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1 ~ {> T JFP';0�IsX&P�. T ;6��` [a, b] = ab − ba, / T ���� Lie &P�� [T, T ]j {[a, b] : a, b ∈ T }0y��0�� [T, T ]j T 0℄mC�N#E	WC&P0℄mC0Æy!�;T0sQ�6ow [1] 6��3qx vN &P M 0℄mC [M, M ] 2# M Æ� (e [M,M]=M); ow [2]6��!x vN&P M 0℄mC [M, M ]2# {m ∈ M : τ(m) = 0},,? τ J M ;0i�5�0?�9a�Cuntz V Pedersen[3] 6��:#�IR(m) C∗- &P A, �� A qa\. [A, A] = A, �� [A, A] j A 0Z!a\0U0q�ÆoÆy���nBE	WC&P0℄mC�3=�D�ZNest&P T (N)0℄mC [T (N),

T (N)] σ-7WCf'�� [T (N), T (N)]
σ−wot

,6� 2.16��#.�I" T (N),,:rD(N)0?�0�Iaa\ τ G0. [T, T ]
σ−wot

= {a− τ(a) : a ∈ T (N)}. 39�DJ�� TAF &P
T 0℄mC0?P�� [T, T ] 0f��Z�[
U#H;9r~4&P�"<., [T, T ] J
T 0�|�
2 Nest PoS\t�S[

Hilbert �l H ;0 Nest N :�R {0} V H 0 H 0�C�l���.N#4�qV4��JE�0�{�0 Nest &P T (N) :X {a ∈ B(H): 4J E ∈ N , 8! a(E) ⊂ E}. [J B(H) 07�WC&P�4J H ?�C�l E, � P (E) �H H , E ;05q��v2
T (N) = {a ∈ B(H): 4J E ∈ N , 8! aP (E) = P (E)aP (E)}. T (N) 0:r D(N) : vN &P T (N) ∩ T (N)∗ = N ′, ,? T (N)∗ = {a∗ : a ∈ T (N)}, N ′ = {a ∈ B(H) : 4J E ∈ N , 8!
aP (E) = P (E)a}. 6Q E, F ∈ N �. E < F ,� F−E j Nest00l�B�b�00l�j+C�6Q N ?Z!0+CA� H ,/� N j+C Nest. 6Q N ?q+C�/� N jÆ	 Nest.mXkj: 2005-09-12; `nkj: 2006-01-20^azi: PjG3��_t (10371061); ^*_t (A0324614).
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 � z $ % � 27�4J E ∈ N , � E− =
∨
{F : F < E, F ∈ N}, E+ =

∧
{F : F > E, F ∈ N}, v2 (E−)+ = E,

(E+)− = E, 6Q E− 6= E, / E − E− J+C�6Q E+ 6= E, / E+ − E J+C� N JÆ	
Nest0�D��_oJ4J E ∈ N , E− = E, E+ = E. > A = {Aα}�H N ?+C01℄�/� Da =

∑
Aα∈A

⊕
B(Aα) j:r D(N) 0+C�D�6�" B(H) , Da 0LY� ∆ j�4J a ∈ B(H), ∆(a) =

∑
Aα∈A P (Aα)aP (Aα). 5��6 ∆ J σ−wot Æ	0��. ∆ x=.

T (N) ;ja\� # Da J I � vN &P�� z J Da 0b$0!x?���/ Da(1 − z)J I∞ � vN &P� Daz J!x I � vN &P�> τ1 J Daz ;i�0?�9a (�n [4, 6�
8.2.8]). 6� τ j�4J a ∈ T (N), τ(a) = τ1(∆(a)z). v2 τ J T (N) , Da 0?��=��I4J a, b ∈ T (N), 8! τ([a, b]) = 0.  ∆ V τ1 J σ −wot Æ	0 (�n [4, 6� 8.2.8]), Z� τJ σ − wot Æ	0� # Da(1 − z) Jqx vN &P�Z� [Da(1 − z), Da(1 − z)] = Da(1 − z), # Daz J!x vN &P�Z� [Daz, Daz] = {a − τ1(a) : a ∈ Daz}. N# Nest &P0rb7F���ow [5].Æ�D0B�sQJt�6��Ue 2.1 > N J Hilbert �l H ;0 Nest, /

