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1 ? <l D vVM? C h81�VK�GP=X_B8fe| n ≥ 1, 1�IVK Dn v1�VK D 8 n s<�Lu� dV v Dn hr7 Dn 8�E:P 1 8fbp Lebesgue �E�G
p ∈ [1,∞], Lp = Lp(Dn, dV ) v Dn h�`P�E dV � p +�u8 Lebesgue ��g|\�8
Banach�~ (L∞ v Dn h�+L���g|). Bergman�~ L2

a(Dn)vJ L2 q\)g|~"8�y�~�P �t L2 5 L2
a(Dn) h8 Bergmanf��F�z Q = I −P . YBg| f ∈ L∞,

Toeplitz �y Tf : L2
a(D

n) → L2
a(D

n) jGI Toeplitz �y Sf : (L2
a(Dn))⊥ → (L2

a(Dn))⊥ R�BB�
Tfh = P (fh), h ∈ L2

a(D
n),

Sfu = (I − P )(fu), u ∈ (L2
a(Dn))⊥.!^�=DvL�$+�y��aGI Toeplitz�y\/IP?�ÆP Toeplitz �y�2v=�=<L=)%Æ8+o�

K. Stroethoffj D. Zheng6�-1�VKhGI Toeplitz�y80|+ojP+o [1]. ��>=�a\ n �V�~ Cn 81�Yh�o-?IsAjg|�Uh8GI Toeplitz �y8�q+ [2]. ���=O75-IVKh?=Æ8g|�Uh8GI Toeplitz �y8�q��+�qj�+��q:+o [3]. ��v;�oIVKhGI Toeplitz �y8L�+��+jP��x �=-;�/L` Bergman �~8s�uq�
Toeplitz �yjGI Toeplitz �y8+oQ Hankel�y8+o�>%'�`Y Dn hL���g| f , Hankel �y Hf : L2

a(Dn) → (L2
a(Dn))⊥ BB�

Hfh = (I − P )(fh) = Q(fh), h ∈ L2
a(Dn).-�'&: 2005-12-12; �.'&: 2006-07-03��9!: {|_�5t
 (10671028).
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a(D

n)⊕ (L2
a(Dn))⊥ ��`Y=XL���g| f ∈ L∞, #M�y Mf �?�t�

Mf =

[

Tf H∗
f̄

Hf Sf

]

.Jm:s Mfg = MfMg �h�b)�y~-\x�8`�	
Tfg = TfTg +H∗

f̄Hg, (1.1)

Sfg = SfSg +HfH
∗
ḡ , (1.2)

Hfg = HfTg + SfHg. (1.3)Gg| f, g ∈ L2, �=BBn�=8�y f ⊗ g �
(f ⊗ g)h = 〈h, g〉f, h ∈ L2.b�9g�y f ⊗ g 8O|v ‖f‖‖g‖. e A Q B DvL�$+�y�_
A(f ⊗ g)B∗ = (Af) ⊗ (Bg).l w ∈ Dn, K�y Uw BB� Uwf = (f ◦ ϕw)kw . JPK�y Uw \�~ L2

a(D
n) hv{�8��=�?75�G`A8g| f ∈ L∞ DL UwTfUw = Tf◦ϕw

.GP`A8Isj� α = (α1, . . . , αn), �=L�?8zh
|α| = α1 + · · · + αn, C2,α = (−1)|α|

(

2
α1

)

· · ·

(

2
αn

)

,b%`= αk DvQWe|�GP`A8 z = (z1, . . . , zn) ∈ Dn, <Lzh zα = z1
α1 · · · zn

αn .l λ ∈ D, BB D h8Rs$+�q ϕλ �	 ϕλ(z) = λ−z
1−λ̄z

. <=X ϕλ DvVKh=X{Æ℄�uqh� ϕ−1
λ = ϕλ. l w = (w1, . . . , wn) ∈ Dn, BBIVKh8Gk ϕw �

ϕw(z) = (ϕw1
(z1), . . . , ϕwn

(zn)).�g ϕw v Dn h8=X{Æ℄�G z, w ∈ Dn, Bergman �~ L2
a(D

n) 8[niv
Kw(z) =

n
∏

j=1

1

(1 − w̄jzj)2
.eH 〈·, ·〉 �t Bergman �~ L2

a(D
n) q8Eu�D: 〈h,Kw〉 = h(w), h ∈ L2

a(Dn), w ∈ Dn.��=L
‖Kw‖ = 〈Kw,Kw〉

1
2 =

n
∏

j=1

1

1 − |wj |2
.\��q ‖ · ‖ �t L2 q8O|�g|

kw(z) =
n

∏

j=1

1 − |wj |2

(1 − w̄jzj)2



556 } 3 7 � R N 7 27�v Bergman �~ L2
a(Dn) 8fbp[ni�J[n+�h�f��F P �?�{�

Pf(z) =

∫

Dn

f(w)Kz(w)dV (w), z ∈ Dn.G�~ (L2
a(Dn))⊥ h8L�$+�y T j w ∈ Dn, �=BB�q Lw(T ) �

Lw(T ) =

2n
∑

|α|=0

C2,αSϕα
w
TSϕ̄α

w
.

