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1 ���t�	� [1], [2] L Moran xh1��<)��<3? 1 <Tr$3 {nk}k≥1 g�? 1 <Uhr$3 {ck}k≥1 "WF J ⊂ R
d `</YQ/ Moran x [1]:

E = E(J, nk, ck) =
⋂

k≥0

Ek,O[
Ek =

⋃

σ∈Dk

Jσ,

Dk := {(i1, . . . , ik) ∈ Nk : 1 ≤ ij ≤ nj , 1 ≤ j ≤ k}.�	{:<m/&�EQ/ Moran x�s� 1 nk ≥ 3 g�℄a	Q/ Moran x E(J, nk, ck) ^Kb([< k �$3x Dk ����
D̃k = {(i1, . . . , ik) ∈ Nk : 1 ≤ ij ≤ nj , ij 6= 2 unless ij−1 = 1, 2 ≤ j ≤ k} (1.1)6

Ẽk =
⋃

σ∈D̃k

Jσ,C>
Ẽ = Ẽ(J, nk, ck) =

⋂

k≥0

Ẽk%�<$3 {nk}k≥1 g {ck}k≥1 WF<�EQ/ Moran x� Fk = {Jσ : σ ∈ D̃k} %� Ẽ < kÆt�E�
v
�: 2005-05-17; �Æ
�: 2005-07-19



360 s & * � B L ; 27�J�EQ/ Moranx[���< k− 1Æt�E σ ∈ Dk−1 z�e< k Æt�E Jσ∗j <Yr�/,�= nk Yg nk−1Y<-^T#�z1x Ẽ �Im Moranx�-Ux Ẽ < Hausdorff�r��F� Moran xC,F4Z.S� [2], sQ�Æ�Q [2]; .�F
	� [3] SL Contorx<�O%VA>�WX���	SL/&|o<�EQ/ Moran x��bS
O k Æt�EYrzOd�Æ`9%VAO Hausdorff �r�
2 | Ẽ q k �{j�w�x Ẽ < k Æt�EYr.m D̃k < k �$3x (i1i2 · · · ik) <Yr�L.�=�� 2.1 (1.1) kF4< k �$3xYr ♯D̃k = ♯(i1i2 · · · ik) =f�

♯D̃k = a1 · a2 · · · ak (2.1)O[
aj = (nj − 1) +

1

(nj−1 − 1) + 1
(nj−2−1)+ 1

. ..+
...

(n2−1)+ 1
n1

(2.2)

. . .

+
1

(n2 − 1) + 1
n1m/Y=�+Sr�#� � īj � {1, 2, . . . , nj} [�>? ij <r�< (1.1) k

♯(i1, . . . , ik−2, 1̄, 2) = 0,

♯(i1, . . . , ik−2, 1, 2) = ♯(i1, . . . , ik−2),z1
♯(i1, . . . , ik−1, 2) = ♯(i1, . . . , ik−2).M
♯(i1, . . . , ik−1, 2̄) = ♯(i1, . . . , ik−1),5.

♯(i1i2 · · · ik) = (nk − 1) · ♯(i1, . . . , ik−1, 2̄) + ♯(i1, . . . , ik−1, 2)

= (nk − 1) · ♯(i1, . . . , ik−1) + ♯(i1, . . . , ik−2).{
♯D̃k

♯D̃k−1

= (nk − 1) +
♯D̃k−2

♯D̃k−1

= (nk − 1) +
1

♯D̃k−1

♯D̃k−2

= (nk − 1) +
1

(nk−1 − 1) + 1
♯D̃k−2

♯D̃k−3

= · · · = ak.
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♯D̃k = ak · ♯D̃k−1 = ak · ak−1 · ♯D̃k−2 = · · · = ak · ak−1 · · · a1.�� 2.2 L?< (2.2) kWF< aj , (j = 1, . . . , k), ℄a

n1 = n3 − 1 = n5 − 1 = · · · = n2k+1 − 1 = m1,
n2 − 1 = n4 − 1 = · · · = n2k − 1 = m2,

S m1 < m2,L= (i) a1 < a3 < a5 < · · · < m1 + 1 ≤ m2 < · · · < a6 < a4 < a2;

(ii) a1a2 < a3a4 < a5a6 < · · · ≤ a2 ≤ · · · < a6a7 < a4a5 < a2a3;

