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1 � �W A(n, k) �_�AH! ∑k
i=1 ixi = n 7KPGg�7Tg� P (n, k) {Gg n M{ k T�M7��M�7Tg�A(n, 3) 7�KM>�� [1] N%V{�qV$�z A(n, 3) = (n+3)2

12 −
7
72 +(−1)n 1

8 + 2
9 cos 2nπ

3 . t�9'b A(n, k) V{?`g p(≤k)(t) = 1
(1−t)(1−t2)···(1−tk) 7C�℄N< tn 7�g�0�MM℄V$��� [2] �d2+ Euler,Caylay,MacMahon9/�v7HF%J p(≤k)(t) C�℄�g7HF��4$ De. Morgan7Æ_� A(n, 3) = 〈 (n+3)2

12 〉, F) 〈x〉 �_T�� x7Gg��� [3]V$2 A(n, 4)4 A(n, 5)7�KZ℄xJC.�1Z℄7HF��� [4] V$2 P (n, k) 7	�l9℄��� [5] �,2 A(n, k) 4 P (n, k) 7-���� [6],[7],[8]V$2#m|o P (n, k)7#�HF���V$2 A(n, k)e P (n, k)7�K�-℄�V{o+�V$2 A(n, 6) e P (n, 6) 7�-℄�
2 	�hnes�q	W ωm = e2πi/m, Ω = {1, 2, . . . , k}, 〈x〉 �_4 x T�7Gg��l 1

[5] A(n, k) = P (n + k, k).�l 2 Q g(t) =
∑k

n=0 an(t − a)n (a0 6= 0), k + 1 ≥ m ≥ 1, 0 ≤ p ≤ m − 1, α =

(a0, a1, . . . , ak), I0(α) = 1, I1(α) = a1, 3 m − 1 ≥ p ≥ 2 Y�
Ip(α) =
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1

g(t)(t − a)m
=

m−1
∑

n=0

bn

(t − a)m−n
+ h(t),EN

b0 =
1

a0
, b1 = −

a1

a2
0

, . . . , bp = (−1)p Ip(α)

a
p+1
0

, bm−1 = (−1)m−1 Im−1(α)

am
0

.�p + ((t−a)m, g(t)) = 1,,>D�℄ u(t), v(t) (EN v(t)7TS*g�/2 m−1),:Q (t−a)mu(t)+g(t)v(t) = 1,Q� g(t)v(t)> a�C�{<{g�AE�g�{ 1, (t−a)n (1 ≤

n ≤ m − 1) 7�g{ 0. 5 v(t) =
∑k

n=0 bn(t − a)n, A
g(t)v(t) =

2k
∑

n=0

zn
∑

i+j=n

aibj.\1	d& b0, b1, . . . , bm−1 {}Kg7�H!R�,�






















a0b0 = 1,

a1b0 + a0b1 = 0,

a2b0 + a1b1 + a0b2 = 0,

. . . ,

am−1b0 + am−2b1 + · · · + a0bm−1 = 0,+D = am
0 , D0 = am−1

0 , D1 = −am−2
0 I1(α), . . . , Dp = (−1)pa

m−p−1
0 Ip(α), . . . , Dm−1 = (−1)m−1Im−1(α).\

b0 =
D0

D
=

1

a0
, . . . , bp =

Dp

D
= (−1)p Ip(α)

a
p+1
0

, . . . , bm−1 =
Dm−1

D
= (−1)m−1 Im−1(α)

am
0

.+E1
1

g(t)(t − a)m
=

(t − a)mu(t) + g(t)v(t)

g(t)(t − a)m
=

v(t)

(t − a)m
+

u(t)

g(t)

=

m−1
∑

n=0

bn

(t − a)m−n
+

k
∑

n=m

bn(t − a)n−m +
u(t)

g(t)
.5

h(t) =

k
∑

n=m

bn(t − a)n−m +
u(t)

g(t)
,
M h b�& a {w�7�(`g��l 3 ~ α(m, r) =

(

c([ k
m ], m, r), c([ k

m ] + 1, m, r), . . . , c(k(k+1)
2 , m, r)

)

, EN
c(n, m, r) =

∑

I⊆Ω

(−1)|I|

( ∑

i∈I

i

n

)

ω

r(−n+
∑

i∈I

i)

m ,
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1

(1 − t)(1 − t2) · · · (1 − tk)
=

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k.