[T, T ]
σ−wot

= {a− τ(a) : a ∈ T (N)}.t�D�fI��w�6��}e 2.2 > N J Hilbert �l H ;0 Nest, /
{P (E)a(1−P (E)) : a ∈ T (N), E ∈ N} = {a ∈ T (N) : #. E ∈ N G. a = P (E)a(1−P (E))}�h v2�}e 2.3 > N J Hilbert �l H ;0 Nest, /

span{P (E)a(1 − P (E)) : a ∈ T (N), E ∈ N} ⊆ [T (N), T (N)].�h 4J a ∈ T (N), E ∈ N , v2
P (E)a(1 − P (E)) = [P (E), P (E)a(1 − P (E))] ∈ [T (N), T (N)].}e 2.4 > N J Hilbert �l H ;0Æ	 Nest, /

[T (N), T (N)]
σ−wot

= T (N) = {a − τ(a) : a ∈ T (N)}.�h <�6 T (N) ⊆ [T, T ]
σ−wot

. 4J T (N) ?�>WC a,  ow [5] ?�� 3.7, #. E ∈ N , G. a = P (E)a(1 − P (E−)),  # N JÆ	0�Z� E− = E.  �� 2.3,

a = P (E)a(1 − P (E)) ∈ [T (N), T (N)].  ow [5] ?e� 3.13 7 T (N) ?�>WC0y��0
σ− 7WCf'�# T (N), "< [T (N), T (N)]

σ−wot
= T (N).  # N JÆ	 Nest, Z� τ = 0,M

T (N) = {a− τ(a) : a ∈ T (N)}.}e 2.5 > N J Hilbert �l H ;0+C Nest, /
[T (N), T (N)]

σ−wot
= {a − τ(a) : a ∈ T (N)}.
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XD'Q1^nD 347�h 4J a ∈ T (N), / a = a − ∆(a) + ∆(a).  ∆ 06��.
a − ∆(a) ∈ spanσ−wot{P (E)a(1 − P (E)) : a ∈ T (N), E ∈ N} ⊆ [T (N), T (N)]

σ−wot
.< ∆(a) − τ(a) = ∆(a)(1 − z) + ∆(a)z − τ1(∆(a)z),  6� 1 -�T�7

∆(a)(1 − z) ∈ [Da(1 − z), Da(1 − z)] ⊆ [T (N), T (N)]
σ−wot

,

∆(a)z − τ1(∆(a)z) ∈ [Daz, Daz] ⊆ [T (N), T (N)]
σ−wot

.H;ZO! {a − τ(a) : a ∈ T (N)} ⊆ [T (N), T (N)]
σ−wot

.4J a, b ∈ T (N),  6� 2.1 -�T�7 τ([a, b]) = 0, Z� [a, b] = [a, b] − τ([a, b]) ∈

{a− τ(a) : a ∈ T (N)}.  # τ J σ- 7WCf'Æ	0�Z� {a− τ(a) : a ∈ T (N)} J σ- 7WCf'�0�Z� [T (N), T (N)]
σ−wot

= {a − τ(a) : a ∈ T (N)}.Ue 2.1 R�h > Pa J H , N 0Z!+C0�y��0;0��/ PaT (N)Pa j�I+C Nest M1 ;0 Nest &P T (M1), . P⊥
a T (N)P⊥

a j�IÆ	 Nest M2 ;0 Nest &P
T (M2).  �� 2.4 7

[P⊥
a T (N)P⊥

a , P⊥
a T (N)P⊥

a ]
σ−wot

= P⊥
a T (N)P⊥

a = {a − τ(a) : a ∈ P⊥
a T (N)P⊥

a }

⊆ {a − τ(a) : a ∈ T (N)}. �� 2.5 7
[PaT (N)Pa, PaT (N)Pa]