(iii) m1−1
a

< a1···ak

ak < 1.R) a m
lim

k→∞
akak+1 =

m1m2 +
√

(m1m2)2 + 4m1m2 + 2

2
=: a2 <xpKQ[. (2.3)#� �: (i) �Y�

(ii) 5�Pr�$3 {a2k+1} 7DCM=`��z1
lim

k→∞
a2k−1 = a∗2J�=fa∗ = m1 +

1

m2 + 1
a∗�;

a∗ = lim
k→∞

a2k =
m1m2 +

√

(m1m2)2 + 4m1m2

2m2
= lim inf

k→∞
ak.�(";�Ir�$3 {a2k} <w��

a∗ = lim
k→∞

a2k =
m1m2 +

√

(m1m2)2 + 4m1m2

2m1
= lim sup

k→∞
ak.5. {ak} <J$m

a1 < a3 < a5 < · · · < a∗ < a∗ < · · · < a6 < a4 < a2. (2.4)5� a2ka2k+1 = a2k(m1+
1

a2k
) = m1a2k+1<M�"A$3 {a2k}���a2k−1a2k = a2k−1(m2+

1
a2k−1

) = m1a2k−1 + 1 <M�"A$3 {a2k+1} ���z1
 {ak} <J$"; {akak+1} <J$�
a1a2 < a3a4 < a5a6 < · · · < a6a7 < a4a5 < a2a3,S

lim
k→∞

a2ka2k+1 = m1 lim
k→∞

a2k + 1 = m1a
∗ =

m1m2 +
√

(m1m2)2 + 4m1m2 + 2

2
,

lim
k→∞

a2k−1a2k = m2 lim
k→∞

a2k−1 + 1 = m2a∗ =
m1m2 +

√

(m1m2)2 + 4m1m2 + 2

2
."��L?Z3 k,

lim
k→∞

akak+1 =
m1m2 +

√

(m1m2)2 + 4m1m2 + 2

2
=: a2 2J�



362 s & * � B L ; 27�1M=
a1a2 < a3a4 < a5a6 < · · · ≤ a2 ≤ · · · < a6a7 < a4a5 < a2a3. (2.5)< (2.5) k�

a1 · · ·a2k

a2k
=

a1a2

a2
·
a3a4

a2
· · ·

a2k−1a2k

a2
< 1.< (2.4) g (2.5) k

a1 · · · a2k

a2k
=

a1

a
·
a2a3

a2
·
a4a5

a2
· · ·

a2k−2a2k−1

a2
·
a2k

a
>

a1

a
·
a2k

a
>

m1 − 1

a1M k �Irg� m1−1
a

< a1···ak

ak < 1.�("V� k �Prg�.=� m1−1
a

< a1···ak

ak < 1. V��
3 Ẽ q{j�$���y�1�e�
 {nk}k≥1 =f6( 2 ��� {ck}k≥1 mU#r3� Ẽ mR,< {nk}k≥1 g
{ck}k≥1 WF<�EQ/ Moran x�
 s = − logc a, R) a [< (2.3) kWF�L? Ẽ <bYWX� F2k = {Jσ : σ ∈ D̃2k} g F2k+1 = {Jσ : σ ∈ D̃2k+1}, =�� 3.1 Hs

F2k+1
(Ẽ) ≤ Hs

F2k
(Ẽ),{ :

∑

Jσ∈F2k+1

|Jσ|
s ≤

∑

Jσ∈F2k

|Jσ|
s.#� < (2.4) k� a2k+1 < a∗ < a. 5� s = − logc a, z1 a2k+1c

s < acs = 1, 1M=
∑

Jσ∈F2k+1

|Jσ|
s = a1 · · · a2ka2k+1c

(2k+1)s ≤ a1 · · · a2kc2ks(a2k+1c
s) ≤

∑

Jσ∈F2k

|Jσ|
s
.6( 3.1 �A Ẽ < F2k = {Jσ : σ ∈ D̃2k} WX�-� F2k+1 = {Jσ : σ ∈ D̃2k+1} WX�\�����)� Ẽ <7Yt�E<d�Æ`9�1 Jk

