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0g5x56m:T��s�,>�T�{:�kL�:*A�
(P)

{

u(4)(t) = f(t, u(t), u′(t), u′′(t), u′′′(t)), 0 ≤ t ≤ 1,

u(0) = A, u′(1) = B, u′′(0) = C, u′′′(1) = D,M\�{ (P ) :L�fV:h u∗(t) > 0, 0 < t < 1 :����gf�` f Az:�-=\)��R` C[0, 1] \:Pm� ‖u‖ = max0≤t≤1 |u(t)|.s��T�{ (P ) ?k.(H�/O"�2(HÆpC}d}a:2�*:���48J^'���CA 1988 H Gupta[1] �
�{ (P ) 0�*:2�V��{R(�A A = B =

C = D = 0 :S 
� Gupta[1], Elgindi[2] w9Z� [3] %2�VOk�#d{AoP:E!�[kWj}�
NA.�{ (P ) :�:*A����%2 Schauder �C>�$k C3[0, 1] \:<�Pm`&.�{ (P ) :�kL�:y^*A�$�r9.� [1]–[3] \b�b2:
6�A��\�`&
6:}��5
0�dR(
max{|f(t, u0, u1, u2, u3)| : · · ·} sH max{f(t, u0, u1, u2, u3) : · · ·}.Aym\�J^�d�,.T���AC^un\: “j-\F”.��:
6�A�W&T��� f(t, u0, u1, u2, u3) AM�-=:C^5Æu\: “j-\F” fh4:�D�{ (P ) Y^5(^�sHL��4 f(t, u0, u1, u2, u3) = f(t, u0, u1) a��>FA�� [4] \%2Q$izQr9."u:
6�ÆA48T���\g5�Qim:x56m��>��[��� [4] \:QO���:r�!f�>:l [4−8]. 48�:*A�:T���A�0un*�:E!�e�R<5Wj}�:&U���:
6W�g8�� [1]–[3] \��zÆ: 2004-09-29; ��Æ: 2005-11-01
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2 &��	` R = (−∞, +∞), R+ = [0, +∞). K8 u ∈ C3[0, 1], |

u(0)(t) = u(t), u(1)(t) = u′(t), u(2)(t) = u′′(t), u(3)(t) = u′′′(t).7|
ϕ(t) =

1

6
Dt3 +

1

2
Ct2 +

1

2
(2B − 2C − D)t + A,|

γi = max
0≤t≤1

∣

∣

∣
ϕ(i)(t)

∣

∣

∣
, 0 ≤ i ≤ 3.5

ϕ(0) = A, ϕ′(1) = B, ϕ′′(0) = C, ϕ′′′(1) = D.'��>�2 m k0 = 1, k1 = 5
8 , k2 = 5

12 , k3 = 5
24 .��r9.
0�kL�:*A�
6�w� 2.1 ` f : [0, 1] × R × R × R × R → R. Zf*A d > 0 9

max
{

|f(t, u0, u1, u2, u3)| : t ∈ [0, 1], ui ∈ [−k−1
i

d, k−1
i

d], 0 ≤ i ≤ 3
}

≤
24

5
min {d − kiγi, 0 ≤ i ≤ 3} ,D�{ (P ) Y^5(^� u∗ ∈ C3[0, 1] :h ∥

∥(u∗)(i)
∥

∥ ≤ k−1
i

d, 0 ≤ i ≤ 3.�� 2.2 ` f : [0, 1] × R × R × R × R → R �R A = B = C = D = 0. Zf*A d > 09
max

{

|f(t, u0, u1, u2, u3)| : t ∈ [0, 1], ui ∈ [−k−1
i

d, k−1
i

d], 0 ≤ i ≤ 3
}

≤
24

5
d,D�{ (P) Y^5(^� u∗ ∈ C3[0, 1] :h ∥

∥(u∗)(i)
∥

∥ ≤ k−1
i

d, 0 ≤ i ≤ 3.w� 2.3 ` f : [0, 1]×R+×R+×R+×R+ → R+ �R A ≥ 0, C ≤ 0, D+C ≤ 0, A+B ≥
1
2C + 1

