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Abstract: The model with linear memory arise in the case of a generalized Kirchhoff vis-
coelastic bar, where a bending-moment relation with memory was considered. In this paper,
the exponential decay is proved if the memory kernal satisfies the condition of the exponential
decay. Furthermore, we show that the existence of strong global attractor by verifying the
condition (C) introduced in [3].
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1. Introduction
A general Kirchhoff viscoelastic beam model is mentioned in [1]

Uge — Yolugy + Y A2 u(t) + 1+ A%u(t) — yplu + o x Au(t) = 0, (1)

where 79, 71 and 72 are non-negative constants, ¢ and ¢ are memory kernals, and v describes
the transversal motion of the beam. Furthermore, they discussed the polynomial decay of the
energy and the non-exponential stability of the solutions for v9 = 72 = 0, ¥» = 0. In this paper,

we investigate the nonlinear equation with linear damping
ug + Suy + $(0) A% u+ /000 ¢'(5) A% u(t — s)ds + g(u) = h, in Q x RT (2)
with the following boundary conditions: The first case is simply supported at both ends
u(z,t) = Au(z,t) =0, zel, teR. (3)
Another case is fixed at both ends
u(z,t) = Vu(z,t) =0, zel, tekR. (4)
The initial conditions are given by

u(z,t) =uo(z,t), z€Q, t<0, (5)
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where Q C R? is a bounded domain with smooth boundary I'. ¢(0), ¢(c0) > 0 and ¢/(s) < 0 for
every s € R*. Similar problem was also studied by C.Giorgi, J.E.M.Rivera and V.Pata in [2].
But in any case, all the results on the existence of global attractors for the dynamical system
were obtained only in the weak Sobolev spaces. We will prove that in the stronger Hilbert spaces
by verifying the condition (C) which arised by [3]. For other methods proving the attractors, see
[4-6].

2. Preliminaries

Remark 1 In the following we only study equation (2) with (3) and (5).

Analogous to [2], we define
nt(:zr,s):u(a:,t)—u(x,t—s). (6)

We set for simplicity u(s) = —¢'(s) and ¢(co0) = 1. In view of (6), adding and subtracting

the term A2u, equation (2) is transformed into the system

wge + Oug + A%+ / p(s) A% nt(s)ds + g(u) = h,
0
Tt + Tls = Ut,

(7)

where the second equation is obtained by differentiating (6). The corresponding intial-boundary

value conditions are then given by

u(z,t) = Au(z,t) =0, z €T, t>0,
n'(z,s) = An'(z,s) =0, z €T, t>0, seR",
u(z,0) = ui(x), u(z,0) =wus2(x), x€Q,
n°(x,s) = no(x,s), (x,5) € QxR
where
{ ui(x) = ug(x,0), wa(x) = dug(x,t)|i=o,
no(x, 8) = ug(x,0) — ug(x, —s).
Assume that the nonlinear function g € C?(R,R) satisfying the following conditions:

(81) liminf €5 >0, G(s) = fyg(r)ar
(82) limsup £l =0, v0<y< oo
|s|—o0

(g3) There exists C; > 0, such that liminf M > 0.

|s|—o0

The memory kernel p is required to satisfy the following assumptions:

(h1) pe 01<R+)0L1<R+), p(s) >0, p'(s) <0, VseRH

(h2) [ p(s)ds = M > 0;

(h3) (s )—I—au( ) <0, VseRT, a>0.

We write H = L%(Q), V = HZ(R). The scalar product and the norm on H and V are
denoted by (-,-), |-|and ((-,-)), ||| respectively, where

/ u(x ((u,v)) = | Au(x) A v(z)dx
Q

Q
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Define D(A) = {v € V, Av € H}, where A = A?. For the operator A, we assume that

V— V¥,

A pay—m

are isomorphism, and there exists o > 0 such that (Au, u) > aflul?, Vu € V. We also define the
power A of A for s € R which operates on the spaces D(A?), and we write Vo, = D(A®), s € R.

This is a Hilbert space for the scalar product and the norm as follows
(uvv)QS = (AsuvASv)a HUHQS = ((uau)QS)%a v u, vE D(As)a

and A" is an isomorphism from D(A®) onto D(A*™"), V s, r € R. It is clear that D(A°) = H,
D(A2) =V, D(A"2) = V* and D(A) C V € H = H* C V*, where H*, V* are the dual of
H, V respectively, and each space is dense in the following one and the injections are continuous.