(−1)p Ip(α(m, r))

cp+1([ k
m ], m, r)(t − ωr

m)[
k

m
]−p

.�p +{
(1 − t)(1 − t2) . . . (1 − tk) =

∏

1≤r≤m≤k,(m,r)=1

(ωr
m − t)[

k

m
],

k
∏

s=1

(1 − ts) =
∑

I⊆Ω

(−1)|I|t

∑

i∈I

i

=

k(k+1)
2
∑

n=0

(t − a)n
∑

I⊆Ω

(−1)|I|

( ∑

i∈I

i

n

)

a

−n+
∑

i∈I

i

,=0,' 2 z6Æ6�^l 
,' 3 ~d�
A(n, k) =

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k.

Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n+[ k

m
]−p)

m

(

n + [ k
m ] − p − 1

n

)

,

P (n, k) =
∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k.

(−1)[
k

m
] Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n−k+[ k

m
]−p)

m

(

n − k + [ k
m ] − p − 1

n − k

)

.�p +{
1

(1 − t)m
=

∞
∑

n=0

(

m + n − 1
n

)

tn, (1)

A(n, k) { p(≤k)(t) = 1
(1−t)(1−t2)...(1−tk)

7 n *<�g�0,' 3 x (1) ℄�1
A(n, k) =

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k.

(−1)p Ip(α(m, r))

cp+1([ k
m ], m, r)(−ωr

m)[
k

m
]−p

(

n + [ k
m ] − p − 1

n

)

ω−rn
m

=
∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k.

(−1)[
k

m
] Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n+[ k

m
]−p)

m

(

n + [ k
m ] − p − 1

n

)

,=0,' 1, P (n, k) = A(n − k, k), 6
P (n, k) =

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k.

(−1)[
k

m
] Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n−k+[ k

m
]−p)

m

(

n − k + [ k
m ] − p − 1

n − k

)

.�l 4 Q (m, r) = 1, 1 ≤ r ≤ m ≤ k, A
c([

k

m
], m, r) = (−1)[

k

m
]m2[ k

m
][

k

m
]! ω

−r[ k

m
]

m

k
∏

n=[ k

m
]m+1

(1 − ωrn
m ).



440 h �  � 5 B 7 27��p O)�� [9], p45 A' 2, 1 tm − 1 = (t − 1)
∏m−1

n=1 (t − ωrn
m ). +E

m−1
∏

n=1

(1 − ωrn
m ) = lim

t→1

tm − 1

t − 1
= m,

c([
k

m
], m, r) = lim

t→ωr
m

k
∏

n=1
(1 − tn)

(t − ωr
m)[

k

m
]

= [
m−1
∏

n=1

(1 − ωrn
m )][

k

m
]

k
∏

n=[ k

m
]m+1

(1 − ωrn
m )

[ k

m
]

∏

n=1

lim
t→ωr

m

1 − tnm

t − ωr
m

= m[ k

m
]

k
∏

n=[ k

m
]m+1

(1 − ωrn
m )

[ k

m
]

∏

n=1

(−nmωr(nm−1)
m )

= (−1)[
k

m
]m2[ k

m
][

k

m
]! ω

−r[ k

m
]

m

k
∏

n=[ k

m
]m+1

(1 − ωrn
m ).�l 5 Ip(α) =

∑p
n=1(−1)n+1an−1

0 anIp−n(α).�p ~ Ip,i(α) { Ip(α) 7=#4/ ai+1, ai+2, . . . , ai+p ssop67�4℄�A1
Ip(α) = a1Ip−1(α) − a0Ip−1,1(α)