σ∗i �l�rm i < D̃k [-L8< k Æt�E�L Ẽ <t�E"S'v&�
J2k

σ∗1; J
2k
σ∗1̄; J

2k+1
σ∗1 ; J2k+1

σ∗1̄R)Vf� 1̄ ��lR 1 Tr�< D̃k <F4� J2k
σ∗1 dÆk�e m1 + 1 Y 2k + 1 Æt�E�O[/Y J2k+1

σ∗1 g m1 Y
J2k+1

σ∗1̄
, �h

J2k
σ∗1
e�
−→ 1 · J2k+1

σ∗1 + m1 · J
2k+1
σ∗1̄

. (A)5� 1̄ k�F
 2, z1
J2k

σ∗1̄

e�
−→ 1 · J2k+1

σ∗1 + (m1 − 1) · J2k+1
σ∗1̄

. (B)�(�
J2k+1

σ∗1

e�
−→ 1 · J2k+2

σ∗1 + m2 · J
2k+2
σ∗1̄

, (C)
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J2k+1
σ∗1̄

e�
−→ 1 · J2k+2

σ∗1 + (m2 − 1) · J2k+2
σ∗1̄

. (D)`|
 (A),(B),(D) kdÆ_&t�E J2k
σ∗1; J

2k
σ∗1̄; J

2k+1
σ∗1̄

(k �Z3Tr), 1�%R/b(��dÆ7 J2k+1
σ∗1 b(��Z*�3�f�L J2k

σ∗1 h!�dÆ7 J2k+1
σ∗1 2l + 1 /��z;t�Exi�� V2k,1 = {Vi}2k,1;L J2k

σ∗1̄ h!�dÆ7 J2k+1
σ∗1 2l + 1 /��z;t�Exi�� V2k,1̄ = {Vi}2k,1̄;L J2k+1

σ∗1 h!�dÆ7 J2k+1
σ∗1 2l /��z;t�Exi�� V2k+1,1 = {Vi}2k+1,1;L J2k+1

σ∗1̄
h!�dÆ7 J2k+1

σ∗1 2l �/�z;t�Exi�� V2k+1,1̄ = {Vi}2k+1,1̄.L=�� 3.2 2J L > 0, 9 l > L g��3�>kJ'*�
(i).

∑

Jσ∈{Vi}2k,1
|Jσ|

s ≤ |J2k
σ∗1|

s;

(ii).
∑

Jσ∈{Vi}2k,1̄
|Jσ|

s ≤ |J2k
σ∗1̄|

s;

(iii).
∑

Jσ∈{Vi}2k+1,1̄
|Jσ|

s ≤ |J2k+1
σ∗1̄

|s;{�	 J2k
σ∗1, J

2k
σ∗1̄, J

2k+1
σ∗1̄

�dÆ7 J2k+1
σ∗1 2L /�k�`qg�M�#� L J2k

σ∗1 `|�dÆ7 J2k+1
σ∗1 ��

J2k
σ∗1

e�
−→ 1 · J2k+1

σ∗1 + m1 · J
2k+1
σ∗1̄

< (A) ke�
−→ J2k+1

σ∗1 + m1[1 · J2k+2
σ∗1 + (m2 − 1) · J2k+2

σ∗1̄
] < (D) ke�

−→ J2k+1
σ∗1 + m1{[J

2k+3
σ∗1 + m1 · J

2k+3
σ∗1̄

] + (m2 − 1)[J2k+1
σ∗1 + (m1 − 1) · J2k+1

σ∗1̄
]} < (A,B)

= J2k+1
σ∗1 + m1m2J

2k+3
σ∗1 + m1(m1m2 − m2 + 1) · J2k+3

σ∗1̄
.(p`qb(W:dÆ 2l + 1 /�;

J2k
σ∗1

e�
−→J2k+1

σ∗1 + [m1m2J
2k+3
σ∗1 + m1m2(m1m2 − m2 + 1) · J2k+5

σ∗1̄
+

m1m2(m1m2 − m2 + 1)2 · J2k+7
σ∗1̄

+

· · · + m1m2(m1m2 − m2 + 1)l−1 · J2k+2l+1
σ∗1̄

] + m1(m1m2 − m2 + 1)l · J2k+2l+1
σ∗1̄

.z1L? J2k
σ∗1 <�dÆ7 J2k+1

σ∗1 �x V2k,1 = {Vi}2k,1, =�
∑

Jσ∈{Vi}2k,1

|Jσ|
s =|J2k+1

σ∗1 |s + [m1m2|J
2k+3
σ∗1 |s + m1m2(m1m2 − m2 + 1)|J2k+5

σ∗1̄
|s + · · ·+

m1m2(m1m2 − m2 + 1)l−1|J2k+2l+1
σ∗1̄

|s] + m1(m1m2 − m2 + 1)l|J2k+2l+1
σ∗1̄

|s

=c(2k+1)s + [m1m2c
(2k+3)s + m1m2(m1m2 − m2 + 1)c(2k+5)s + · · ·+

m1m2(m1m2 − m2 + 1)l−1c(2k+2l+1)s] + m1(m1m2 − m2 + 1)lc(2k+2l+1)s.<?[$fEh�>�r3<℄��
(m1m2 − m2 + 1)c2s = (m1m2 − m2 + 1)