Using the Poincare inequality we have
[oll = Arlv], Vv eV, 9)

where \; denotes the first eigenvalue of A3,
In view of (h1), let L2 (R™, H§) be the Hilbert space of Hg-valued functions on R*, endowed

with the following inner product and the norm

(%¢Mv=Awu®MW@%AM@MS

and -
wﬁv=@why=A u(s) ol ds.

Finally, we introduce the following Hilbert spaces:
Ho=V x HxL:(RT,V), Hy=D(A)xV xL:(RT, D(A)).

According to the classical Faedo-Galerkin method it is easy to obtain the existence and
uniqueness of solutions and the continuous dependence to the initial value, so we omit it and

only give the following theorem:

Theorem 124 Let (g1)-(g3) and (h1) hold. Then given any time interval I = [0,T], problem
(7)—(8) has a unique solution (u,us,n) in I with initial data (u1,uz,n0) € Ho, and the mapping
{uy,uz,mo} — {u(t), u(t),n*(s)} is continuous in Hy. If, furthermore, (uy,us2,n0) € Hi, then we
have a unique solution (u,ut,n) € C(I,H1), and the mapping above is continuous in Hi, too.

Thus, it admits to define a C° semigroup
S(t) : {u15u25770} - {u(t)aut(t)vnt(s)}v te RJrv

and they map Hy, H; into themselves, respectively.

In addition, the following abstract results will be used in our consideration:
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Definition 15/ A C° semigroup {S(t)}+>0 in a Banach space X is said to satisfy condition (C)
if for any € > 0 and for any bounded set B of X, there exists t(B) > 0 and a finite dimensional
subspace X, of X, such that {||PS(t)x|x, v € B, t > t(B)} is bounded and

(I —P)St)z||x <x e, for t>t(B), x € B,

where P: X — X is a bounded projector.

Theorem 2P Let {S(t)}+>0 be a C° semigroup in a Hilbert space M. Then {S(t)};>o has a
global attractor if and only if

(1) {S(t)}+>0 satisfies condition (C);

(2) there exists a bounded absorbing subset B of M.

3. Bounded absorbing set in H;

For simplicity, we denote ¢(u) = [, G(u(z))dx.
First, taking the inner product of the first equation of (7) with v = u; + ou in H, after

computation we conclude

| ~

(lul*+1v[*) + ollull® + (8 = o)o* — o (6 — o) (u, v)+
(0, 0)u,v + (9(u),v) = (b, v). (10)

N =
o

t

Combining with the second equation of (7) we have

1d
(nvv)#,V = §&|U|Z,V + (nvns)#,V + U(nvu),u,v- (11)

In the following we often exploiting the Hélder inequality and Young inequality. According to
(h2)—(h3), we have

1 [~ d 1 [~ o
ey =3 [ )55l SR =5 [T WO An 6P = Sy, (12
0 s 0

and

o(n,w)uv = J/OOO w(s)(An(s), Au)ds

> o[ u)] 2P| uls)] & ufds)?
0 0
oo 2 0o
> -5 [ a@lan@Pds -2 [ ue) ks
4 Jo a Jo
o Mo?
> 2ol BT (13)

Integrating with (12)—(13), from (11) entails

1d Mo?

(e
(nv)uyv = Sy + 7y - [l |- (14)

(0%
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In view of (gl), (g3), there exist constants K, K2 > 0 such that

Bu(t) + gl 2 ~K1, Vuev, (15)

1
(u, g(u)) — Cro(u) + ZHuH2 >—Ky VueV (16)
Hence,

(9(0.0) = 5 [ Gis o [ gtupude > Totw) + (o) - Julf - Ko, (17)

Collecting with (14), (17), we obtain from (10) that

1d

2 gzl o2+ 20(u) + 05 v) + (6 = 0)o|* — 0 (6 — o) (u,v)+
3 Mo |h |2
o~ LTl + U2y + 0Cro) — oy < P4 22

Take o small enough, such that

30 0
— =0

- 3
4 27 4

Mo
_— >
o

N =

Thus in line with (9), we have

(5~ o)l — 0 (6~ 0)(u,0) + (G — =) > >

N |

g
ol + 5 llull®. (18)

Let 09 = min{c, 2,2, 0C;}. We conclude

«a
OREDR

2/n?
5

d
7 el + 101”4 26(u) + 0l v) + oo(llull® + o] + 26(w) + [nf}) <
Due to (15), write
W(t) = llull* + [v]* + 26 (u) + |nl}, v +2K1 > 0.

