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1 g aMm Bott-Duffin �V Drazin ���rw|$p�A�#℄PB�#��Mm�w���V9
rw�!��h#w�4w� A ∈ C n×n , L = C n 2�~h�/ APL + PL⊥ =A ow��� A 2 Bott-Duffin� A
(−1)
(L) *��"yz^�

A
(−1)
(L) = PL(APL + PL⊥)−1 = (PLAPL)†. (1)/ APL + PL⊥ = ow��}8m A 2Mm Bott-Duffin �Q A

(†)
(L) = PL(APL + PL⊥)†.U�
0

A
(†)
(L) = PL(APL + PL⊥)† = (PLAPL)† (2)�j8"��Q(��u��SZ [5] �8m� L- AD8w����� L- AD8w�2Mm

Bott-Duffin ��z (2) :"���8m-X,
 1.1
[5] 4 A ∈ C n×n , " A∗ = A. / A �"Lj�x∗Ax ≥ 0, ∀x ∈ L, / x∗Ax = 0,

x ∈ L � Ax = 0. �! A Q L- AD8w� (bQ L-p.s.d. w�).�P�4�SZ [7], [8] �<Mm Bott-Duffin �2^�ek6.ds�H$�zL�<J
�*:BVVaG�>�M8E�� L- 
w�\�
T L- AD8w�\��8m-X�,
 1.2
[9] 4 A ∈ C n×n , L = C n 2�~h�/�" AL ∩ L⊥ = {0}, �! A Q L- 
w� (bQ L-zero w�).SZ [9] Yrj�I�� L- 
w�℄�Mm Bott-Duffin �Hyz2/E^��fA 1.1
[9] 4 A ∈ C n×n , L = C n 12�~h��kX�K4g�

(1) A = L- 
w�

(2) A 2Mm Bott-Duffin � A

(†)
(L) = PL(APL + PL⊥)† = (PLAPL)†;T1NJ: 2004-12-10; `-NJ: 2005-04-15; <UNJ: 2006-07-036=℄G: Od!)|
[q (10371044; 400001041); 3S?['gv�7[� (04JC14031); 3S?�7
|k5���
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(3) N (PLAPL) = N (APL).�1�oP2Z&1�U�lH$ L- 
w�2Mm Bott-Duffin �Vw�e& Drazin �2/E\^�℄�<:��S�`�>2CUz� “∗” J$���G
 “
⊕

” �~h2ÆV
 “
⊥
⊕” �~h2�mÆV
 “rank(A)” w� A 2�
 “dimL” ~h L 2RB
 “Ind(A)” w� A 2�B
 “R(A)” w� A 2��
 “N (A)” w� A 2
~h
 “Ad,W ” w� A 2e W & Drazin �
 “L⊥” �~h L 2�m�~h
 “PT,S” �~h T /�~h S 2Ntw��/ S = T⊥, i}ibQ “PT ”.

2 L- B>j7K3d Bott-Duffin H*O/^l�u��SZ [2] �H$�w� Moore-Penrose�2�<:�fA 2.1
[2] 4 A ∈ Cm×m

r , B ∈ C
m×(m−r)
m−r , C ∈ C

(m−r)×m

m−r , �"
N (C ) = R(A∗), R(B) = N (A∗).� M = A + BC, � M A o�" A† = M−1 − C†B† = M−1 − C∗(CC∗)−1(B∗B)−1B∗.��4�SZ [4] �H$�<!2 L- 
w�2/E^��fA 2.2

[4] 4 A ∈ C n×n =<!2 L-
w��bX = PL⊥⊕(L∩N (A)),�M = PLAPL+X ,�kX�K"��
(1) M A o�" M−1 ∈ PLAPL{1, 3, 4};

(2) M−1PLAPLM−1 = (PLAPL)†;

(3) A
(†)
(L) = M−1 − X .l
�<!2 L- 
w�\
T L- AD8w�\�)=1/kXO�XC 2.1 4 A ∈ C n×n = L- AD8w��� M = PLAPL + X , � M A o�"

A
(†)
(L) = M−1 − X.oWq� 1.1 Vq� 2.1, U�}k1/ L- 
w�2Mm Bott-Duffin �2jG\�<:�FV 2.1 4 A ∈ C n×n , L = C n 12�~h� A = L- 
w��4
�w� B, C∗ �"

