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1 	[e
a�x5RF�mF8= (Gottfried Wilhelm Leibniz,1646-1716) �G|:B�� 1690 :Ib�D$�)\��HV#�T�|��wT�e���K#,��9��z5RF�+�Gz�: [1]. 5RF�TmF8=�GzD=��rP� 1705 : 6 u 3 r�=��z�#Xi)����Tg5RF��E?(�>/�	-s,�mF8=�KH�-\Ds%�tn (John

Bernoulli,1667-1748)�T��7.��*�8u 16r�5RFe�Wr�G����K#,��j�r^^�̂ d%�)��*�5RF�GO'tnE�o�PX �ri$�ox0TD��%%Mz\P9+:�zn�5RF�GOPX��0DPB�S>i$�.Q�Gz�zmF8=�Dy)x��5RF�.?Md 1712: 10u\��r?V3�K#,��-t��5RF��?8℄l6 (Nicolas Bernoulli II, 1687-1759)�z3g'5%L. (P.R.Montmort,1678–

1719) ;-�"�`��;{B2��0$� 1713 : 5 u��8℄l6���y/���K#,���rsV3VKJ6Ci����t��5RF�.?MJeDk}I%|0��`D'5w"�$�t�yKotDe�F_��g��E*D|AV�8℄l6 vv��DG�A�+;�?g47.�V3yy7�D�℄y< [2]. -E�F��"QtMpg�8℄l6�ri$��K#,��t3*�
."s0.2's/? (C.Wolff) zS�0.r��
(Leipzig,1716))MdaDb��V>�yy�1�z[	yL (Todhunter)n��.) [1].�i��: 2004-08-13; r	��: 2005-03-10ps��: h$Amd1�= (10471111); uoZ9h�ÆQo�=�
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1713: 8u�zSK�:z�:��K#,�,dq���E*kX;Z 306A�̀ �;\/���6se;^vI;�z�DT (P1-71))�5RF'rp0."�U6 (C.Huygens,1629-

1695)1657:i$���k�f��K�4g��6!�SW#g�U6pm�v,�5RF'1�qNTi�����)�? D�qNZe�D#_��T-S6!1pmUa(���0T (P72-137) 14�W��.�C�Fu���?Ti3*� “A=v0” s “A=v9b”.�{T (P138-209)^ 24 PqNF^��X.r��W[��;T (P210-239)(l�/*�G~ – A=v}0����\�ET��.�5RFLa�
.7���vT�C��(l�I;6s�DI;�adtb�0�vG�m��DI; (P271-306)L*����J��a1z)��;qN [3].

2 �Æoh}��$ 17 �!)B�ade7#�℄�F��P/F<�%3X��a3�r�R-F�shF�X�/VR�Fu (C�) ��Z3�9b (;{) 3dF���Z��J1H.y��zaa3K)?j�LD#���Ti�?S�z9WD�RO�qN��i2�W��rs^��r�O��^�K#,�)��.e��5RF8JF���d 17 �! 80 :���K#,��D 20 :�7+��^i�SX{I;�eL4�'LbF�����C8��℄�F���W�s�u��5RF'# n(n ≥ 2)aT?C
�0sgm�qNT�DP4W�6!��'PqN�D��iDP<O�?
iSavUu0g (x + x2 + x3 + x4 + x5 + x6)n �\�) xm D���0�E?�F��)�DP(9�-\\�3m0��v�z8J.��M�qN)�5RF�i�!u.�)C��-F�E9\�| y�AXnz3K)0p�D���)kMi��Du�^>P℄Sg�A=vF���DTi�a3�r ( y_k) ��z<.���?�)�tiz a + b u#=)�1n
�u0g a , �"�u0g b , �z n u#=)Wa r u
�F�g cn−r
n arbn−r/(a + b)n. q<��z n u#=)$�a r u
�F�g

n−r∑

j=0

Cj
nan−jbj/(a + b)n.>�5RFMZe�B6[ (B.Pascal,1623-1662)CJ���?qN�5RF\o�[tb�0ds��F��93�tzD`�)�&�K0n��#�aT?�&?��0g 6, K?��0g 7. D�an#iC?�0�`�8/�x&�#�;=d&�K
�F��5RFTiL�9{�� b g&z a u#=)#i 6 ��u0� c g&�"�u0� e gKz a u#=)#i 7 ��u0� f gK�"�u0�� a = b + c = e + f . _R&�K�n!uR�#iC?�0�P��
L�tb0��

b
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a5
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ec3f2

a6
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bc3f2

a7
,
c4ef3

a8
, · · ·^v[�t�0dsX�e
&�Pg� ab/(a2 − cf), K�Pg ce/(a2 − cf).