2

m1m2 +
√

(m1m2)2 + 4m1m2 + 2
< 1
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∑

Jσ∈{Vi}2k,1

|Jσ|
s =c(2k+1)s + m1m2c

(2k+3)s ·
1 − [(m1m2 − m2 + 1)c2s]l

1 − (m1m2 − m2 + 1)c2s
+

m1(m1m2 − m2 + 1)lc(2l+2k+1)s

≤c(2k+1)s[1 + m1m2c
2s ·

1

1 − (m1m2 − m2 + 1)c2s
+ ε]. (3.1) "Oa��

c(2k+1)s + m1m2c
(2k+3)s ·

1

1 − (m1m2 − m2 + 1)c2s

= c2ks{cs[1 + m1m2 ·
1

c−2s − (m1m2 − m2 + 1)
]}.< s = − logc a z (2.3) k�;�>k

c2s =
1

a
=

2

m1m2 +
√

(m1m2)2 + 4m1m2 + 2

<
2

m1m2 +
√

(m1m2)2 + 3m1m2 + 9/4 + 2
<

1

m1m2 + 7/45^ (3.1) k�;�9 l > L g�;G=
∑

Jσ∈{Vi}2k,1

|Jσ|
s < (1 + ε)c2ks = (1 + ε)|J2k

σ∗1|
s.< ε > 0 <Z3"";

∑

Jσ∈{Vi}2k,1

|Jσ|
s < |J2k

σ∗1|
s '*.\2�*

∑

Jσ∈{Vi}2k,1̄

|Jσ|
s <

∑

Jσ∈{Vi}2k,1

|Jσ|
s;

∑

Jσ∈{Vi}2k+1,1̄

|Jσ|
s <

∑

Jσ∈{Vi}2k,1

|Jσ|
s,z1�L?`�< L, 9 l > L g�\=

(ii).
∑

Jσ∈{Vi}2k,1̄
|Jσ|

s ≤ |J2k
σ∗1̄|

s; (iii).
∑

Jσ∈{Vi}2k+1,1̄
|Jσ|

s ≤ |J2k+1
σ∗1̄

|s '*��=L J2k+1
σ∗1 “dÆ7 J2k+1

σ∗1 ” k��aA`��P�
 (i) �,<VAb(";��� 3.3 L?Z3bYr l (	 J2k+1
σ∗1 �dÆ7 J2k+1

σ∗1 �</r), �>k
∑

Jσ∈{Vi}2k+1,1

|Jσ|
s > |J2k+1

σ∗1 |s '*.{�	 J2k+1
σ∗1 �dÆ7 J2k+1

σ∗1 Z3/�k�g���
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Jσ∈{Vi}2k+1,1
|Jσ|

s �Æ�Q: J2k+1
σ∗1 , Og�M�

4 Ẽ q Hausdorff ��s� 1 
 Ẽ m<F4 1 F4<�EQ/ Moran x�L Ẽ < Hausdorff �r`�m
dimHẼ ≤ lim inf

k→∞

log a1 · · · ak

− log c1 · · · ck

.#� 
 s = lim infk→∞
log a1···ak

− log c1···ck
, LL?Z3 ε > 0, 2JTr$3 {ki} ր ∞ zTr K,9 ki > K g�=

(c1 · · · cki
)s+ε <

1

a1 · · · aki

.>5� Ẽ "� ♯D̃ki
= a1 · a2 · · ·aki

Y$K� c1 · · · cki
<t�E {Jσ}σ∈D̃ki

WX�z1
Hs+ε(Ẽ) ≤ lim

i→∞

∑

σ∈D̃ki

|Jσ|
s+ε = lim

i→∞
(a1 · · · aki

)(c1 · · · cki
)s+ε < 1.5. dimHẼ ≤ s − ε. < ε > 0 <Z3"�{; dimHẼ ≤ s.-VA�P<�>k��
	� [2] [A�N</Y�!K6( (6( 2 g6( 3) %Z*�?<�� 4.1 2JR5#r A, i;LZ3 s > 0, =

Hs(Ẽ) ≥ A · Hs
F(Ẽ).yY	 [2] [�8<6(mSL/
 Moran x<�85 s <Z3"�OVAQO"1P�:�EQ/ Moran x`M�:�OUW"��JZ*�	<a-�as� 2 
 {nk}k≥1 =f6( 2 ��� ck = c > 0, L< {nk}k≥1 g {ck}k≥1 WF<�EQ/ Moran x Ẽ < Hausdorff �rm