σ−wot
= {a− τ(a) : a ∈ PaT (N)Pa} ⊆ {a − τ(a) : a ∈ T (N)}.> {Aα = Eα−E−

α }jN 0+C01℄�h pα = P (Eα), p−α = P (E−
α ),/ P (Aα) = pα−p−α ,

Pa =
∑

α P (Aα) =
∑

α(pα − p−α ). 4J t ∈ T (N), / t = PatPa + P⊥
a tPa + PatP⊥

a + P⊥
a tP⊥

a , v2 τ(P⊥
a tPa) = 0, τ(PatP⊥

a ) = 0. "
PatP⊥

a =
∑

α

(pα − p−α )t(1 −
∑

β

(pβ − p−β )) =
∑

α

[(pα − p−α )t(1 −
∑

β

(pβ − p−β ))].4J α

(pα − p−α )t(1 −
∑

β

(pβ − p−β )) =(pα − p−α )pαt(1 − pα)(1 −
∑

β

(pβ − p−β ))+

(pα − p−α )pαtp−α (1 −
∑

β

(pβ − p−β ))

=pα(pα − p−α )t(1 −
∑

β

(pβ − p−β ))(1 − pα). �� 2.2 7 (pα − p−α )t(1 −
∑

β(pβ − p−β )) ∈ [T (N), T (N)], "< PatP⊥
a ∈ [T (N), T (N)]

σ−wot
,

P⊥
a tPa = (1 −

∑

β

(pβ − p−β ))t
∑

α

(pα − p−α ) =
∑

α

[(1 −
∑

β

(pβ − p−β ))t(pα − p−α )].
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 � z $ % � 27�4J α

(1 −
∑

β

(pβ − p−β ))t(pα − p−α ) = (1 −
∑

β

(pβ − p−β ))pαt(pα − p−α )

= (pα −
∑

β

(pαpβ − pαp−β ))pαt(pα − p−α ) = (p−α −
∑

pβ≤p
−

α

(pβ − p−β ))pαt(pα − p−α )

= p−α [(p−α −
∑

pβ≤p
−

α

(pβ − p−β ))t(pα − p−α )](1 − p−α ).- �� 2.2 7
(1 −

∑

β

(pβ − p−β ))t(pα − p−α ) ∈ [T (N), T (N)],"< P⊥
a tPa ∈ [T (N), T (N)]

σ−wot
.H;ZO

t − τ(t) =PatPa − τ(PatPa) + P⊥
a tPa − τ(P⊥

a tPa) + PatP⊥
a − τ(PatP⊥

a )+

P⊥
a tP⊥

a − τ(P⊥
a tP⊥

a )

∈[T (N), T (N)]
σ−wot

.Z� {a − τ(a) : a ∈ T (N)} ⊆ [T (N), T (N)]
σ−wot

.>�RNr
U�� 2.5 Y��D06��6�2�|6�� {a − τ(a) : a ∈ T (N)} = [T (N), T (N)]
σ−wot

.

3 TAF PoS\t�S[MuJ� TAF &P0��N&�N# TAF &P0rb7F��now [6].�I C∗- &P A �j AF C∗ &P: A ?#.�I!xk C∗ C&PB� {An} G.
∪∞

n=1An �# A. A 0�I masa(b$q℄ C∗ C&P)D �j5�0�: A ?#.�I!xk C∗ C&PB�� {An} G. ∪∞
n=1An �# A, 4J n, An ∩ D = Dn J An 0 masa, �.

D = ∪∞
n=1Dn. 4J�I AF C∗ &P A, �I5� masa D, d{�0!xk C∗- C&PB�

{An}, #. A 0�IC {en
ij : i, j, n} �I4J n, {en

ij : i, j} j An 0�I~4(mr�4J
i, en

ii ∈ Dn, �.�I en
ij J {en+1

ij : i, j} ?��)V0V�!D�8j A N# D 0�I~4(mr� A ?�I�C�l S �jO 0: ∪∞
n=1(An ∩ S) �# S. ow [6] ?6��6Q S J

A 0�I� D- S� (e DSD ⊂ S), / S JO 0�v2!D S J {en
ij : en

ij ∈ S} 0�y��0� A 0�I?P�C&P T �j TAF &P�: T ∩ T ∗ = D, ,? T ∗ = {a∗ : a ∈ T }, � Dj T 0:r�v2 T JO 0�Ue 3.1 > T J AF C∗- &P A ?:rj5� MASA D 0 TAF &P�/
[T, T ] = span{en

ij : en
ij ∈ T, i 6= j},"< [T, T ] J T 0��|��h 4J en

ij ∈ T, i 6= j, / en
ij = [en

ii, e
n
ij ] ∈ [T, T ], "< span{en

ij : en
ij ∈ T, i 6= j} ⊂ [T, T ].4J en

ij,e
n
kt ∈ T ,6Q j = k,  # T ∩T ∗ = D "<�! i 6= t, Z�! [en

ij , e
n
kt] = en

it ∈ span{en
ij :