= a1Ip−1(α) − a0[a2Ip−2(α) − a0Ip−2,2(α)]

= a1Ip−1(α) − a0a2Ip−2(α) + a2
0[a3Ip−3(α) − a0Ip−3,3(α)]

= · · ·

=

p
∑

n=1

(−1)n+1an−1
0 anIp−n(α).�l 6 Q 1 < r < m, (m, r) = 1, 0 ≤ n ≤ k(k+1)

2 , c(n, m, 1) =
∑m−1

j=0 aj,mωj
m (EN

aj,m(0 ≤ j ≤ m − 1) {Zg), A c(n, m, r) =
∑m−1

j=0 aj,mωjr
m .�p Wm = pq (p, q ≥ 1),A tm−1 = (tp−1)

∑q−1
j=0 tpj . \∑q−1

j=0 ωpj
m = 0. 1, ωm, . . . , ωm−1

mL�7Og�℄�"0:QSdt� m = pq (p, q ≥ 1) 7p1℄P�4$�0�� [9] Æ6�1
q−1
∑

j=0

ωrpj
m =

q−1
∑

j=0

ωpj
m = 0.W 1

n! [
∏k

j=1(1 − tj)](n) =
∑

k(k+1)
2 −n

j=0 bjt
j . +{

c(n, m, 1) =
1

n!
[

k
∏

j=1

(1 − tj)](n)
∣

∣

∣

t=ωm

=

k(k+1)
2 −n
∑

j=0

bjω
j
m =

m−1
∑

j=0

aj,mωj
m.\

c(n, m, r) =
1

n!
[

k
∏

j=1

(1 − tj)](n)
∣

∣

∣

t=ωr
m

=

k(k+1)
2 −n
∑

j=0

bjω
rj
m =

m−1
∑

j=0

aj,mωrj
m .
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A(n, k) =

〈

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k − 2.

Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n+[ k

m
]−p)

m

(

n + [ k
m ] − p − 1

n

)

〉

;3 n ≥ 11 Y�
P (n, k) =

〈

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k − 2.

(−1)[
k

m
] Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n−k+[ k

m
]−p)

m

(

n − k + [ k
m ] − p − 1

n − k

)

〉

.�p 3 |x| ≤ π
2 Y�1 | sinx| ≥ 2

π |x|, 9d3I�3 |x| = π
2 Y�,�\3 r ≤ [m

2 ] Y�
|1 − ωr

m| =

√

(1 − cos
2πr

m
)2 + sin2 2πr

m
=

√

2 − 2 cos
2πr

m
= 2| sin

πr

m
| ≥

4r

m
.0,' 4 x�� [9] Æ6�

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

(m, r) = 1, m = k − 1, k,
1 ≤ r ≤ m.

1

c(1, m, r)ω
r(n+1)
m

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

(m, r) = 1, m = k − 1, k,
1 ≤ r ≤ m.

−1

m2ωrn
m

k
∏

n=m+1
(1 − ωrn

m )

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

(m, r) = 1, m = k − 1, k,
1 ≤ r ≤ m

2 .

2

m2ωrn
m

k−m
∏

n=1
(1 − ωrn

m )

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

∣

∣

∣

∣

∑

(m, r) = 1, m = k − 1, k,
1 ≤ r ≤ m

2 .

2

m2
k−m
∏

n=1

4|rn−m〈 rn

m
〉|

m

∣

∣

∣

∣

∣

∣

∣

∣

∣

≤
k − 1

k2
+

1

k − 1

[ k−2
2 ]
∑

p=1

1

p
<

1

k
+

∫ [ k

2 ]− 1
2

1
2

1
t dt

k − 1
≤

1

k
+

ln
(

2[k
2 ] − 1

)

k − 1
≤

1

5
+

ln 3

4
<

1

2
.=0A'x,' 1 Æ6"6�3 n ≥ 5 Y�

A(n, k) =

〈

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k − 2.

Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n+[ k

m
]−p)

m

(

n + [ k
m ] − p − 1

n

)

〉

;3 n ≥ 11 Y�
P (n, k) =

〈

∑

(m, r) = 1, 0 ≤ p ≤ [ k

m
] − 1,

1 ≤ r ≤ m ≤ k − 2.

(−1)[
k

m
] Ip(α(m, r))

cp+1([ k
m ], m, r)ω

r(n−k+[ k

m
]−p)

m

(

n − k + [ k
m ] − p − 1

n − k

)

〉

.
 1 S=7HFCJ DiophantineH! a1x1 +a2x2 + · · ·+akxk = n (1 ≤ a1 < a2 < · · · <

ak) 7KPGg�7Tg(1��
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 2 In(α) "*/,' 5 ?^J$�0,' 6, c(n, m, r) ��J$ c(n, m, 1) z"�,'
3 N c(n, m, r) 7JF��'6)*�Z�<o��H��& c([ k

m ], m, r) "/,' 4 J$y�3 [ k
m ] �/Y�"/	=7Z℄��|o�

c(n, m, r) =
1

(n − [ k
m ])!











k
∏

p=1
(1 − tp)

(t − ωr
m)[

k

m
]











(n−[ k

m
])
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

t=ωr
m

; (2)3 [ k
m ] ��Y�"/	=7Z℄��|o�

c(n, m, r) =
1

n!

[

k
∏

p=1

(1 − tp)

](n)
∣

∣

∣

∣

∣

∣

t=ωr
m

. (3)

(2),(3) ℄N7. v"/D�℄7f℄ FJ$�Q
k
∏

p=1

(1 − tp) =

k(k+1)
2
∑

p=0

bpt
p,A

c(n, m, r) =

k(k+1)
2
∑

p=n

bpp ! ω
r(p−n)
m

n!(p − n)!
; c(n + 1, m, r) =

k(k+1)
2
∑

p=n+1

bpp ! ω
r(p−n−1)
m

(n + 1)!(p − n − 1)!
;+ c(n, m, r)e c(n+1, m, r)7Je℄7C.�1Æg℄��\"?^J$�0,' 7,A(n, k)�

P (n, k) 7To0�"�o (0	+"�$�,' 7 7Æ6r"�#�RR). To7h�"/
Mathematica 4.0 ���
 3 3 k U/Y� A(n, k), P (n, k) 7�r�-℄o�'J$ (	+{�E/|oHo$), "/|ou|o�|o1b k 7D�℄Y��+�� [8] b/Z℄ P (n, k) = P (n − 1, k −

1) + P (n− k, k) ?�7� P (n, k) 7|o1b k, n 7D�℄Y��0)�$3 n k/Y�|o1T7 A(n, k), P (n, k) ���7HF��m
A(n, 6) = 〈

12n5 + 630n4 + 12320n3 + 110250n2 + 439810n + 598731

1036800
+

(−1)n(n2 + 21n + 97)

768
+

(n + 11) cos 2nπ
3

81
〉,

P (n, 6) = 〈
12n5 + 270n4 + 1520n3 − 1350n2 − 19190n− 9081

1036800
+

(−1)n(n2 + 9n + 7)

768
+

(n + 5) cos 2nπ
3

81
〉.�p

6
∏

n=1

(1 − tn) =(t − 1)6(t + 1)3(t − ω3)
2(t − ω2

3)
2(t − ω4)(t − ω3

4)(t − ω5)(t − ω2
5)(t − ω3

5)·

(t − ω4
5)(t − ω6)(t − ω5

6).
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6
∏

n=1
(1 − tn)

(t − 1)6
=

5
∏

n=1

n
∑

i=0

ti = 1 + 5t + 14t2 + 29t3 + 49t4 + 71t5 + 90t6 + 101t7+

101t8 + 90t9 + 71t10 + 49t11 + 29t12 + 14t13 + 5t14 + t15.0 (2) ℄"J6
c(6, 1, 1) = 720, c(7, 1, 1) = 5400, c(8, 1, 1) = 20100, c(9, 1, 1) = 48750,

c(10, 1, 1) = 85514, c(11, 1, 1) = 114257.0,' 5 ?x"J6
I2[α(1, 1)] = 17 · 25 · 33 · 103, I3[α(1, 1)] = 17 · 26 · 35 · 105,

