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1 x ss�9�}J5�8.$��� 5�8g$���/n8p1℄nV9�}� 3V4�I���8��.G�% [1] 3� B.Y. Chen -,S�n}Q M̃m(c) 89�} Mn J8 Ricci '� S $; S ≤

((n − 1) + n2

4 ‖H‖2)g, �?:a!�8$�aqV Mn VC�=9�}f n = 2, Mn VC<9�}�% [2] 3�B.Y. Chen �-,S�n}Q M̃m(4c) 8)w9�}J8 Ricci ��$; Ric ≤

(n − 1)c + n2

4 ‖H‖2.d
��H=(t Chen �:Qe^4:℄�|8�nJ�I�z�}V�4�8/>'D��}� D.E. Blair % 6 [3] 3up{K�/>'�}�JUm9
N/0��H=(F/>'�}~�����64��H���8z_�P:kz[bf7�264�~�QT�l5�Vt Chen �:Q8yz_e^4�z�}8���9�}J�64:J8 Ricci�� 3���3M/n8V�:Q��^ �:a!�O\$;8aq�
2 {��fL (M̃, g) V (2m + 1) jÆ%�}�l ϕ V M̃ J8 (1,1) |'��� ξ V1kw�� (z[w��), η V 1- }Q�IF M̃ JE�w�� X, Y , �

{

ϕ2X = −X + η(X)ξ, ϕξ = 0, ηϕ = 0, η(ξ) = 1
g(ϕX, ϕY ) = g(X, Y ) − η(X)η(Y ), g(X, ξ) = η(X),& M̃ �/>'D�z[ (ϕ, ξ, η, g), � M̃ i/>'D��}�gNda: 2004-09-16; Shda: 2005-10-23QTn_: U<�x�T��A7v�	h| (20050141011)



196 Z � � � ! 5 ! 27�V/>'D��}V�z�} [3], IF M̃ JE�w�� X, Y , $; (▽̃Xϕ)Y = 0, :3 ▽̃ VÆ%D� g 8 Levi-Civita �#�>w�, TM̃ 8Vy+ π  i ϕ- y+�I π V� X b ϕX '!�:3 X V ξ )181k>w���Iy+�� K̃(π) ���� ϕ- y+ π  � p ∈ M̃ 8�B�j M̃ �� ϕ- y+�� c, & M̃ i�n}Q�V�z�} M̃ �� ϕ- y+�� c 2?}2℄8��'� R̃$;
4R̃(X, Y, Z, W ) =c{g(X, Z)g(Y, W ) − g(X, W )g(Y, Z)+

g(X, ϕZ)g(Y, ϕW ) − g(X, ϕW )g(Y, ϕZ)+

2g(X, ϕY )g(Z, ϕW ) + g(X, W )η(Y )η(Z)−

g(X, Z)η(Y )η(W ) + g(Y, Z)η(X)η(W )−

g(Y, W )η(X)η(Z)}. (2.1)L M V�z�} M̃ 8 (n + 1) j9�}�P6w� ξ ∈ TM , �td8Ra g �S M̃% M J�38Æ%D�'�� Gauss ZQb Weigarten ZQO��qQX&
∇̃XY = ∇XY + h(X, Y ), ∇̃XV = −AV X + DXV, (2.2)FE� X, Y ∈ TM b V ∈ T⊥M , :3 ∇̃,∇ b D O�V M̃ J8Æ%�#�M J8�3�#b M 8K, T⊥M J8�3K�#� h V>Jg}Q� h b A /n�qX℄n�

g(h(X, Y ), V ) = g(AV X, Y ).l X, Y, Z, W V M J8E�>w��& Gauss M#�qQX&
R̃(X, Y, Z, W ) = R(X, Y, Z, W ) + g(h(X, W ), h(Y, Z)) − g(h(X, Z), h(Y, W )). (2.3)L {e1 · · · en+1} V>�n TpM 8<�8,ug�&3���w� H(p) i

H(p) =
1

n + 1

n+1
∑

i=1

h(ei, ei),l
hr

ij = g(h(ei, ej), er),&
‖h‖2 =

n+1
∑

i,j=1

g(h(ei, ej), h(ei, ej)).F�Æ%�} M̃ 89�} M , %� p ∈ M (� M 8tF�e�nB�i
Np = {X ∈ TpM |h(X, Y ) = 0, ∀Y ∈ TpM}.

3 t ξ LoI Ricci b[wX 3.1 L M̃ V (2m + 1) j�z�}�/>'D�z[i (ϕ, ξ, η, g), -'� ∇̃Xξ =

0, ∀X ∈ TM̃.