214 1 / 9 K f K � 21U�z2b*�������B�`�qN��z5RF��℄g�"Y�MTqN��5RF&ov[S;9b3Z�9W�EqN�'�&a m Pg��Ka n Pg��z!u1z)&K0n�
��1g a : b. !u1z��"�?T'9DPg��_R1nhI)d�F��g*8,��[>P�<z��d9EqN�� ux <�&a xPg��X
'9hIg��F���z�DU1z)�&?�
DPg��?��gDPg��SF�;=g a/(a + b),

b/(a + b). ^aa��
ux =

a

a + b
ux+1 +

b

a + b
ux−1.q<�Z�g��a ux = c1 + c2(a/b)x. S) c1, c2 g��V0�T� x = 0 �� ux = 0 �� x = m + n �� ux = 1 , �a

0 = c1 + c2, 1 = c1 + c2(a/b)m+nN

c1 = −c2 =

am+n

am+n − bm+nCL
ux =

am+n − am+n−xbx

am+n − bm+n
 x = m , �a
um =

an(am

−bm)

am+n − bm+nVre
�&)d�F�g
bm(an

−bn)

am+n − bm+n
.

3 �tW�y�z�K#,���0T)�D5RFDy�℄6�R (Schooten)�mF8=�s�6 (J.Wallis,

1616–1703)�O�6L (J.Prestet)J'DCMqNA �8J�T-DCMqND��E��� “C�” P*s�D&uUA��5RF��)� n P�SwO�EVC�0g n!, -z nPEVwO)f r PEVwO�C�0g n(n− 1) · · · (n− r− 1). adFu�Dv[B6[{1�
iFu�0�#'�?�~B6[z a�)�_k��pt_��v[E#'�g�di ∑
n,

∑
n2, · · ·

∑
n10 �<z��5RFUA��A=v0�D.?F< ( �z0.�)+;�&?[��A=v0�), ?TiD#8i�T��

n∑

i=1

ic =
nc+1

c + 1
+

nc

2
+

c

2
B2n

c−1 +
c(c − 1)(c − 2)

2 · 3 · 4
B4n

c−3+

c(c − 1)(c − 2)(c − 3)(c − 4)

2 · 3 · 4 · 5 · 6
B6n

c−5 + · · · ,



1Q (nÆ�6SG�B>w��L$-�9K 215u B2 = 1/6, B4 = −1/30, B6 = 1/42, · · · M�Cl��A=v0��S��93g�E0eSX6 n �&u�R��0sd 1. t^d
n∑

i=1

i4 =
1

5
n5 +

1

2
n4 +

1

3
n3 + B4n,CL B4 = 1 − 1/5 − 1/2 − 1/3 = 1/30.5RF�P8iYj�ky2 (Ibn al-Haytham,965-1040)[4]. Q4;5�.X��5RF }R�;+�)M�i�X 1000P0�u9�%�sg 91, 409, 924, 241, 424, 243, 424, 241,

