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1 FB�I
L17f�q3:mhC (Bounded lattice) L = L(∨,∧,≤, 0, 1) <\1�A44�t� L!G�=)6
\aE[Q1�[ (Boolean algebra, the power set of a set).�H 1 ( C 3 L - L 1aEatN6 (C : L → L), ��U��
(i) om*6LdU�:=m1 X ∈ L, Y ∈ L, ( X ≤ Y , zm C(X) ≥ C(Y ), bG C ↓.

(ii) :QU (Involution): :% X ∈ LC(C(X)) = X , bG C2 = e (�� e GR3N6).

(iii) C ∧ e ≡ O (for all X ∈ L), z� C G L )1aE� (p) N6 (Complement function).�H 2 ( f 3 L - L 1aEatN6 (f : L → L), ��U��
(i) om*6)-U�:% X ∈ L, Y ∈ L, ( X ≤ Y , zm f(X) ≤ f(Y ), bG f ↑.

(ii) x(U�:% X ∈ L, f(X) ≥ X (tbG f ≥ e).

(iii) �3U (idempotent): :% X ∈ L, f(f(X)) = f(X), bG f2 = f , z� f 3aE��N6 (Closure function).�H 3 :G71�N6 C qG71��N6 f t�"N6 (cfc)(X) = c(f(c(X))), bG
i = cfc, �?G�N6 (Interior function). ?mU�� i ≤ e, i2 = i, i ↑, CiC = f (
�`tM7fN6 i, (mU� i ≤ e, i2 = i, i ↑, z� i G��N6�m~��N6 i, t,My7f��N6 f = CiC).�H 4 :G71 C q f , t7f f(X)∧ fC(X) GaEN6��?G�hN6 (Boundary

function), bG b = f ∧ fC.�H 5 � e ∧ fc G�uN6 (Rim function), bG r = e ∧ fc.

i.e. r(x) = (e ∧ fc)(x) = e(x) ∧ fc(x) = x ∧ f(c(x)).�H 6 � f ∧ c G�QN6 (Side functiuon), bG s = f ∧ c 
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220 7 X Z l r � � 27p(mN6 α(x) q β(x) :% x ∈ Lm α(x) ≤ β(x) .�ztbG α ≤ β. ( α ≤ β � β ≤ α,z α = β. ( α ≤ β � g G%aN6�z αg ≤ βg(l x $)' g(x) ℄���|1). ( α ↑, z
α(g ∧ h) ≤ αg ∧ αh, α(g ∨ h) ≥ αg ∨ αh. ( g ≤ h � α ↑, z αg ≤ αh. :|^aSd�12/�x §2 �_j-?	�
2 /�#:O(�FB"?

Kuratowski 30 [1]: (fi)2 = fi, (if)2 = if, fcfcfcf = fcf .N1 i ≤ e, ifi ≤ fi, fifi ≤ f2i = fi; f ≥ e, fi ≥ i, ifi ≥ i2 = i, fifi ≥ fi, Q�xa� fifi ≤ fi ≤ fifi, fifi = fi, fi = fcfc )'S/ fcfcfcfc = fcfc, fcfcfcf = fcf ,

cfcfcfcf = cfcf ℄ ifif = if .�. 1 (Kuratowski) l c, f ">�kBQS��;�/- 14 E�C1N6�?	3�
c, e, f, cf, fcf, cfcf, fcfcf, cfcfcf, fc, cfc, fcfc, cfcfc, fcfcfc, cfcfcfc.7z 1 1}ED� (Kuratowski): (i) l c, i ">�kBQS��;`3 14 E�C1N6
(gG& c, i ">�q& c, f ">�}{3a^1).