N (C ) = R(PLA
∗
PL), R(B) = N (PLA

∗
PL).� M = PLAPL + BC, � M A o�" A

(†)
(L) = M−1 − C†B†.,A 2.1 4 A ∈ C

n×n , L= C
n 12�~h�A = L-
w��� S = L⊥⊕ (L∩N (A)),

X = PS , �kX��K4g�
(i) M = PLAPL + X =A o2�" A

(†)
(L) = M−1 − X ; (ii) R(PLAPL) = R(PLA

∗).kE (i)⇒(ii). yLj (i) 1
PS = M − PLAPL = M−1 − A

(†)
(L).Hk

PS = (M − PLAPL)(M−1 − A
(†)
(L)),

PS = I − MA
(†)
(L) − PLAPLM−1 + PLAPLA

(†)
(L). (3)



132 C a e t } � � 27z{y M = PLAPL + PS , M−1 = A
(†)
(L) + PS . -. (3) :}1

PS = I − PSA
(†)
(L) − PLAPLA

(†)
(L) − PLAPLPS .pQ

S = L⊥ ⊕ (L ∩N (A)) = N (APL) = N (PLAPL).Hk
R(A

(†)
(L)) = R(PLA

∗
PL) = N (PLAPL)⊥ = S

⊥.1/
PSA

(†)
(L) = 0, PLAPLPS = 0.

PS = I − PR(PLAPL),R(PLAPL)⊥ = PR(PLAPL)⊥,R(PLAPL).)= S = R(PLAPL)⊥, _1 N (PLAPL) = R(PLAPL)⊥. Hk
R(PLAPL) = N (PLAPL)⊥ = N (APL)⊥ = R(PLA

∗).

(ii)⇒(i). pQ A= L-
w��Hk N (PLAPL) = N (APL), )= R(PLA
∗) = R(PLA

∗
PL),K

N (PLAPL)⊥ = R(PLAPL) = R(PLA
∗) = R(PLA

∗
PL),1/ R(B)⊥ = N (C ), _1 R(B)

⊥
⊕ N (C ) = C n , �8}% C = B†. {y

R(B) = N (PLA
∗
PL) = N (C )⊥ = N (PLAPL) = L

⊥ ⊕ (L ∩ N (A)) = S ,Hk BC = BB† = PR(B),N (C ) = PS =�mNt�y�K 2.1 }
� M = PLAPL + BC =

PLAPL + PS A o�" M−1 = A
(†)
(L) + (B†)†B† = A

(†)
(L) + BB† = A

(†)
(L) + PS .XC 2.2 4 L = C n 12�~h� A = C n×n 1�� Hermitian 2 L- 
w�� S, M-8� 2.1 �H<�� M A o�" A

(†)
(L) = M−1 − PS .kE pQ A =�� Hermitian ��_ R(A) = R(A∗), N (A) = N (A∗). Hk

N (PLAPL) = N (APL) = L
⊥ ⊕ (L ∩ N (A)) = L

⊥ ⊕ (L ∩N (A∗)) = N (A∗
PL).)= R(PLA∗PL) = R(PLA). { N (A) = N (A∗), p( dim(AL) = dim(A∗L). Hk

rank(PLAPL) = rank(APL) = rank(A∗PL) = rank(PLA)._ R(PLAPL) = R(PLA) = R(PLA∗PL) = R(PLA∗), �y8� 2.1 _1�
3 9L Drazin H*O/'SR�n��U�H$e& Drazin�2\�<�y|e& Drazin�=8m�Hzw� (
���V���) 12�p(�n2�,}k#QSZ [3] 2OM�YH$q��
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[3] 4 A ∈ Cm×n

r , L = C n 12�~h�" dimL = s(≤ r), K = Cm 12�~h�" dimK = m − s, AL ⊕ K = Cm . B ∈ C
m×(m−s)
m−s = K 2Z� C∗ ∈ C

n×(n−s)
n−s = L⊥ 2Z�

1) . m = n 8�� T = A + BC − AP(A∗K⊥)⊥,L,

2) .m > n8�4 B = (B1, B2), B1 ∈ C
m×(n−s)
n−s ,�M = (A+B1C−AP(A∗K⊥)⊥,L, B2),

3) . m < n 8�4 C =
(

C1

C2

)

, C1 ∈ C
(m−s)×n

m−s , � N =
(

A+BC1−PK,ALA

C2

)

.�
1) . m = n 8� T A o�" A

(2)
L,K = T−1 − P(A∗K⊥)⊥,LC†B†PK,AL.