2+ i#C�CF
XD'Q1^nD 349

en
ij ∈ T, i 6= j}. 6Q j 6= k �. i = t, / [en

ij , e
n
kt] = −en

kj ∈ span{en
ij : en

ij ∈ T, i 6= j}. 6Q j 6= k �. i 6= t, / [en
ij , e

n
kt] = 0 ∈ span{en

ij : en
ij ∈ T, i 6= j}.  # T JO 0�Z�

T = span{en
ij : en

ij ∈ T }. "<! [T, T ] = span{en
ij : en

ij ∈ T, i 6= j}.J6 A, {An : n}, D d A N# D 0~4(mr {en
ij : i, j, n}. 4J a ∈ A, 4J n, �

Pn(a) =
∑

i en
iiaen

ii, /bx limn→∞ Pn(a) = P (a) 6��" A , D ;0?Pj 1 0_o*h
P . sf 3.2 > T J AFC∗- &P A ?:rj5� MASA D 0 TAF &P�/

[T, T ] = {a − P (a) : a ∈ T }.�h 4J4J a ∈ T , 4J n, / a =
∑

i,j en
iiaen

jj , Z� a − Pn(a) =
∑

i6=j en
iiaen

jj . �j
en

iiaen
jj ∈ T , Z�* i 6= j D� en

iiaen
jj = [en

ii, e
n
iiaen

jj ] ∈ [T, T ], "< a − Pn(a) ∈ [T, T ]. Z�
a − P (a) = limn→∞(a − Pn(a)) ∈ [T, T ]. M {a − P (a) : a ∈ T } ⊂ [T, T ].4J en

ij ∈ T, i 6= j, v2 P (en
ij) = 0, Z� en

ij = en
ij − P (en

ij) ∈ {a − P (a) : a ∈ T }. �j PJÆ	0�Z� {a − P (a) : a ∈ T } J�0� 6� 3.1 7 [T, T ] = {a − P (a) : a ∈ T }.4J�I AF C∗- &P�[!�I Groupoid J�\�m(�O6t�J6 AF C∗- &P A,5� masa D, �d A N# D 0~4(mr {en
ij : i, j, n}. > X J D 0b$�|�l�[J�I}�u0b9�Æ` Hausdorff �l�4J en

ij , �6� X ;�I�Da" [6], � En
ij �H[0d~�/ A :�0f' Groupoid j G = ∪ijnEn

ij , ,? G 0f' {En
ij : i, j, n} L��

A ?��I)82a# C0(G) ?0) () C0(G) ?0)l�:� A ?0)). 4J a, b ∈ A, p
a, b �� C0(G) ?0)�/ (ab)(x, y) =

∑
u a(x, u)b(u, y), ,? (x, y) ∈ G,u �R. x 02k
?�> S J A 0�I� D- S�� S 0)6�j G 0C spec(S) = {(x, y) ∈ G : #. f ∈ SG. f(x, y) 6= 0}. / S = {f ∈ A : supp(f) ⊂ spec(S)}. v2 spec(D) = X .sf 3.3 > T J AF C∗- &P A ?:rj5� MASA D 0 TAF &P�/

spec([T, T ]) = {(x, y) ∈ spec(T ) : x 6= y}.�h  6� 3.1 7 [T, T ] J D- S���. spec([T, T ]) = ∪{En
ij : en

ijinT, i 6= j} ⊂

{(x, y) ∈ spec(T ) : x 6= y}.>8�4J (x, y) ∈ spec(T ), . x 6= y, /#. f ∈ T G. f(x, y) 6= 0,  # P (f)(x, y) = 0,Z� (f − P (f))(x, y) 6= 0,  e� 3.2 7 f − P (f) ∈ [T, T ], Z� (x, y) ∈ spec([T, T ]). 2�6�� spec([T, T ]) = {(x, y) ∈ spec(T ) : x 6= y}.