(ii) l f, i ">�kBQS��;,� 6 E�C1N6�?	3� f, i, f i, ifi, if, fif (gG
f2 = f, i2 = i, (fi)2 = fi, (if)2 = if).�. 2 b3 = b2, l b ">��;,�}E� b, b2.N1 b2 = b(b) = b(f ∧ fc) = f(f ∧ fc) ∧ fcb ≤ f2 ∧ f2c ∧ ∗ = f ∧ fc ∧ ∗ ≤ f ∧ fc =

b, cb2 ≥ cb, fcb2 ≥ fcb, b = b2(b) ≤ bb = b2, b = b(b2) = fb2 ∧ fcb2 ≥ b2 ∧ fcb = b(b) ∧ fcb =

fb ∧ fcb ∧ fcb = fb ∧ fcb = b2, b ≤ b2 ≤ b3, b3 = b2.�. 3 r2 = r, l r ">��;aE r.N1 r2 = r(r) = r ∧ fcr ≤ r, r = e ∧ fc ≤ e, cr ≥ c, fcr ≥ fc, r2 = r(r) = r ∧ fcr ≥

r ∧ fc = e ∧ fc ∧ fc = e ∧ fc = r, r2 ≤ r ≤ r2, r2 = r.& c ">��;m}E c, e; & f ">��maE f ; & i ">�`�maE i; l b ">��;m}E� b, b2; l r ">��maE r. Ox_H& s ">�kBQS�t/;+E�C1N6�(& c, f, i, b, r, s 1^Pefyr� b, r, s 83uT~ “�hU�” (x 1 “�hG
b(x), r(x), s(x), : b m b3 = b2, : r m r2 = r, ��: s <\3A`om “mPU” �
℄_H� s, s2, s3, · · · , sn, sn+1, · · · 3aE}1J V��
L�I	yW'|EHB��g�3��. 4 & s">�t,�aE}1J V� s, s2, · · · , si, · · · , sj , · · · (:% i 6= j m si 6= sj).�{�&L�� N = {1, 2, 3, · · · , n, n + 1, · · ·} = �~6[� P (N) = {A : A ⊆ N} = N 1�[ =The power set of N ,� P (N)�G L,��"O1 ∨,∧, c, o, 1n3[Q��1 “�”, “e”,

“�”, v[� N . : n ∈ N , � Fn = {n, n + 1, · · ·} ={& n �1
$6 }=[n, +∞, F∞ =), F =

{F∞, F1, F2, · · · , Fn, · · ·}. :% A ∈ P (N) 7f f(A) = ∩{Fi : Fi ∈ F and Fi ⊇ A}, z|E f 3
P (N) )1aE��N6�Ox(� A = {1, 3, 5, · · ·} = �6[�zm� S(A) = {2, 4, 6, · · ·} =�6[� s2(A) = {3, 5, · · ·} ={& 3 �1�6 }, s2(A) = {4, 6, · · ·} ={& 4 �1�6 }, · · ·,

S2k−1(A) = {2k, 2k + 2, 2k + 4, · · ·} ={& 2k �1�6 }, S2k(A) ={& (2k + 1) �1�6 },· · ·,|St& c, f, s 17f">�k`;�j6WK�?t/�1�g<m Si 6= Sj (�_ i 6= j .),|n�
~� S, S2, · · · , Sn, Sn+1, · · · 3aE}�1J V��:� c, f, i, b, r, ℄�� s q�?1^Em��)1�C�?t,�J V��
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L3 14 E30
\?	1�
�DP 1 bc=b.N1 bc = fc ∧ fcc = fc ∧ f = f ∧ fc = b.DP 2 fb = b.N1 b ≤ fb = f(f ∧ fc) ≤ f2 ∧ f2c = f ∧ fc = b.DP 3 bf = bic.N1 bic = bcfcc = bf .DP 4 b2f = bf .N1 bf = f2 ∧ fcf = f ∧ fcf, f ∧ fcf ≤ f, f ∧ fcf ≤ fcf, c(f ∧ fcf) ≥ cf, c(f ∧

fcf) ≥ cfcf, c(f ∧ fcf) ≥ cf ∨ cfcf, fc(f ∧ fcf) ≥ f(cf ∨ cfcf) ≥ fcf ∨ fcfcf ≥ fcf , i.e.

