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Abstract: In [5], Zhou defined the notion of weak I sequences and characterized such se-
quences by Koszul cohomology and local cohomology methods. The aim of this paper is to
characterize weak I sequences by means of Ext functor.
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1. Introduction

Throughout this paper, we use A to denote a commutative Noetherian local ring with unit,
m the maximal ideal of A, and I a proper ideal of A. We denote by M a finite d-dimensional
A-module. For an A-module N, we use Ext™(—, N) to denote the n-th right derived functor of
Hom(—, N). Moreover, we denote |J,,~,(0 :ar I™) by I';(M). Finally, we use Z© to denote the
set of positive integers. R

Recall that a sequence x1,x2,...,x, contained in [ is said to be a weak I sequence with

respect to M, if for 1 <4 < r and a fixed positive integer n
(2P, M s alt (e e M T

holds for n1,ns, ..., n, running through all positive integers!!!. In particular, if 21, zo, ..., zq is
a weak m sequence with respect to M, then M is a generalized Cohen-Macaulay A-module, and
T1,Tg,...,2q must be a system of parameters for M. Tt is well-known that a weak I sequence
can be characterized by means of local cohomology and Koszul homology. In this paper, we make
use of Ext functor to characterize the properties of weak I sequences and obtain the following

results.

Theorem 1.1 Let I be an ideal of A and M a finite A-module such that T';(M) # M. If there
exists an N > 0 such that INExt’y(A/I", M) =0, forn € Z+ and 0 < i < k, then there exists a

weak I sequences x1,xo,...,x; with respect to M.
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Theorem 1.2 Let I be an ideal of A and M a finite A-module with T';(M) # M. Set
r = inf{i| INExt'(A/I", M) # 0, N is an arbitrary fixed number and for all n}.

Then any maximal weak I sequence with respect to M has the same length r.

2. Basic properties of weak [ sequences

In the section, we study some basic properties of weak I sequences by means of Ext functor.

First of all, we prove the following lemma.

Lemma 2.1 Let I be an ideal of the local ring A and M a finite A-module. If there exists a
positive integer N such that I'VExt’ (A/I", M) =0 for alli > 0 and n € Z*, then M = T';(M).

Proof We use induction on dimM = d. For d = 0, the result is trivial. Now assume d > 0.
Suppose that M # I';(M), we put M = M/T;(M). Clearly, T;(M) # M. Consider the short

exact sequence 0 — I';(M) — M — M — 0, then we have the long exact sequence
o — Bxty (A/T",T1(M)) — ExtYy (A/I", M) — Ext'y(A/I", M) — --- .

By the condition, we have INT';(M) = 0, so INExtY4(A/I",T;(M)) = 0. Hence INExt'(A/I",
I';(M)) = 0 holds for all i > 0 and n > 0. On the other hand, there exists an M-regular element

x € I. Choose a positive integer s > 2N and consider the short exact sequence
0_>Mi>M—>M/xSM—>O.
Then, we have the long exact sequence
- — Extiy (A/I", M) “ Bxt?y(A/I", M) — Extiy (A/I", M /2* M) — -- - .

From this we obtain I?NExt’y(A/I"™ M/x*M) = 0, for all i > 0 and n > 0. In particular,
I*NT (M /25M) = 0. Since dimM = d — 1, by induction we have I';(M/x*M) = M /x*M.
It follows that I?*NM C 25M. Hence I?NM C x5 2N 2N )f. By Nakayama Lemma, we have
I M =0, so T';(M) = M and this is a contradiction.

Proposition 2.2 Let I be an ideal of a local ring A and M be a finite A-module with T'r(M) #

M. If a sequence 1,3, . ..,Ts contained in I satisfies
(n1 fli—l)M' mc(nl 'fli—l)M,Ik: 1<i<
N rapt C (2t (I7, 1 <i<s,
where k is a fixed positive integer and ny,ne, . ..,ns run through all positive integers, then there

exists a positive integer N € ZT which depends only on k such that INExt’ (A/I", M) = 0 for
1 <sandalln>0.

Proof We use induction on dimM = d. For d = 0, the result is trivial. Now suppose that d > 0
and the result holds for those A-modules M; with dimM; < d. Set M = M/T;(M). By the
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condition 'y (M) # M, so T';(M) # M. Note that there exists an M-regular element ;1 € I.

Choose a positive integer ¢ such that ¢ > 2k and consider the following short exact sequence

0— M 2% M — M /2t M — 0, so we can deduce the long exact sequence
- — Bxtly (A/I", M) 25 Bxtly (A/I", M) — Extly (A/I", M [zt M) — - -
Clearly, x2, T3, ...,xs satisfies

no MNi—1 .o no Ni—1 . 12k .
(xp?, ...z, 7 )M cal C(x5?,...,x, 7 )M : I*, 2<i<s,

where na,...,n, run through all positive integers. Observe that dimM /z{M = d — 1, so by
induction, we can choose an integer N € Z* such that INExt’ (A/I", M /2 M) =0,i < s — 1,
for all n,t € Z*. Now for an arbitrary element a € Ext’(A/I", M), there exists an integer
t € Z* such that x{a = 0. Hence from the long exact sequence we can see that I™Va = 0. This
implies INExt’y(A/I", M) = 0 for i < s, and the proof is complete.

3. The length of a maximal weak I sequence

In this section, we will prove the main results Theorems 1.1 and 1.2 of this paper. These
results include the condition of the existence of a weak I sequence in terms of Ext functor and
characterization of the length of a maximal weak I sequence by means of the Ext functor. Now

we first prove an important lemma.