18 h	=�;��{�~9���:�~9 Ricci A� 197~^ ��z�}8aq.�FE�8>w�� X, Y , � (∇̃Xϕ)Y = 0. +I
0 = (∇̃Xϕ)ξ = ∇̃X(ϕξ) − ϕ(∇̃Xξ) = −ϕ(∇̃Xξ),��� ϕ =��6

0 = ∇̃Xξ − η(∇̃Xξ)ξ. (3.1)I η(∇̃Xξ) = g(∇̃Xξ, ξ) = ∇̃Xg(ξ, ξ) − g(ξ, ∇̃Xξ) = −g(ξ, ∇̃Xξ), j η(∇̃Xξ) = 0, \� (3.1) Q6
∇̃Xξ = 0. (3.2)L M V�z�} M̃ 8 n + 1 j9�}�l {e1, · · · , en+1} V TpM(p ∈ M) 8<�8,ug�FE� X ∈ TpM , 
 X Mw8 Ricci ��B�i

Ric(X) =
n+1
∑

i=1

R(ei, X, ei, X)� (3.2) i Gauss ZQ (2.2) .
0 = ∇Xξ + h(X, ξ),\

∇Xξ = 0, h(X, ξ) = 0,�I
 ξ Mw8 Ricci ��i
Ric(ξ) =

n+1
∑

i=1

R(ei, ξ, ei, ξ) =
n+1
∑

i=1

g(R(ei, ξ)ξ, ei)

=
n+1
∑

i=1

g(∇ei
∇ξξ −∇ξ∇ei

ξ −∇[ei,ξ]ξ, ei) = 0. (3.3)

4 >EB�YqI Ricci b[z`Ub[Kv  9�} M V M̃ 8���9�}�I% M J-%�V,uO� D b D⊥ $;�
1) TM = D

⊕

D⊥
⊕

{ξ};

2) O� D V ϕ- ��8�j ϕ(Dp) = Dp, ∀p ∈ M ;

3) O� D⊥ V ϕ- L��8�j ϕ(D⊥
p ) ⊆ T⊥M, ∀p ∈ M.:3� {ξ} V�w� ξ '!8jO��Wr��q+8���wX 4.1 O� D V2Yj8�~^ LO� D V (2n + 1) j8�B Dp(p ∈ M) 8<�8,ug {e1, · · · , e2n+1}, �

2) �. {ϕe1, · · · , ϕe2n+1} FV Dp 8<�8,ug�\ ϕei = aijej, i, j = 1, · · · , 2n + 1.l A = (aij), �� g(ei, ϕej) = −g(ϕei, ej), �* aij = −aji, j A V;YxLF �+�\
|A| = 0, ) A V`E�+t&G�\��O� D 8jYV2Y� 2wq
-,l85�z_�



198 Z � � � ! 5 ! 27�KX 4.1 L M̃(4c) V�� ϕ- y+�� 4c 8 (2m + 1) j�z�}� M V (n + 1) j���9�}�-'�
(i) F(V,u� ξ 81k>w� X , �

(a) 2 X ∈ Dp O�
Ric(X) ≤

(n + 1)2

4
‖H‖2 + c(n + 2), (4.1)

(b) 2 X ∈ Dp
⊥ O�

Ric(X) ≤
(n + 1)2

4
‖H‖2 + c(n − 1). (4.2)

(ii) I H(p) = 0, &F,u� ξ 81k>w� X , P6 (a) f (b) B:a8$�aqV X ∈

Np.

(iii) F�E�,u� ξ 81k>w� X ,(a) f (b) :aC!�8$�aqV� p VC�=��~^ (i) L X ∈ TpM i ξ ,u81k>w�� {e1, · · · , en, en+1 = ξ, en+2, · · · , e2m+1}i TpM̃ 8<�8,ug�P6 {e1, · · · , en+1} V TpM 8<�8,ug�� e1 = X , � M̃V� ϕ- y+��i 4c 8�n}Q�� (2.1) Q6
n+1
∑

i6=j

R̃(ei, ej , ei, ej) = c[n(n − 1) + 3

n+1
∑

i6=j

g2(ei, ϕej)].�� M V���9�}�l M 8jY (n + 1 = 2d + s + 1), :3 2d i D 8jY�
s i D⊥ 8jY�% Dp J��M*` (Schimidt) ,u`#����BHq<�8,ug
{e1, · · · , ed, ϕe1, · · · , ϕed}, t:	$i M 8<�8,ug {e1, · · · , ed, ed+1 = ϕe1, · · · , e2d =

ϕed, e2d+1, · · · , e2d+s, e2d+s+1 = ξ}, sD�
g2(ei, ϕej) =

{

1, i, j ∈ {1, · · · , 2d} ? | i − j |= d,

0, :℄�\
n+1
∑

i6=j

g2(ei, ϕej) = 2d.�V
n+1
∑

i6=j

R̃(ei, ej , ei, ej) = c[n(n − 1) + 6d]� Gauss M# (2.3) 6
n+1
∑

i6=j

R(ei, ej, ei, ej) =

n+1
∑

i6=j

R̃(ei, ej, ei, ej) + g(h(ei, ei), h(ej , ej))−

g(h(ei, ej), h(ei, ej)),
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2τ =c[n(n − 1) + 6d] +