dimHẼ = − logc a.R) a m
lim

k→∞
akak+1 =

m1m2 +
√

(m1m2)2 + 4m1m2 + 2

2
=: a2<xpKQ[�#� <6( 2.2 < m1−1

a
< a1···ak

ak < 1, gz
< ck = c 5^F( 1 �;
dimHẼ ≤ lim inf

k→∞

log a1 · · · ak

− log c1 · · · ck

≤
log a

− log c
= − logc a.��VA�P<�>k�[�6( 4.1, X# 8 F [<Ewh�WX&�5�

lim
k→∞

|Jσ| = lim
k→∞

ck = 0, (σ ∈ D̃k),



366 s & * � B L ; 27�z1LZ3 δ > 0, 2JUTr K, i;9 k > K g� |Jσ| ≤ δ, σ ∈ D̃k.�
 U = {Ui} � Ẽ <Z/ δ WX�O[ Ui ∈ F . <? Ẽ m�x��?"11[~*/Y��e_Æ<=�WX�6
k1 = min {k : Ui ∈ Fk}, k2 = max {k : Ui ∈ Fk},L k2 ≥ k1 ≥ K. 8	 Ẽ <V� k1 Æt�E`|
 (A),(B),(D) kdÆ_&t�E J2k

σ∗1; J
2k
σ∗1̄; J

2k+1
σ∗1̄

(k �Z3Tr)W:A k2+2LÆ (�	%O��dÆ7 J2k+1
σ∗1 b(�),z;t�Ewx�� V = {Vi},L V = {Vi} [� Ẽ <�WX���VA

∑

Jσ∈{Ui}

|Jσ|
s ≥

∑

Jσ∈{Vi}

|Jσ|
s. (4.1)"�b-Y�_	 Ẽ< U WX�m' V WX���_/�	WX� U = {Ui}�dÆ7 J2k+1

σ∗1 ��1 U = {Ui} <g� (k1Æ) �j`|�dÆ7 J2k+1
σ∗1 �W:A k2 + 2L Æ�z;�<�WX�� W = {Wi}, L<B} 2,

∑

Jσ∈{Ui}

|Jσ|
s ≥

∑

Jσ∈{Wi}

|Jσ|
s. (4.2).g

♯{J2k+1
σ∗1 : J2k+1

σ∗1 ∈ {Wi}} ≤ ♯{J2k+1
σ∗1 : J2k+1

σ∗1 ∈ {Vi}}.�_N�	�WX W = {Wi} h!��Æ� J2k+1
σ∗1 �1 W = {Wi} A k2 Æ�j`|��Æ� J2k+1

σ∗1 �W:A k1 Æ�"i;
♯{J2k+1

σ∗1 : J2k+1
σ∗1 ∈ {Wi}} = ♯{J2k+1

σ∗1 : J2k+1
σ∗1 ∈ {Vi}}.1Mz;�<�WX�m V = {Vi}, S<6( 3.2,

∑

Jσ∈{Wi}

|Jσ|
s ≥

∑

Jσ∈{Vi}

|Jσ|
s. (4.3)di (4.2),(4.3) �; (4.1).<6( 3.1, �?"1�
`�< k1 = 2k + 1 mPr�UL"1	Ir 2k Æt�EV�dÆ: 2k + 1 Æ�MSg�M�<? U = {Ui} m Ẽ <EwJ F [<Z/ δ WX�z1

Hs
δ,F(Ẽ) ≥

∑

Jσ∈{Vi}

|Jσ|
s = ♯D̃2k|J

2k+1
σ∗1 |s + (♯D̃2k+1 − ♯D̃2k)

∑

Jσ∈{Vi}2k+1,1̄

|Jσ|
s > ♯D̃2k|J

2k+1
σ∗1 |s.`�>km5� Ẽ < 2k + 1 Æt�E[= ♯D̃2k Y J2k+1

σ∗1 &Ew�f�<�m ♯D̃2k+1 − ♯D̃2kY J2k+1
σ∗1̄

&Ew�
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♯D̃2k|J

2k+1
σ∗1 |s = a1a2 · · ·a2k(c2k+1)s =

a1a2 · · · a2k

a2k
·
1

a
>

m1 − 1

a2
> 0.z1�

Hs
F (Ẽ) = lim

δ→0
Hs
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Hausdorff Dimensions of Some Reduced Homogeneous Moran Sets
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Abstract: Dk = {(i1, . . . , ik) : 1 ≤ ij ≤ nj , 1 ≤ j ≤ k} in the iterative process of the homogeneous
Moran is reduced to D̃k = {(i1, . . . , ik) : 1 ≤ ij ≤ nj , ij 6= 2 unless ij−1 = 1, 2 ≤ j ≤ k}, the
corresponding set is called symmetric cantor set. The Hausdorff dimensions of Ẽ are determined.

Key words: reduced homogeneous Moran set; k-sequence set; Hausdorff dimension.