924, 242, 500. -Dng�=�t8iI}�{P{C��)�'t5RFI�x�o�� f(x) �DP�9��m0�z8Jds ∞∑
i=1

f(i) �X�)�5RFTiDPad x �+��
Pk(x) =

xk

k!
+

B1x
k−1

1!(k − 1)!
+

B2x
k−2

2!(k − 2)!
+

B3x
k−3

3!(k − 3)!
+ · · · +

Bk

k!
,S) B1 = −1/2, B2k+1 = 0, k = 1, 2, · · · +��t>℄g�A=v+����9
�;a[�

4 ^{`�d|�C?GJ����>B<bQu0��}����n�{^eE{^x0�1�6CÆ�1��F��B�E&�%��
PF�G,/YjoOk�#���5RF�A=vC�.�}0���Ez�K#,���;T�QS)�k&�C= (S.D.Possion, 1781-1840)℄P�2+N�g�A=v}0������K#,�D*G.?�I;�E*'z��Y�tt�}�SpTM� 30 A�6s�^d}0����%.?#� 1913 : 12 u3
*b.r�O a7}��!<�}0����� 200 /:�5RFLX�n$'F��F<+&w2b9'n9!��9!gD-�P��?\-P�L℄�F�gFQ����=�e7#'��5RF�i�-93a�}�N
#��) 7z"�)e[�zU+�Uu�̂ dt30℄Cae7�_kME ��DMi?mrU}5f�qN�4'-��DR��4M��z=�gG�r$Ct3�=�k���}��M�w}�Vq�x�bR8i)gG�E��Mw2b��P�9!8��gb��H��9!�}tz 1687-1689:)�5RF&uzS�[7��)*.?�)�D��2+N��wT��)n^�5RF/�2+N�N?D��tn��)|d 1690:�z 18 �!��D�N��mF8=�EjjC�)��mF8='S8iD#T�j�H [5]. 5RF4�H��Ep�#BbRu0��%-+���������DP a(j2l�LX� a(j4��n�JP���V���r9�����Ppr�b.�)jD��E*���d��5RF[0.h;Mi�EqN?Ti�)�5RF_R���S?,����DS6a! r P�w s P�e
�B�ffDg!��F�g P = r/(r + s), �'T�V0 c, eL��D[}� n, ��tS6A N =

n(r + s) = nt (t = r + s) ua:��f���D
P (|X/N − p| ≤ 1/t) > cP (|X/N − p| > 1/t)�(d

P (|X/N − p| > 1/t) < (c + 1)−1, (1)
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 ε = 1/t, A0 = P (Np < X < Np + Nε)

Ak = P (Np + kNε < X ≤ Np + (k + 1)Nε), k = 1, 2, · · ·eL�
� N e;}��a
A0 > c(A1 + A2 + A3 · · ·).Vr�


A′

0 = P (Np − Nε < X < Np),

A′

k = P (Np − (k + 1)Nε < X ≤ Np + kNε), k = 1, 2, · · ·a
A′

0 > c(A′

1 + A′

2 + A′

3 · · ·),

A0 + A′

0 > c(A1 + A2 + A3 · · · + A′

1 + A′

2 + A′

3 · · ·),� (1) �^y�5RF?EN
d�)}0����?ADH�� (1)�^yC& N �}���Ti\���DPGk#�Dv[0���r�)�g� (1)�^y��)� N 4'�D N ≥ max(N1, N2)S)
N1 = m1t + st(m1 − 1)/(r + 1), N2 = m2t + rt(m2 − 1)/(s + 1),um1 gE�d log[c(s−1)]/[log(r+1)−log r]�G��0�-m2 gE�d log[c(r−1)]/[log(s+

1) − log s] �G��0 (5RF�� log �g ln).5RFTiDPx?n4)S8i�
 r = 30, s = 20 �1�-i��F�g 30/50, ��E�-i�u0ehIu0�1md 29/50s 31/50�)�F��S8ig�� c = 1000 ��
N f�g 25550,F��g 0.999; x c = 10000, N = 25550+5708 = 31258,F��g 0.9999;x
c = 100000, N = 31258 + 5708 = 36966, F��g 0.99999. MzPx?z��K#,�Dl-��A=v}0����e*.g�1�-z N #=)�H� X/N FF�$~dSF� P ,�' ∀ε > 0, a

P (|X/N − p| < ε) > 1 − η (η > 0)�
lim

N→∞

P (|X/N − p| < ε) = 1.�
FU��5RF a[U�b�M3 X/N → P , xz���ttMiAU�6�jt3�)��)M�5RF�K)�m�^���zA=v}0��)�x c = 1000, � N ≥