3D. Zf*A d > 0 9
max

{

f(t, u0, u1, u2, u3) : t ∈ [0, 1], ui ∈ [0, k−1
i

d], 0 ≤ i ≤ 3
}

≤
24

5
min {d − kiγi, 0 ≤ i ≤ 3} ,D�{ (P) Y^5(^TY� u∗ ∈ C3[0, 1] :h ∥

∥(u∗)(i)
∥

∥ ≤ k−1
i

d, 0 ≤ i ≤ 3. '��Zf
A2 + B2 + C2 + D2 > 0 sH f(t, 0, 0, 0, 0) 6≡ 0, 0 ≤ t ≤ 1, D u∗ �L���� 2.4 ` f : [0, 1] × R+ × R+ × R+ × R+ → R+ �R A = B = C = D = 0. Zf*A
d > 0 9

max
{

f(t, u0, u1, u2, u3) : t ∈ [0, 1], ui ∈ [0, k−1
i

d], 0 ≤ i ≤ 3
}

≤
24

5
d,



2L %T4�)#���t	3�+R%;lM 387D�{ (P) Y^5(^TY� u∗ ∈ C3[0, 1] :h ∥

∥(u∗)(i)
∥

∥ ≤ k−1
i

d, 0 ≤ i ≤ 3. '��Zf
f(t, 0, 0, 0, 0) 6≡ 0, 0 ≤ t ≤ 1, D u∗ �L��
3 &��	u$�w� 2.1 t#� ��X9Pm ‖|u|‖ = max{ki

∥

∥u(i)
∥

∥ , 0 ≤ i ≤ 3} : Banach ��
C3[0, 1].`N�O(���T�{ −u′′(t) = 0, 0 ≤ t ≤ 1, u(0) = u′(1) = 0 : Green im

G(t, s) =

{

t, 0 ≤ t ≤ s ≤ 1,

s, 0 ≤ s ≤ t ≤ 1.S�K t U6�9
∂

∂t
G(t, s) =

{

1, 0 ≤ t < s ≤ 1,

0, 0 ≤ s < t ≤ 1.8f G(t, s) ≥ 0, ∂

∂t
G(t, s) ≥ 0, 0 ≤ t, s ≤ 1.�-wd T ��K8 u ∈ C3[0, 1] w 0 ≤ t ≤ 1,

(Tu)(t) = ϕ(t) +

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ), u′′′(τ))dτds.Zd,�_(K t U6�9
(Tu)′(t) = ϕ′(t) +

∫ 1

0

∫ 1

0

∂

∂t
G(t, s)G(s, τ)f(τ, u(τ), u′(τ), u′′(τ), u′′′(τ))dτds,

(Tu)′′(t) = ϕ′′(t) −

∫ 1

0

G(t, s)f(s, u(s), u′(s), u′′(s), u′′′(s))ds,

(Tu)′′′(t) = ϕ′′′(t) −

∫ 1

0

∂

∂t
G(t, s)f(s, u(s), u′(s), u′′(s), u′′′(s))ds.a� Arzela-Ascoli �$�N T, (T (·))′, (T (·))′′, (T (·))′′′ : C3[0.1] → C[0, 1] EfV)�:�8f T : C3[0.1] → C3[0, 1] fV)�:�,8 ϕ(0) = A, ϕ′(1) = B, ϕ′′(0) = C, ϕ′′′(1) = D �R G(0, s) = 0, ∂

∂t
G(1, s) = 0, 0 ≤

s ≤ 1, )\k�,d�&
(Tu)(0) = A, (Tu)′(1) = B, (Tu)′′(0) = C, (Tu)′′′(1) = D.�'�G#N T A C3[0, 1] \:�C>���{ (P) :��S�{w�9
max
0≤t≤1

