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Abstract: In [5], Zhou defined the notion of weak I sequences and characterized such se-
quences by Koszul cohomology and local cohomology methods. The aim of this paper is to
characterize weak I sequences by means of Ext functor.
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1. Introduction

Throughout this paper, we use A to denote a commutative Noetherian local ring with unit,

m the maximal ideal of A, and I a proper ideal of A. We denote by M a finite d-dimensional

A-module. For an A-module N , we use Extn(−, N) to denote the n-th right derived functor of

Hom(−, N). Moreover, we denote
⋃

n≥1(0 :M In) by ΓI(M). Finally, we use Z+ to denote the

set of positive integers.

Recall that a sequence x1, x2, . . . , xr contained in I is said to be a weak I sequence with

respect to M , if for 1 ≤ i ≤ r and a fixed positive integer n

(xn1

1 , . . . , x
ni−1

i−1 )M : xni

i ⊆ (xn1

1 , . . . , x
ni−1

i−1 )M : In

holds for n1, n2, . . . , nr running through all positive integers[1]. In particular, if x1, x2, . . . , xd is

a weak m sequence with respect to M , then M is a generalized Cohen-Macaulay A-module, and

x1, x2, . . . , xd must be a system of parameters for M [1]. It is well-known that a weak I sequence

can be characterized by means of local cohomology and Koszul homology. In this paper, we make

use of Ext functor to characterize the properties of weak I sequences and obtain the following

results.

Theorem 1.1 Let I be an ideal of A and M a finite A-module such that ΓI(M) 6= M . If there

exists an N > 0 such that INExtiA(A/In, M) = 0, for n ∈ Z+ and 0 ≤ i < k, then there exists a

weak I sequences x1, x2, . . . , xk with respect to M .
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Theorem 1.2 Let I be an ideal of A and M a finite A-module with ΓI(M) 6= M . Set

r = inf{i|INExti(A/In, M) 6= 0, N is an arbitrary fixed number and for all n}.

Then any maximal weak I sequence with respect to M has the same length r.

2. Basic properties of weak I sequences

In the section, we study some basic properties of weak I sequences by means of Ext functor.

First of all, we prove the following lemma.

Lemma 2.1 Let I be an ideal of the local ring A and M a finite A-module. If there exists a

positive integer N such that INExti
A(A/In, M) = 0 for all i ≥ 0 and n ∈ Z+, then M = ΓI(M).

Proof We use induction on dimM = d. For d = 0, the result is trivial. Now assume d > 0.

Suppose that M 6= ΓI(M), we put M̄ = M/ΓI(M). Clearly, ΓI(M̄) 6= M̄ . Consider the short

exact sequence 0 → ΓI(M) → M → M̄ → 0, then we have the long exact sequence

· · · → ExtiA(A/In, ΓI(M)) → Exti
A(A/In, M) → Exti

A(A/In, M̄) → · · · .

By the condition, we have INΓI(M) = 0, so INExtiA(A/In, ΓI(M)) = 0. Hence INExti
A(A/In,

ΓI(M̄)) = 0 holds for all i ≥ 0 and n > 0. On the other hand, there exists an M̄ -regular element

x ∈ I. Choose a positive integer s > 2N and consider the short exact sequence

0 −→ M̄
xs

−→ M̄ −→ M̄/xsM̄ −→ 0.

Then, we have the long exact sequence

· · · → Exti
A(A/In, M̄)

xs

→ Exti
A(A/In, M̄) → ExtiA(A/In, M̄/xsM̄) → · · · .

From this we obtain I2NExti
A(A/In, M̄/xsM̄) = 0, for all i ≥ 0 and n > 0. In particular,

I2NΓI(M̄/xsM̄) = 0. Since dimM̄ = d − 1, by induction we have ΓI(M̄/xsM̄) = M̄/xsM̄ .

It follows that I2NM̄ ⊆ xsM̄ . Hence I2NM̄ ⊆ xs−2N I2NM̄ . By Nakayama Lemma, we have

I2NM̄ = 0, so ΓI(M) = M and this is a contradiction.

Proposition 2.2 Let I be an ideal of a local ring A and M be a finite A-module with ΓI(M) 6=

M . If a sequence x1, x2, . . . , xs contained in I satisfies

(xn1

1 , . . . , x
ni−1

i−1 )M : xni

i ⊆ (xn1

1 , . . . , x
ni−1

i−1 )M : Ik, 1 ≤ i ≤ s,

where k is a fixed positive integer and n1, n2, . . . , ns run through all positive integers, then there

exists a positive integer N ∈ Z+ which depends only on k such that INExti
A(A/In, M) = 0 for

i < s and all n > 0.

