"z,, —q|| < ky ||z, —q¢||. Taking limsup on both the sides in the above inequality,
we have limsup,,_, . |72, —q|| < ¢. So again by Lemma 1.3, we have lim,,_.« ||z, —T"2,|| = 0.
Step 2. We prove lim, . ||z, — T2y,|| = 0.
For convenience, let p, = ||zn, — T™2y]|-

Now consider

[#n = znia1ll = llan(zn — T yn) ||
< apllzn — T || + an|[T 2y — T yu|
< aonn - Tnan + O‘nanxn - yn”
< aonn - Tnan + anﬁnanxn - Tnxn”

= Qppn + anﬁnknpn-

That is

”In - InJrl” < appn + anﬁnknpn-
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Next consider

i1 — Tongall < [[#ng1 — T ap |+ 1T 2ng1 — T |
< pnt1 + k]| T"Tnq1 — Ty ||
< png1 + kil T"Tn1 = T2 || + k1 |[T" 20 — 20| + kil|2n — T ||
< pot1 + kikn|lzng1 — 2ol + BT 20 — 20| + kl|2n — 2|l
= pnt1 + k1(kn + 1)[|2n — Znga || + k1pn
< pnt1 + k1(kn + Danpn + k1kn (En + 1) anBrpn + k1pn.

From Step 1, we have lim,, .o pr, =0, k, — 1(n — o0) and 0 < a,, B, < 1, s0
lim @, — Tz,| = 0.

Theorem 2.1 Let E be a uniformly convex Banach space and C' its nonempty closed convex
subset of E, and T : C — C be a completely continuously asymptotically nonexpansive mapping
with a real sequence {k,,} in [1,+00) such that > >~ (k, — 1) < +oo. Let z1 € C, {x,,} be the
modified Ishikawa iterative sequence defined by (1.1). If F(T) # 0, then {x,} converges strongly
to a fixed point of T.

Proof Since F(T) # ), by Lemma 2.2, we know
lim @, — Tz,| = 0. (2.5)

Since T is completely continuous, by Lemma 2.1, we have {z,} is bounded and C is a closed
subset, so there must exist {Tw,, }725 C {Tz,} . Set

kll}r_{loo T2p, =q. (2.6)
It follows from (2.5) and (2.6), we get
kll}r_{loo Xy, = Q. (2.7)

Since T is completely continuous, T is obviously continuous. It follows from (2.6) and (2.7) that
so |lg = Tq|| = 0. Thus q is a fixed point of T
From (1.1), we have

[Znt1 —qll = [(1 = an)zn + anT"yn — gl = [|(1 = an)(@n — @) + an(T"yn — )|
< (1= an)llzn — qll + anknllyn — ql|- (2.8)

Next, consider
lyn —all = |(1 = Bn)zn + BuT"zn — qll = [(1 = Bn)(#n — @) + Bu(T"xy — q)||

< (1 =Bn)llzn — gl + Buknllzn — qll = [1 4 (kn — 1)Bn]llzn — ql- (2.9)
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Using (2.9) in (2.8), we obtain

Zn+1 —all < (1= an)llzn — qll + ankn 1+ (kn — 1)Bu]ll7n — gl
= [|on — qll + (kn = D)(1 + knBn)an|lzn — ql|- (2.10)

By Lemma 2.1, for all n > 0, ||z, — ¢|| is bounded, k,, — 1(n — o0) and 0 < a,, 8, < 1, so there
exists M > 0 such that
(L4 knBn)anllzn — gl < M. (2.11)

Submitting it into (2.10), we have
[ent1 = qll < [lzn — gll + M(kn = 1).

Since Y07 (kn — 1) < +00, by Lemma 1.2, we also know lim, .« ||z, — ¢|| exists. Again by

(2.7) and Lemma 1.2, we know {z,} converges strongly to gq.

Corollary 2.1 Let E be a uniformly convex Banach space and C' its nonempty closed convex
subset of E, and T : C — C be a completely continuously asymptotically nonexpansive mapping
with a real sequence {ky} in [1,+00) such that Y, (k, — 1) < +oo. Let z1 € C, {z,} be the
modified Mann iterative sequence defined by (1.2). If F(T) # 0, then {z,} converges strongly
to a fixed point of T.

Proof Taking 3, = 0 in Theorem 2.1, we know Corollary 2.1 is true.
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