Cuntz V Pedersen[3] 6��:#�IR(m) C∗- &P A, �� A qa\. [A, A] = A,�� [A, A] j A 0Z!a\0U0q�t�6� 3.4 p6�:# TAF &P T , [T, T ]j T 0Z!Æ	ay�AS0U0q (T Æ	ay�AS f : f J T ;0Æ	ay�AS�.�I4J
a, b ∈ T , 8! f(ab) = f(ba)).Ue 3.4 > T J AF C∗- &P A ?:rj5� MASA D 0 TAF &P�/ [T, T ] =

∩{kerϕ : ϕ J T ;0Æ	ay�AS }.�h v2 [T, T ] ⊂ ∩{kerϕ : ϕ J T ;0Æ	ay�AS }. t6>�RNr��4J
x ∈ X , 6� ϕx(f) = f(x, x), ∀f ∈ T , / ϕx J T ;0Æ	ay�AS�IE;�v2 ϕx J
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 � z $ % � 27�
T ;0y�AS�4J a, b ∈ T , ! (ab)(x, x) =

∑
u a(x, u)b(u, x), �j T J TAF &P�Z�

spec(T ) J X ;�I$��e (x, u), (u, x) ∈ spec(T ) *.v* x = u. �!
(ab)(x, x) = a(x, x)b(x, x) = b(x, x)a(x, x) = (ba)(x, x),"< ϕx(ab) = ϕx(ba), e ϕx Jay�AS�-6Æ	�� # ϕx|D J D ;0Æ	y�AS�

P J A , D ;0Æ	�=��. ϕx = ϕx|D ◦ P , Z� ϕx JÆ	0�4J a ∈ ∩{kerϕ : ϕ J T ;0Æ	ay�AS }, 4J x ∈ X ,  -�6�7 ϕx J T ;0Æ	ay�AS�Z� ϕx(a) = a(x, x) = 0,  e� 3.3 7 a ∈ [T, T ]. Z� [T, T ] = ∩{kerϕ : ϕJ T ;0Æ	ay�AS }.> T j TAF &P�4J n, � LatTn = {p : p J Dn 0��I4J a ∈ Tn, 8!
pa(1 − p) ∈ Tn}.Ue 3.5 > T j TAF &P�/

[T, T ] = span{pa(1 − p) : a ∈ T, p ∈ LatTn, n = 1, 2, . . .}

= span{a ∈ T : #. n d p ∈ LatTn G. a = pa(1 − p)}.�h (1) 4J en
ij ∈ T, i 6= j,  # Tn J!xk C∗- &P An ?C&P.�R An 0 masa

Dn, "<#. p ∈ LatTn G. en
ij = pen

ij(1 − p),  6� 3.1 �. [T, T ] ⊂ span{pa(1 − p) : a ∈

T, p ∈ LatTn, n = 1, 2, . . .}. >8�> a ∈ T ,p ∈ LatTn, / pa(1 − p) = [p, pa(1 − p)] ∈ [T, T ]. "< [T, T ] = span{pa(1 − p) : a ∈ T, p ∈ LatTn, n = 1, 2, . . .}.

(2) h U = {pa(1 − p) : a ∈ T, p ∈ LatTn, n = 1, 2, . . .}, V = {a ∈ T : #. n d p ∈ LatTnG. a = pa(1 − p)}, �6 spanU = spanV , <�6 U = V . 4J a ∈ T , d p ∈ LatTn /
pa(1 − p) ∈ T , "< pa(1 − p) = p(pa(1 − p))(1 − p) ∈ V . 4J a ∈ V , "<#. n d p ∈ LatTnG. a = pa(1 − p)}, Z� a ∈ U .Nbwy�
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Commutators of Non-Self-Adjoint Operator Algebras

JI Pei-sheng
(Department of Mathematics, Qingdao University, Shandong 266071, China )

Abstract: Let T be an associative algebra over the complex filed, and the commutator [T, T ] of T be
the linear span of the set {[a, b] : a, b ∈ T}. We describe the σ −wot closure of the commutator of a nest
algebra and the norm closure of the commutator of an TAF algebra .

Key words: Nest algebra; TAF algebra; commutator.