fcbf ≥ fcf, b2f = b(bf) = fbf ∧ fcbf = bf ∧ fcbf = f ∧ fcf ∧ fcbf = f ∧ fcf = bf .DP 5 b2i = bi.N1 b2i = bbi = bbcfc = b2fc = bfc = bccfc = bi.DP 6 ibi = 0 (R3o 0 1�N6).N1 bi = fi ∧ fci, ibi = i(fi ∧ fci) ≤ ifi ∧ ifci = ifi ∧ cfcfci = ifi ∧ cfi2 = ifi ∧ cfi ≤

fi ∧ cfi = 0.DP 7 ib2 = 0 (�N6).N1 ib2 = ib(b) = i(fb ∧ fcb) ≤ ifb ∧ ifcb = ib ∧ cfcfcb = ib ∧ cfib ≤ fib ∧ cfib = 0.DP 8 ir = 0 (�N6).N1 ir = i(e ∧ fc) ≤ i ∧ ifc = i ∧ iccfc = i ∧ ici ≤ i ∧ ci = 0.DP 9 ri = 0 (�N6).N1 ri = i ∧ fci = i ∧ ccfci = i ∧ ci2 = i ∧ ci = 0.DP 10 br = fr.N1 r = e ∧ fc, r ≤ e, r ≤ fc, cr ≥ c, cr ≥ cfc, cr ≥ c ∨ cfc, cr ≥ c ∨ i, fcr ≥ f(c ∨ i) ≥

fc ∨ fi ≥ fc, fr ≤ fc, fr ≤ fc ≤ fcr, br = fr ∧ fcr = fr.DP 11 (br)2 = rbr.N1 (br)2 = (fr)2 = frfr = f(fr ∧ fcfr) ≤ fr ∧ fcfr = rfr ≤ frfr = (fr)2 =

(br)2, (br)2 = rfr = rbr.DP 12 b2 = rb.N1 b2 = b(b) = fb ∧ fcb = b ∧ fcb = eb ∧ fcb = rb.DP 13 b2r = rbr = rfr.N1 b2r = rbr = rfr.DP 14 frf = rf .N1 rf = ef ∧ fcf = f ∧ fcf, rf ≤ frf = f(f ∧ fcf) ≤ f2 ∧ f2cf = f ∧ fcf = rf .G���XÆoL (H 31 E30): c2 = e, c ∧ e = 0, f2 = f, i = cfc, i2 = i, f = cic, (fi)2 =

fi, (if)2 = if, fcfcfcf = fcf, b = f ∧fc, r = e∧fc, s = f ∧c, rc = s, sc = r, bc = b, b3 = b2, fb =

b, b2f = bf, r2 = r, fr = br, b2i = bi, ibi = 0, ib2 = 0, ir = 0, ri = 0, rb = b2, (br)2 = rbr, b2r =
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rbr, b2r = rfr, frf = rf, bf = bic.

3 &��3j)fÆ1 31 E30t/
L17z (Y^EÆ").�. 5 & 1 E">1m� {c, e}, {f}, {i}, {b, b2}, {r}, {s, s2, · · · (J ;E)}.& 2 E">1m�& s, c Y s, f Y s, i Y s, b Y s, r ">18,�JPÆ"�
{c, f, · · · (14E)}, {c, i, · · · (14E)}, {c, e, b.b2, cb, cb2}, {f, i, f i, ifi, if, fif}, {f, b, b2, bf},

{r, f, rf, fr, rfr}, {i, b, b2, bi, ib, bib, 0, f(0)}, {i, r, 0}, {b, r, b2, br, b2r},��1 0 �13�N6�℄ α(x) ∼= 0 (for all x ∈ L) .b α G 0, f(0) `3aE��N6�℄
α(x) ∼= f(0) (for all x ∈ L) .b α G f(0).�. 6 (Yg�) & {c, f, i, b, r, s, }�%!" EÍ{c, f, i, b, r, s}, $S& E ">,�1Æ"
(E), + E �m s Ym c, r 33.�t�,"JP;Ey�pL1�wL�;��,"mPEy�#)59M1 (& 2 E">1) 
F�Vm
L1�wL�+ E ! {c, f, i}, {c, f, b}, {c, i, b},

{f, i, b}, {f, i, r}, {f, b, r}, {i, b, r}, {f, i, b, r} .�=/1 (E) `3mP1Æ"��,>A�
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Abstract: In this paper, some functions (or operators) on bounded lattices are given and their relations
are discussed, then several semi-groups are obtained.
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