Proof We use induction on dimM = d. For d = 0, the result is trivial. Now suppose that d > 0

and the result holds for those A-modules M1 with dimM1 < d. Set M̄ = M/ΓI(M). By the
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condition ΓI(M) 6= M , so ΓI(M̄) 6= M̄ . Note that there exists an M̄ -regular element x1 ∈ I.

Choose a positive integer t such that t > 2k and consider the following short exact sequence

0 −→ M̄
xt

1−→ M̄ −→ M̄/xt
1M̄ −→ 0, so we can deduce the long exact sequence

· · · → ExtiA(A/In, M̄)
xt

1−→ Exti
A(A/In, M̄) → Exti

A(A/In, M̄/xt
1M̄) → · · · .

Clearly, x2, x3, . . . , xs satisfies

(xn2

2 , . . . , x
ni−1

i−1 )M : xni

i ⊆ (xn2

2 , . . . , x
ni−1

i−1 )M : I2k, 2 ≤ i ≤ s,

where n2, . . . , ns run through all positive integers. Observe that dimM̄/xt
1M̄ = d − 1, so by

induction, we can choose an integer N ∈ Z+ such that INExti
A(A/In, M̄/xt

1M̄) = 0, i < s − 1,

for all n, t ∈ Z+. Now for an arbitrary element a ∈ Exti
A(A/In, M̄), there exists an integer

t ∈ Z+ such that xt
1a = 0. Hence from the long exact sequence we can see that INa = 0. This

implies INExtiA(A/In, M) = 0 for i < s, and the proof is complete.

3. The length of a maximal weak I sequence

In this section, we will prove the main results Theorems 1.1 and 1.2 of this paper. These

results include the condition of the existence of a weak I sequence in terms of Ext functor and

characterization of the length of a maximal weak I sequence by means of the Ext functor. Now

we first prove an important lemma.

Lemma 3.1 Let A be a Notherian local ring and I an ideal of A. Let M be a finite A-module

with ΓI(M) 6= M . Let x1, x2, . . . , xr be a weak I sequence with respect to M . If there exists an

integer s such that

IsExt0A(A/In, M/(xn1

1 , . . . , xnr

r )M) = 0

holds for all n1, n2, . . . , nr ∈ Z+, then there exists an element xr+1 ∈ I such that x1, . . . , xr+1 is

a weak I sequence.

Proof It suffices to construct an element xr+1 such that for any n1, . . . , nr, nr+1 ∈ Z+

(xn1

1 , . . . , xnr

r )M : x
nr+1

r+1 ⊆ (xn1

1 , . . . , xnr

r )M : Is (3.1)

holds.

Put N =
∑r

i=1 ni and choose an element xr+1 ∈ I such that (3.1) holds for N = r. This

is possible because IsExt0A(A/In, M/(xn1

1 , . . . , xnr

r )M) = 0. Now we use induction on N to

prove that xr+1 satisfies (3.1) for all N ≥ r. Suppose the conclusion holds for those N ′ with

r ≤ N ′ < N . Note that xi1 , . . . , xir
is a weak I sequence with respect to M , where xi1 , . . . , xir

is a permutation of x1, . . . , x
[5]
r . Without loss of generality we may assume n1 > 1. For any

a ∈ ((xn1

1 , . . . , xnr

r )M : x
nr+1

r+1 ), we may express

x
nr+1

r+1 a = xn1

1 a1 + a′
1, (3.2)
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where a1 ∈ M, a′
1 ∈ (xn2

2 , . . . , xnr

r )M . By the induction hypothesis, for any y ∈ Is, we may write

ya = xn1−1
1 a2 + a′

2, (3.3)

where a2 ∈ M , a′
2 ∈ (xn2

2 , . . . , xnr

r )M . From (3.2) and (3.3) we assert that

xn1−1
1 (yx1a − x

nr+1

r+1 a2) ∈ (xn2

2 , . . . , xnr

r )M.

On the other hand, x2, . . . , xr, x1 is also a weak I sequence with respect to M . Hence we can

find an integer s′ ∈ Z+ such that y′(yx1a − x
nr+1

r+1 a2) ∈ (xn2

2 , . . . , xnr

r )M holds for any y′ ∈ Is′

.

This implies x
nr+1

r+1 y′a2 ∈ (x1, x
n2

2 , . . . , xnr

r )M . By the induction hypothesis, we have y′y′′a2 ∈

(x1, x
n2

2 , . . . , xnr

r )M for any y′′ ∈ Is. Hence from (3.3) we obtain yy′y′′a ∈ (xn1

1 , . . . , xnr

r )M .