2) . m > n 8� M A o�b M−1 =
(

M1

M2

)

, M1 ∈ C n×m
n . � A

(2)
L,K = M1 −

P(A∗K⊥)⊥,LC†B
†
1(B1B

†
1 + B2B

†
2)

†PK,AL.

3) . m < n 8� N A o�b N−1 = (N1, N2), N1 ∈ C n×m
m . � A

(2)
L,K = N1 −

P(A∗K⊥)⊥,L(C†
1C1 + C

†
2C2)

†C
†
1B†PK,AL.�q� 3.1 2Z&1�}1zL��e& Drazin �2�<:�,A 3.1 4 A ∈ Cm×m , W ∈ Cm×m , Ind(AW ) = k1, Ind(WA) = k2, �

Ad,W = T−1 − PN (AW )k1 ,R(AW )k1 C†B†PN (WA)k2 ,R(WA)k2 .�� T = WAWPR(AW )k1 ,N (AW )k1 + BC, 
�w� B, C∗ B��"
R(B) = N (WA)k2 , N (C ) = R(AW )k1 .kE � L = R(AW )k1 , dimL = s; K = N (WA)k2 . �

dimK = dimN (WA)k2 = m − dimR(WA)k2

= m − R(AW )k1 = m − s .{pQ
(WAW )L = WAWR(AW )k1 = WAWR(Ad,W )

= R(WAWAd,W ) = R(WA)k2 ,Hk (WAW )L⊕K = Cm . yq� 3.1,_1 T = WAW+BC−(WAW )P[(WAW )∗(N (WA)k2 )⊥]⊥,R(AW )k1A o�{pQ
[(WAW )∗(N (WA)k2 )⊥]⊥ = [(WAW )∗(N (Ad,W )⊥]⊥ = [(WAW )∗R(A∗

d,W )]⊥

= [R((WAW )∗A∗
d,W )]⊥ = N (Ad,W WAW ) = N ((AW )k1 ),Hk

T = WAW + BC − (WAW )PN (AW )k1 ,R(AW )k1

= WAWPR(AW )k1 ,N (AW )k1 + BC.{l1 (WAW )R(AW )k1 = R((WAW )Ad,W ) = R(WA)k2 , Hk
Ad,W = (WAW )

(2)

R(AW )k1 ,N (WA)k2

= T−1 − PN (AW )k1 ,R(AW )k1 C†B†PN (WA)k2 ,R(WA)k2 .



134 C a e t } � � 27zJ�2�. W = I 8�y8� 3.1 }1/kXO��XC 3.1 4A ∈ Cm×m , Ind(A) = k,�Ad = T−1−PN (Ak ),R(Ak ),�� T = APR(Ak ),N (Ak )+

PN (Ak ),R(Ak ).. A =���8��F8� 3.1 2���}1-X8��XC 3.2 4A ∈ Cm×n(m < n), W ∈ C n×m , Ind(AW ) = k1, Ind(WA) = k2, rank(AW )k1 =

s, �
Ad,W = M1 − PN (AW )k1 ,R(AW )k1 C†B

†
1(B1B

†
1 + B2B

†
2)

†PN (WA)k2 ,R(WA)k2 ,�� M = (WAW + B1C − WAWPN (AW )k1 ,R(AW )k1 , B2)

M−1 =

(

M1

M2

)

, M1 ∈ C
m×n
B = (B1 , B2 ) ∈ C

n×(n−s)
n−s , B1 ∈ C

n×(m−s)
m−s

C∗ ∈ C
m×(m−s)
m−s �" R(B) = N (WA)k2 , N (C ) = R(AW )k1 .(?Z\	
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Properties of Generalized Bott-Duffin Inverse and Weighted

Drazin Inverse

CAO Li-qiong, CHEN Guo-liang
(Department of Mathematics, East China Normal University, Shanghai 200062, China )

Abstract: The generalized Bott-Duffin inverse of L-zero matrices and weighted Drazin inverse matrices
are discussed in this paper. Some properties are given. Based on these properties, we obtain several new
expressions of these matrices.

Key words: L-zero matrices; generalized Bott-Duffin inverse; weighted Drazin inverse.