Lemma 3.1 Let A be a Notherian local ring and I an ideal of A. Let M be a finite A-module
with I'y(M) # M. Let x1,x9,...,x, be a weak I sequence with respect to M. If there exists an
integer s such that

IExtS (A/I", M/ (27, ..., 2" )M) =0

T

holds for all n1,no,...,n,. € Z, then there exists an element x,1 € I such that z1,...,T.41 is

a weak I sequence.

Proof It suffices to construct an element ., such that for any ny,...,n.,n.11 € ZF
(27, apr )M o C (2 e )M TP (3.1)
holds.

Put N = Y"7_, n; and choose an element 2,41 € I such that (3.1) holds for N = r. This
is possible because I*Ext%(A/I™, M/(z?,..., 2" )M) = 0. Now we use induction on N to

T

prove that x,,1 satisfies (3.1) for all N > r. Suppose the conclusion holds for those N’ with

r < N' < N. Note that z;,,...,x; is a weak I sequence with respect to M, where z;,,...,x;,
is a permutation of z1,.. .,x[r5]. Without loss of generality we may assume n; > 1. For any
a€ ((z}",..., 2P )M : 2;7}"), we may express

Ne+1 N1 /
r,a =" ar +ai, (3.2)
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where a1 € M, a} € (x32,..., 27" )M. By the induction hypothesis, for any y € I*, we may write
ya = 7" " ag + db, (3.3)
where az € M, af € (z5?,...,27")M. From (3.2) and (3.3) we assert that

ny—1 Tpr41 n; n
o' (yria —x, 1 a) € (w57, ... am) M.
On the other hand, zo, ..., z,,x; is also a weak I sequence with respect to M. Hence we can

find an integer s € Z* such that y'(yz1a — 2,11 az) € (24?,..., 2" )M holds for any ¢’ € ¢

Npr41_/ !,

This implies x,.} 7" y'as € (21,25°,...,27")M. By the induction hypothesis, we have y'y"as €

(x1,25%,...,2t" )M for any y” € I°. Hence from (3.3) we obtain yy'y"a € (z1,..., 20" )M.
By the arbitrary choice of y,y’ and y”, we see that 12575’ € (z,..., 27 )M. But by the
assumption, IExt%(A/I™, M/(z", ..., 2" )M) = 0. Therefore, a € (z}*,..., 2" )M : I* and

» & T

this proves the lemma.

The proof of Theorem 1.1 We use induction on dimM = d. Since I't(M) # M, we have d > 0.
For d = 1, we prove that k£ < 1 and the result is trivial. In fact, if on the contrary k > 1. By the
condition we have INExt)(A/I", M) =0 for all n € Z*. Choose an element x € I such that z
is M(M = M/T(M))-regular. Consider the short exact sequence 0 — I';(M) — M — M — 0

and the long exact sequence
- — BxtYy (A/I",T[(M)) — ExtYy(A/I", M) — Ext’y(A/I", M) — - -

Since INExty(A/I",T1(M)) = 0 for all i > 0 and INExt’,(A/I", M) = 0 for j < 1, we have
INExt/, (A/I", M) =0 for j < 1.
On the other hand, consider the short exact sequence 0 —s M —— M — M /2*M — 0

and the long exact sequence
- Ext’y (A/I", M) -5 Exctly (A/I", M) — Extiy(A/I", M /2t M) — - .

We conclude that 12N M /x* M = 0 for allt > 0. Choosing ¢ > 2N, we have I?N M C xt=2N 2N )\
By Nakayama Lemma, >V M = 0. This is a contradiction and thus the result holds for d = 1.
Suppose that d > 1 and the conclusion holds for integers less than d. As above we can
reduce the proof to the case depth M > 1 and IVExt’ (A/I", M/x*M) = 0 for i < k and all
n € ZT. By Lemma 3.1 we have x2 such that z1,zs is a weak I sequence with respect to M and
there exists an integer N” with IV Ext’, (A/I", M/ (2", 232)M)) = 0 for all ny, ng and i < k—1.

Repeat the process, one can construct a weak I sequence x1,x2, ...,z with respect to M.

The proof of Theorem 1.2 Suppose z1,...,z; is a maximal weak I sequence with respect to
M such that for 1 <1 <t,

(2P, M s C (e a M TP

[iat)
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holds, where s is a fixed positive number and ni,ns,...,n; run through all positive number. By

Proposition 2.2, we have ¢ < r. Now suppose that ¢ < r and consider the short exact sequences
0—0:21") > M—2a"M -0, 0—-2"M—->M— M/z7"M — 0
and the long exact sequences
- — Exty (A/T",(0 : 27)) — BExty (A/I", M) — BExty (A/I", 2" M) — -,
- — BExty (A/I", 27" M) — Bxt'y (A/I", M) — Ext’y (A/I", M [z M) — - - - .

Since I*Ext’y(A/I", (0 : 7)) = 0 for all i > 0 and IVNExt'y(A/I", M) = 0 for all i < r,
IsHNExty (A/I", 27* M) = 0 for i < r. Tt follows that I*t?NExt% (A/I™, M/z}* M) = 0 for

i < r—1. Repeating the process, one can prove that there exists a positive number N’ such that
TN Exty (A/I", M/ (™ M, ...,z M)) = 0

holds for i < r — ¢ and all n,ny,...,n; € Z+. Note that » — ¢ > 0. Thus
IV ExtO (A/I", M/(z M, ... 2" M)) =0

holds for all n,n1,...,n; € ZT. By Lemma 3.1, there exists ;11 € I such that z1,z2,..., T4

is a weak I sequence with respect to M. This is a contradiction and thus r = ¢.
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