By the arbitrary choice of y, y′ and y′′, we see that I2s+s′

a ∈ (xn1

1 , . . . , xnr

r )M . But by the

assumption, IsExt0A(A/In, M/(xn1

1 , . . . , xnr

r )M) = 0. Therefore, a ∈ (xn1

1 , . . . , xnr

r )M : Is and

this proves the lemma.

The proof of Theorem 1.1 We use induction on dimM = d. Since ΓI(M) 6= M , we have d > 0.

For d = 1, we prove that k ≤ 1 and the result is trivial. In fact, if on the contrary k > 1. By the

condition we have INExt1A(A/In, M) = 0 for all n ∈ Z+. Choose an element x ∈ I such that x

is M̄(M̄ = M/ΓI(M))-regular. Consider the short exact sequence 0 → ΓI(M) → M → M̄ → 0

and the long exact sequence

· · · → ExtiA(A/In, ΓI(M)) → Exti
A(A/In, M) → Exti

A(A/In, M̄) → · · · .

Since INExti
A(A/In, ΓI(M)) = 0 for all i ≥ 0 and INExtj

A(A/In, M) = 0 for j ≤ 1, we have

INExtj
A(A/In, M̄) = 0 for j ≤ 1.

On the other hand, consider the short exact sequence 0 −→ M̄
xt

−→ M̄ −→ M̄/xtM̄ −→ 0

and the long exact sequence

· · · → ExtiA(A/In, M̄)
xt

−→ Exti
A(A/In, M̄) → Exti

A(A/In, M̄/xtM̄) → · · · .

We conclude that I2NM̄/xtM̄ = 0 for all t ≥ 0. Choosing t > 2N , we have I2NM̄ ⊆ xt−2N I2NM̄ .

By Nakayama Lemma, I2NM̄ = 0. This is a contradiction and thus the result holds for d = 1.

Suppose that d > 1 and the conclusion holds for integers less than d. As above we can

reduce the proof to the case depth M ≥ 1 and INExti
A(A/In, M/xtM) = 0 for i < k and all

n ∈ Z+. By Lemma 3.1 we have x2 such that x1, x2 is a weak I sequence with respect to M and

there exists an integer N ′ with IN ′

Exti
A(A/In, M/((xn1

1 , xn2

2 )M)) = 0 for all n1, n2 and i < k−1.

Repeat the process, one can construct a weak I sequence x1, x2, . . . , xk with respect to M .

The proof of Theorem 1.2 Suppose x1, . . . , xt is a maximal weak I sequence with respect to

M such that for 1 ≤ i ≤ t,

(xn1

1 , . . . , x
ni−1

i−1 )M : xni

i ⊆ (xn1

1 , . . . , x
ni−1

i )M : Is
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holds, where s is a fixed positive number and n1, n2, . . . , nt run through all positive number. By

Proposition 2.2, we have t ≤ r. Now suppose that t < r and consider the short exact sequences

0 → (0 : xn1

1 ) → M → xn1

1 M → 0, 0 → xn1

1 M → M → M/xn1

1 M → 0

and the long exact sequences

· · · → Exti
A(A/In, (0 : xn1

1 )) → ExtiA(A/In, M) → ExtiA(A/In, xn1

1 M) → · · · ,

· · · → ExtiA(A/In, xn1

1 M) → ExtiA(A/In, M) → ExtiA(A/In, M/xn1

1 M) → · · · .

Since IsExti
A(A/In, (0 : xn1

1 )) = 0 for all i ≥ 0 and INExtiA(A/In, M) = 0 for all i < r,

Is+NExti
A(A/In, xn1

1 M) = 0 for i < r. It follows that Is+2NExti
A(A/In, M/xn1

1 M) = 0 for

i < r−1. Repeating the process, one can prove that there exists a positive number N ′ such that

IN ′

ExtiA(A/In, M/(xn1

1 M, . . . , xnt

t M)) = 0

holds for i < r − t and all n, n1, . . . , nt ∈ Z+. Note that r − t > 0. Thus

IN ′

Ext0A(A/In, M/(xn1

1 M, . . . , xnt

t M)) = 0

holds for all n, n1, . . . , nt ∈ Z+. By Lemma 3.1, there exists xt+1 ∈ I such that x1, x2, . . . , xt+1

is a weak I sequence with respect to M . This is a contradiction and thus r = t.
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