Then we have
d 2|h|2

By the Gronwall Lemma, we end up with

+ 20'K2 —|— 20’K1.

W(t) < W(0) exp(—oot) + Ugo(l — exp(—oot)), Vit > 0.

Thus, we have the following theorem:

Theorem 3 Assume that (g1)—(g3) and (h1)-(h3) hold. Then the ball of Hy, Bo = B, (0, 10),

centered at 0 with radius po = 0%7 is a bounded absorbing set in Hy for the semigroup

{5(®)}e=o0-
Secondly, taking the scalar product in H of the first equation of system (7) with Av =
Auy + 0 Au, and combining with the second equation, we find

1d

S (AuP ol + 10l pay) + oAl + (5 = 0)llel> = (6 — o) (Au, v)+

(n, ns),u,D(A) + 0(777 u)u.,D(A) + (g(u), Av) = (h7 AU)' (19)
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Analogous to (12)—(13), we have

« Mo?
(1, Ms) D) + (10, 1) 4, DAY > Z|n|i,D(A) —|AU|2 (20)

According to (g2), for any £ > 0, there exists a constant C. > 0 such that
lg'(s)] < els|” +Ce, YO<y <o

By Theorem 3 and Sobolev embedding theorem, g(u) and ¢’(u) are uniformly bounded in L°°,
that is, there exists a constant K3 > 0 such that

lg(u)lzoe < Ks, g (u)|p < K. (21)

Thanks to (21), we get

(9(u), Av) = S (g(w), Au) — (g (w)ue, Au) + (g (u), Au)
> SHlo(w). Au)+ o(g(). A0) = [ 19/(0)] -l - A
> S (o), Au) + o(g(u), Aw) — K| - Au]
> S (gu), Au) + o(g(u), Au) ~ Kol Au]
> 2 (gfu), Au) + o(g(w). Au) - - jauft - 2K (22)
In addition )
(h, Av) = (h, Awy) + o(h, Au) < %(h,Au) + 2| Auf? + bl (23)
Collecting with (20), (22) and (23), from (19) we have
5= (14 + 1P = 201, Aw) + ol pay + 2 (), Aw) + 01— 27— 3 4uf24
(5= ) = (8 = 0) (Au.v) + o (g(u). Aw) + Sl sy < 20 4 B2, > 10(5).

Choose ¢ small enough such that

1 771 X a8 7Y

Therefore, by the above inequality
d 2 2 / /
< (14u+ g(uw) = P + o] +|n|HDA>>) 2 [ o/ (wude + 25/ (e, )+
oA Auf? + 2ol + 21nl2, o) + 20(g(w), Au)

2K3 3
0-2

2(|n)* + ), t=1to(B).
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Combining with (21), Theorem 3 and Sobolev embedding theorem we have

d ) @
—(|Au+g() B2+ 0] + 012, ey ) + olAu + gw) = A2 + el + SIolZ pa
/ 2 o | AKZup
<2 [ g/l falde +2 [ |g'()| - el - [h1dz + olg(u)* + 201+ o) A 4 =57
Q
t>t0 (B),

where C' is a constant relying on pg, |h|, K3, o.

Let 0g = min{o, $ 5,5} The following inequality is obtained immediately

d
= (14u+ g(u) = B2 + [0l + Inf2 pay ) + o0 (14w + g(u) = B2 + ol + 1l2 e )
< C, t>ty(B).

By the Gronwall lemma, we have

|[Au(t) + g(u(t)) = B* + oI + In"(s)]}2.p(ay

< (JAulto) + g(u(t0)) = P2+ o(t0) > + 14 (92 o)) expl=a0(t = t0)) + = ¥t 2 ta(B).