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)dτds =
1

24
max
0≤t≤1

(t4 − 4t3 + 8t) =
5

24
,

max
0≤t≤1

∫ 1

0

∫ 1

0

∂

∂t
G(t, s)G(s, τ)dτds =

1

6
max
0≤t≤1

(t3 − 3t2 + 2) =
1

3
,
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max
0≤t≤1

∫ 1

0

G(t, s)ds =
1

2
max
0≤t≤1

(−t2 + 2t) =
1

2
,

max
0≤t≤1

∫ 1

0

∂

∂t
G(t, s)ds = max

0≤t≤1
(1 − t) = 1.ÆA` Vd = {u ∈ C3[0, 1] : ‖|u|‖ ≤ d}. D Vd f C3[0, 1] \:5Æ~�u�Zf u ∈ Vd, D

‖u(i)‖ ≤ k−1
i

d, 0 ≤ i ≤ 3. /M
−k−1

i
d ≤ u(i)(t) ≤ k−1

i
d, 0 ≤ t ≤ 1, 0 ≤ i ≤ 3.a��$:}��J�A

max
0≤t≤1

|f(t, u(t), u′(t), u′′(t), u′′′(t))| ≤
24

5
min {d − kiγi, 0 ≤ i ≤ 3} .�.j�Q��| F (t, u(t)) = f(t, u(t), u′(t), u′′(t), u′′′(t)). 8f

max
0≤t≤1

|F (t, u(t))| ≤
24

5
min {d − kiγi, 0 ≤ i ≤ 3} .%2\keb�9

‖Tu‖ = max
0≤t≤1

∣

∣

∣

∣

ϕ(t) +

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)F (τ, u(τ))dτds

∣

∣

∣

∣

≤ max
0≤t≤1

|ϕ(t)| + max
0≤t≤1

∫ 1

0

∫ 1

0

G(t, s)G(s, τ) |F (τ, u(τ))| dτds

≤ γ0 +
24

5
(d − γ0) max

0≤t≤1

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)dτds

= γ0 +
24

5
(d − γ0) ·

5

24
= d,

‖(Tu)′‖ = max
0≤t≤1

∣

∣

∣

∣

ϕ′(t) +

∫ 1

0

∫ 1

0

∂

∂t
G(t, s)G(s, τ)F (τ, u(τ))dτds

∣

∣

∣

∣

≤ max
0≤t≤1

|ϕ′(t)| + max
0≤t≤1

∫ 1

0

∫ 1

0

∂

∂t
G(t, s)G(s, τ) |F (τ, u(τ))| dτds

≤ γ1 +
24

5
(d − k1γ1) max

0≤t≤1

∫ 1

0

∫ 1

0

∂

∂t
G(t, s)G(s, τ)dτds

= γ1 +
24

5
(d − k1γ1) ·

1

3
= k−1

1 d,

‖(Tu)′′‖ = max
0≤t≤1

∣

∣

∣

∣

ϕ′′(t) −

∫ 1

0

G(t, s)F (s, u(s))ds

∣

∣

∣

∣

≤ max
0≤t≤1

|ϕ′′(t)| + max
0≤t≤1

∫ 1

0

G(t, s) |F (s, u(s))| ds

≤ γ2 +
24

5
(d − k2γ2) max

0≤t≤1

∫ 1

0

G(t, s)ds

= γ2 +
24

5
(d − k2γ2) ·

1

2
= k−1

2 d,
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‖(Tu)′′′‖ = max
0≤t≤1

∣

∣

∣

∣

ϕ′′′(t) −

∫ 1

0

∂

∂t
G(t, s)F (s, u(s))ds

∣

∣

∣

∣

≤ max
0≤t≤1

|ϕ′′′(t)| + max
0≤t≤1

∫ 1

0

∂

∂t
G(t, s) |F (s, u(s))| ds

≤ γ3 +
24

5
(d − k3γ3) max

0≤t≤1

∫ 1

0

∂

∂t
G(t, s)ds

= γ3 +
24

5
(d − k3γ3) · 1 = k−1

3 d./' ‖|Tu|‖ ≤ d �R Tu ∈ Vd.a� Schauder �C>�$�wd T 5(^�C> u∗ ∈ Vd. J��&�{ (P ) Y^5(^� u∗ ∈ C3[0, 1] :h ∥