I4[α(1, 1)] = 31037 · 29 · 37 · 103, I5[α(1, 1)] = 85823 · 211 · 39 · 104.+{
6
∏

n=1
(1 − tn)

(t + 1)3
=1 − 4t + 8t2 − 13t3 + 19t4 − 25t5 + 31t6 − 35t7 + 37t8 − 38t9+

37t10 − 35t11 + 31t12 − 25t13 + 19t14 − 13t15 + 8t16 − 4t17 + t18.JSdHF�&l<�1
c(3, 2, 1) = 3 · 27, c(4, 2, 1) = −33 · 27, c(5, 2, 1) = 511 · 25. I2(α(2, 1)) = 212 · 3 · 461.

6
∏

n=1

(1 − tn) = 1 − t − t2 + t5 + 2t7 − t9 − t10 − t11 − t12 + 2t14 + t16 − t19 − t20 + t21.

c(2, 3, 1) = 2 · 34ω3, c(3, 3, 1) = 33(59 + 4ω3). c(2, 3, 2) = 2 · 34ω2
3 ,

c(3, 3, 2) = 33(59 + 4ω2
3), c(1, 4, 1) = 25(1 + i), c(1, 4, 3) = 25(1 − i).

c(1, 5, 1) = 25(1 − ω4
5), c(1, 5, 2) = 25(1 − ω3

5), c(1, 5, 3) = 25(1 − ω2
5),

c(1, 5, 4) = 25(1 − ω5). c(1, 6, 1) = −36ω5
6, c(1, 6, 5) = −36ω6.0A'�G'6�

A(n, 6) =
(n + 5)(n + 4)(n + 3)(n + 2)(n + 1)

52 · 27 · 33
+

(n + 4)(n + 3)(n + 2)(n + 1)

28 · 32
+

17(n + 3)(n + 2)(n + 1)

25 · 34
+

85(n + 2)(n + 1)

26 · 33
+

31037(n + 1)

52 · 28 · 33
+

85823

52 · 29 · 33
+

(−1)n(n + 20)(n + 1)

28 · 3
+

(−1)n461

29 · 32
+

6n + 65

2 · 35
cos

2nπ

3
+

2 cos 2(n−1)π
3

35
−

cos (n+1)π
2 − cos nπ

2

25
−
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2[−2 cos 4nπ

5 + 2 cos 2(2n+2)π
5 − cos 2(2n+3)π

5 + cos 2(2n+4)π
5 ]

53
−

2[−2 cos 2nπ
5 + 2 cos 2(n+1)π

5 + cos 2(n+2)π
5 − cos 2(n+4)π

5 ]

53
+

cos nπ
3

2 · 32

= 〈
12n5 + 630n4 + 12320n3 + 110250n2 + 439810n + 598731

1036800
+

(−1)n(n2 + 21n + 97)

768
+

(n + 11) cos 2nπ
3

81
〉.0,' 1 xSÆ6�G'6�

P (n, 6) = 〈
12n5 + 270n4 + 1520n3 − 1350n2 − 19190n− 9081

1036800
+

(−1)n(n2 + 9n + 7)

768
+

(n + 5) cos 2nπ
3

81
〉."&"J�SZ℄4�� [8] N7�.g�Oh6k�[j|~�
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Accurate Formulae of A(n, k) and P (n, k)

WU Shu-hong
(Department of Mathematics, Wuhan University of Technology, Hubei 430070, China )

Abstract: Let A(n, k) denote the number of nonnegative integer solutions of Diophantine equation
∑

k

i=1
ixi = n, and P (n, k) denote the number of unordered partitions of an integer n into k parts with

each part ≥ 1. In this paper, accurate formulae of A(n, k) and P (n, k) are established.

Key words: Diophantine equation; generating function; partial fraction.