Now, in the light of (21), if B C B, (po, p) (Bw, is the ball | centered at py with radius p in
H1), then B is also bounded in Hp, and integrating with Theorem 3, there exists a constant
Ry > 0, such that

sup {|Au(to) + g(u(to)) — h* + [[o(to) |2 + ' ()2 pay < BE.
(u(to),ut(to),nto (s))EB

Take t; to satisfy t; — tg > 0—10 log R?, then we have

|[Au(t) + g(u()) = h* + oI + In*(s)] pay < PT, t 21,

where p? =1+ U%
According to (21), we conclude that

[Au(®)]* + @ + 7] pay
< |g(u)[* + 2(h, Au) + [B|* + 2|g(u)| - |Au| + 2(g(u), h) + p?
< K2+ |h|? + 2K3| Au| + 2|h||Au| + 2K3|h| + p3

2 2|h|2

< o|lAu* + K3 + |h|* + 2K3]h| + pF + -

namely,

(1= o) Au(®)]” + [o@)II* + 1[5 pay < C,

where C' = (3+ 2)K3 + (2 + 2)[h|? + p3.

Thus, we have the following theorem:
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Theorem 4 Assume that (g1)—(g3) and (h1)—(h3) hold. Then the ball of Hy, Bi = By, (0, p1),

centered at (0,0,0) with radius u1, is a bounded absorbing set in H.

4. Global attractor A in H;

In order to obtain our main results, we need the following compactness results.

Lemma 1 Assume that g € C?(R,R) with (g2), g(0) =0, and g : D(A) — HZ(Q) be defined
by

(g(w),v)) = /Q ¢ (W) Aubvda + / o () (V) Avda,

Q
Vu € D(A), ve HZ(S). Then g is continuous compact.

Lemma 2 Let f(u) = ¢'(u)uy, and g € C?(R, R) satisfy (g2), g(0) = 0. Then f: D(A)xV —
H is continuous compact.

The above two lemmas are easy to verify, so we omit it. The reader can also see [5, 6].

5. Our main results

Theorem 5 Suppose that h € V, Q is a bounded smooth domain in R?, and conditions (g1)-
(g3) and (h1)-(h3) are hold. Then the solution semigroup {S(t)}+>0 associated with system
(7)—(8) has a global attractor A; in H1, and it attracts all bounded subsets of Hy in the norm
of Hl.

Proof Applying theorem 2, we only have to prove that the condition (C) is hold in H;.
Let {w;} be an orthonormal basis of D(A) which consists of eigenvectors of A. It is also an

orthonormal basis of V, H, respectively. The corresponding eigenvalues are denoted by

0<;\1<5\2§5\3§---, S\i—m)o, as 1 — 00
with A®; = \@i, Vi € N. We write V,,, = span{@1,...,0m . For any (u,us,n) € Hi, we
decompose that
(u, ue,m) = (ur, uae, m) + (uz, uze, 12),

where (u1, u1g,m1) = (Pnu, Prug, Prn), and P, : V — V,, is the orthogonal projector.

Since h € V, g : D(A) — V is compact by Lemma 1, for any € > 0, there exists some m,
such that

[(I = Pm)hlly <

| M

I = Pa)g)lly < 3.

Taking the scalar product of the first equation of (7) in H with Avy = Aust+0 Aus and combining

Vu € Bp(a)(0, f11). (24)

with the second equation, we find

1d
5 =7 (1AuaP+lvall* + [n2lfy pay) + ol Auzl* + (6 — o) vz

2dt
o
0 (6 = 0)(Auz, v2) + Zlmal}, pay + ((9(w),v2)) < (, Ava).
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Note

0 30
olAus|* + (8 — o)||v2||* = 0(6 — o) (Auz, v2) > o (1 — %)IAWI2 +(7 - 7)|lva|? (25)
1

and
2

(he, A )+”—2|A 24 (26)
A R T

—(26), when ¢ small enough, we obtain

| &

(hu AU2) <
where he = (I — Pp,)h. Integrating (25

= A

d
3 ([Auz — hol? + [|val|* + 122, pay) + o (|Aug = kol + [[o2]|* + |n2]2 pa))

1 1
< 2 = — — ).
< Ce?, C 16(1+U+5)

By the Gronwall lemma

| Aua(t) — hal” + [lo2 (011 + [13(5)[}2. pa)

Ce?
< (JAug(tr) — hal* + [lva(t) I + 75" (5)]2 p(ay) exp(—o(t —t1)) + —

Ce?
<prexp(—o(t—t1))+—, Vt>ty,
o

where p1; is given by Theorem 4. Take t9 large enough such that to—¢; > % log £, so we conclude
that o

|Aug(t) — ol + lv2(O)I* + [n5(s) ] peay < (1 + ;)52, for t > ts.
Thus {S(t)}+>0 satisfies the condition (C).
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