∥(u∗)(i)
∥

∥ ≤ k−1
i

d, 0 ≤ i ≤ 3.w� 2.3 t#� /� ϕ′′(t) = Dt + C, 0 ≤ t ≤ 1 �R C ≤ 0, C + D ≤ 0, J�
max
0≤t≤1

ϕ′′(t) = max{ϕ′′(0), ϕ′′(1)} = max{C, C + D} ≤ 0.JqA ϕ(t) f [0, 1] \:	im�x5
ϕ(λt1 + (1 − λ)t2) ≥ λϕ(t1) + (1 − λ)ϕ(t2), λ, t1, t2 ∈ [0, 1].�58 ϕ(0) = A ≥ 0, ϕ(1) = A + B − 1

2C − 1
3D ≥ 0, �Q ϕ(t) ≥ 0, 0 ≤ t ≤ 1.ÆA` Vd = {u ∈ C3[0, 1] : ‖|u|‖ ≤ d, u(i)(t) ≥ 0, 0 ≤ t ≤ 1, 0 ≤ i ≤ 3}. ,8

f : [0, 1]×R+ ×R+ ×R+ ×R+ → R+, SG�$ 2.1 �N T : Vd → Vd. JqA�{ (P ) Y^5(^� u∗ ∈ C3[0, 1] :h u∗ ≥ 0, 0 ≤ t ≤ 1, �R ∥

∥(u∗)(i)
∥

∥ ≤ k−1
i

d, 0 ≤ i ≤ 3./� Tu∗ = u∗, K8 0 ≤ t ≤ 1 5
u∗(t) = ϕ(t) +

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)F (τ, u∗(τ))dτds.Zf A2 + B2 + C2 + D2 > 0, D ϕ(t) > 0, 0 < t < 1. /' u∗(t) ≥ ϕ(t) > 0, 0 < t < 1. Zf
A = B = C = D = 0 1f f(t, 0, 0, 0, 0) 6≡ 0, 0 ≤ t ≤ 1, D ϕ(t) ≡ 0, 0 ≤ t ≤ 1 �R1im�f�{ (P ) :��8f ‖u∗‖ > 0. a� Green im G(t, s) :�,dY+NA

G(t, s) ≤ s, G(t, s) ≥ ts, 0 ≤ t, s ≤ 1.J$(!
u∗(t) =

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)F (τ, u∗(τ))dτds

≥ t

∫ 1

0

∫ 1

0

sG(s, τ)F (τ, u∗(τ))dτds

≥ t

∫ 1

0

∫ 1

0

max
0≤t≤1

G(t, s)G(s, τ)F (τ, u∗(τ))dτds

≥ t max
0≤t≤1

∫ 1

0

∫ 1

0

G(t, s)G(s, τ)F (τ, u∗(τ))dτds

= t ‖u∗‖ .
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Solutions and Positive Solutions of a Class of Semilinear Fourth-Order

Elastic Beam Equations

YAO Qing-liu
(Department of Applied Mathematics, Nanjing University of Finance and Economics, Jiangsu 210003, China )

Abstract: The existence of the solutions and positive solutions is studied for a class of fourth-order
two-point boundary value problems with all order derivatives. In the mechanics, the class of problems
describes the deformations of the elastic beam, of which an end is simply supported and the other is
clamped by sliding clamps. The results show that the class of problems has at least one solution or
positive solution provided the “maximal height” of nonlinear term is appropriate on a bounded set of
its domain.

Key words: fourth-order elastic beam equation; two-point boundary value problem; solution and posi-
tive solution; existence.