25550. -x[[12?E�\�� N ≥ 600600, Yi5RF�� 23 ,+�e,5RF'F��\����G���l-� 25550 J}d�y/�nh0B�'d 18 �!|P�n$-;�DPjdE}�0B�5RF�)I����93?E^W�t�;TAlNg��F��
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5 �lnY z�K#,�)�5RF�Ti�SDD�aY��b��t)ke;��℄�F��s�W�F���D;=℄�g�eL�=�����F�s�z=����F���X��d'℄#�e7#�EE[A � bRMe�8i�t#DPYwT?�M ar^pgD'1�D'UsN1��-U%e8�Dq��&?�z=����SF��tPV�nQ�n�1�>�F��M&?wW��b�n9W�5RF�UA�Cl��	k�#�F<�DJ��z���	)CbR��R-���L����tt.F�^DR�q�e7#\.�O��z}+0��R-��X'k��Ee7����f�'DPC{4l�8i�Si��F�EWE�d 0.999. �4�xS8ii��F�E}d 0.001, 4EMC{Ee71����z/S℄�g�����k�#�����F��-pr���5RF'�wNf�D-��W���yU�Dpg�:���w(7O�Ti��F�D4�tiw�z��Zq�Ca�-�.},�bQ� (`��e7#G,9^4l#), /�1��:�!-�_1��a<)k�pTsH3)k�3��	$'^n���Al��_�r$.YN'�aD�4l#�<{a��+)6���>�DM>��B�# [6]. 5RFz�K#,�� 15 A� 27 A� 29 As 146 A+uM"z8JF�#.b��N7yy�\S�z a7O���_k��?LS)� 14 Ngxn4) [3].�1n�#DT?�lz�SC#�0/T?.�#xHu�xznC#�0sYj 12,/

hI"<�x�0sd 12,  7
"<D&�x�0s�d 12, /DtC
�5RF�iS�k{�g 15295/31104,S8i�d 1/2,�`�Evd1n��z�5RFTiDP�<ar�� �yy�93�z�Du#=)�1nL 1/6 �F�#i 1 ��zt_k��D 7y#DuT?�-D

 1-6 ��F���^DIY7#�0g (1 + 2 + 3 + 4 + 5 + 6)/6 = 7/2. V>�Du#=)�1nL 1/6 �F�#i 2 ��t�eL#�uT?�zt_k��D

�0sg 2-12 �F���^DIY7#�0g (2 + 12)/2 = 7 VreL�i�Du#i 3 �� 4 �� 5 ��
6 ����W�C#�0IY�;=g 21/2, 14, 35/2s 21. T-CaIY��IY0�g

1

6
(
7

2
+ 7 +

21

2
+ 14 +

35

2
+ 21) =

49

4S8i}d 12,`�4-'1nav�5RFTiD*7�D=934)E93�yy�x?#DuT?D�
E� 12 ��-��# 6 uT?C
�0s�ED�7k)}d 12 ��SIY���e7g 49/4 5��Dq� a7{)k�iyyCz�A5RFtt�
��D�7�DPyy�5RF B�9�;^�-�q�9�s�u�9��'�a{Pq�9��E$�%VD�-1��'�SF�;=g 1−c/a, 1−f/d, 1−j/g,��-1��F�g 1− cfi/adg.'�y�%�P�u9��SF�;=g q/(q + r), t/(t+u) ,5RFTi�-1��F�g 1− cfiru/[adg(ru + qt)]. x q = 0 ��C
8i�le� _k�N�z}5d��3K)i��D�yy�_tDjdO�n�"ii�Q��
n`����!5eQ�QE<P�
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Study on Jacob Bernoulli’s Art of Conjecturing

XU Chuan-sheng1,2

(1. Centre for the History of Mathematics and Sciences, Northwest University, Shaanxi 710069, China;
2. Department of Mathematics, Linyi Normal University, Shandong 276001, China )

Abstract: Art of Conjecturing is the first foundational work on the theory of probability. Its publication
symbolizes the independence of the theory of probability as a branch of mathematics. This paper analyses
Jacob Bernoulli’s new thoughts about probability, such as Bernoulli’s law of large numbers and Bernoulli’s
number. Besides, we clear up the problem about the arranger and publisher of Art of Conjecturing.

Key words: art of conjecturing; law of large numbers; probability; expectation.