2m+1
∑

r=n+2

∑

i6=j

[hr
iih

r
jj − (hr

ij)
2]

=c[n(n − 1) + 6d] + (n + 1)2‖H‖2 − ‖h‖2. (4.4)�� h(X, ξ) = 0, . hr
i,n+1 = 0. �V

(n + 1)2‖H‖2 =2τ + ‖h‖2 − c[n(n − 1) + 6d]

=2τ +

2m+1
∑

r=n+2

[(hr
11)

2 + (hr
22 + · · · + hr

n,n)2 + 2
∑

1≤i<j≤n

(hr
ij)

2]−

2

2m+1
∑

r=n+2

∑

2≤i<j≤n

(hr
iih

r
jj − c[n(n − 1) + 6d]

=2τ +
1

2

2m+1
∑

r=n+2

[(hr
11 + · · · + hr

n,n)2 + (hr
11 − · · · − hr

n,n)2]+

2

2m+1
∑

r=n+2

∑

2≤i<j≤n

[(hr
ij)

2 − hr
iih

r
jj ] + 2

2m+1
∑

r=n+2

n
∑

j=2

(hr
1j)

2−

c[n(n − 1) + 6d].��i
Kij = R(ei, ej, ei, ej) =

2m+1
∑

r=n+2

[hr
iih

r
jj − (hr

ij)
2] + c[1 + 3g2(ei, ϕej)], i, j ∈ {1, · · · , n}, (4.6)�*

∑

2≤i<j≤n

Kij =

2m+1
∑

r=n+2

∑

2≤i<j≤n

[hr
iih

r
jj − (hr

ij)
2] +

(n − 1)(n − 2)

2
c + 3c

∑

2≤i<j≤n

g2(ei, ϕej). (4.7)� (4.5) b (4.7) Q6
(n + 1)2

2
‖H‖2 ≥2Ric(X) + 2

2m+1
∑

r=n+2

∑

2≤i<j≤n

[(hr
ij)

2 − hr
iih

r
jj ] + 2

2m+1
∑

r=n+2

n
∑

j=2

(hr
1j)

2−

− c(n(n − 1) + 6d) − 2

2m+1
∑

r=n+2

∑

2≤i<j≤n

[hr
iih

r
jj − (hr

ij)
2]−

(n − 1)(n − 2)c − 6c
∑

2≤i<j≤n

g2(ei, ϕej)

≥2Ric(X) + 6c
∑

2≤i<j≤n

g2(ei, ϕej) − 2c(n − 1) − 6cd. (4.8)

(a) 2 X ∈ Dp O� ∑

2≤i<j≤n+1 g2(ei, ϕej) = d − 1, \�
Ric(X) ≤

(n + 1)2

4
‖H‖2 + c(n + 2). (4.9)
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(b) 2 X ∈ D⊥

p O� ∑

2≤i<j≤n+1 g2(ei, ϕej) = d, \�
Ric(X) ≤

(n + 1)2

4
‖H‖2 + c(n − 1). (4.10)

(ii) F�1k>w� X , I (4.1) f (4.2) Q:a!��&
{

hr
11 = hr

22 + · · · + hr
n,n, r = n + 2, · · · , 2m + 1

hr
1j = 0, j = 2, · · · , n + 1.I H(p) = 0, &
0 = hr

11 + · · · + hr
n+1,n+1 = hr

11 + · · · + hr
n,n,\ hr

1j = 0, j = 1, 2, · · · , n + 1, j X ∈ Np.L/��-2 X ∈ Np O�� (4.1) f (4.2) :a!��
(iii) IF�E�1k>w� X , :Q (4.1) f (4.2) C!��&�
{

hr
11 + · · · + hr

n+1,n+1 − 2hr
ii = 0, i ∈ {1, · · · , n + 1}, r ∈ {n + 2, · · · , 2m + 1}

hr
ij = 0, i 6= j�JQ. hr
11 + · · · + hr

n+1,n+1 = 0, \ H(p) = 0, � (ii) .
hr

ij = 0, i, j ∈ {1, · · · , n + 1}, r ∈ {n + 2, · · · , 2m + 1},j� p VC�=��L/��-2 p VC�=�O�FE� X ∈ TpM , � (4.1) f (4.2) Q:a!��GVkm�
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On Ricci Curvature of Semi-invariant Submanifolds in Cosymplectic

Space Forms

Wang Ai-qi1, Liu Xi-min2

(1. Department of Mathematics and Physics, Dalian Jiaotong University, Liaoning 116028, China;
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Abstract: In this paper, we obtain a sharp inequality between the Ricci curvature and the squared
mean curvature of semi-invariant submanifolds in cosymplectic space forms, and get some conditions to
make the equality hold.

Key words: cosymplectic manifold; semi-invariant submanifold; Ricci curvature; mean curvature.