2 A����
" Toeplitz 0IG f ∈ L2(Dn, dV ), GI Toeplitz �y Sf BB�
Sfu = Q(fu), u ∈ (L2

a(Dn))⊥
⋂

L∞(Dn, dV ),W*BBv%>8�\b=��=��oL�j�8GI Toeplitz �y8=)�+�
Xw+sDn �t w+ sDn h8�g|�G w ∈ Dn j 0 < s < min{1− |wi| : 1 ≤ i ≤ n}, BB Dn h8g| gw,s � gw,s(z) = (z1 − w1)Xw+sDn(z), z ∈ Dn. G<=XIsj� α,

∫

Dn

zαgw,s(z)dV (z) =

∫

sDn

(z + w)αz1dV (z) = 0.C* gw,s ∈ (L2
a(Dn))⊥, ,K (z1 − w1)gw,s ∈ (L2

a(Dn))⊥. BB uw,s =
gw,s

‖gw,s‖
, !^ uw,s v�~

(L2
a(Dn))⊥ q81�'+�	� 2.1 G w ∈ Dn j 0 < s < min{1 − |wi| : 1 ≤ i ≤ n}, 3 s→ 0+ p�g| uw,s \�~ (L2

a(Dn))⊥ qfZ'P 0.E� G ψ ∈ L2(Dn, dV ), ZH Cauchy–Schwarz �:s��?75
|〈ψ, gw,s〉| = |

∫

w+sDn

ψ(z)gw,s(z)dV (z)| ≤ ‖gw,s‖
(

∫

w+sDn

|ψ(z)|2dV (z)
)1/2

.^
|〈ψ, uw,s〉| ≤

(

∫

w+sDn

|ψ(z)|2dV (z)
)1/2

.,K�h3 s → 0+ p�g| uw,s \ L2(Dn, dV ) qfZ'P 0, ZL uw,s \ (L2
a(Dn))⊥ qfZ'P 0. 2>� 2.2 l f ∈ L2(Dn, dV ), _G<X w ∈ Dn DL lims→0+ ‖H∗

fuw,s‖ = 0.*D#�?"�P�" [1] qD# 7.1 Y&gA�\*gAo5��?8D# 2.3 \��q�I+H5�TgA"�P�" [1] qD# 7.2.>� 2.3 e f ∈ L2(Dn, dV ), _Gyn�L8 w ∈ Dn L |f(w)| = lims→0+ ‖Sfuw,s‖.G f ∈ L2(Dn, dV ), �=�4R�\ L2
a(Dn)j (L2

a(Dn))⊥ h%>BB8 Toeplitz �y TfjGI Toeplitz �y Sf . t�uh�-\��8g| f , r7?*g|�Uh8 Toeplitz �y
Tf \ L2

a(Dn) hvL�8�GPGI Toeplitz �y��=L�?8�6�
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JWLiHJ Toeplitz �z9,p 557	� 2.5 e f ∈ L2(Dn, dV ), _ Sf vL��y3W3 f ∈ L∞(Dn), W*pL ‖Sf‖ =

‖f‖∞.E� $R+!^�e f ∈ L∞(Dn, dV ),_ Sf L�W ‖Sf‖ ≤ ‖f‖∞. �-gA�;+��=l Sf vL�8�_G�L8 w ∈ Dnj 0 < s < min{1−|wi| : 1 ≤ i ≤ n}DL ‖Sfuw,s‖ ≤ ‖Sf‖.JD# 2.3 �7�6 ‖f‖∞ ≤ ‖Sf‖ "&� 2

Brown j Halmos >�gA- Hardy �~h8�8 (\'18)Toeplitz �ykL0�y�GP Bergman �~h8 Toeplitz �ybX�6!^v�G8�uqh�\ Bergman �~h�GI Toeplitz �yLQ Toeplitz �y�\%N8�6�	� 2.6 e f ∈ L∞(Dn, dV ), _ Sf v��y3W3 f \ Dn hyn((:P 0.E� JP uw,s \ (L2
a(Dn))⊥ qfZ'P 0, ^e Sf v��y�_G<=X w ∈ Dn, 3

s→ 0+ p�DL ‖Sfuw,s‖ → 0. [JD# 2.3�h�Gyn�L8 w ∈ Dn L f(w) = 0 "&�
2 \��q��=75-��" [3] qB# 3.1 Z=Æp8*s�	� 2.7 l f, g ∈ L∞(Dn), e SfSg vGI Toeplitz �y Sh 8=X�jC�_Gyn�L8 w ∈ Dn, DL f(w)g(w) = h(w) �W�y HfH

∗
ḡ v�8�E� |l SfSg − Sh v��y�_J:s Sfg = SfSg +HfH

∗
ḡ �h

Sfg−h −HfH
∗
ḡ = SfSg − Sh<v��y�G w ∈ Dn, 3 s→ 0+ p� uw,s \ (L2

a(Dn))⊥ qfZ'P 0, C*
‖(Sfg−h −HfH

∗
ḡ )uw,s‖ → 0.JD# 2.2 O�?75 ‖HfH

∗
ḡuw,s‖ → 0, ,K ‖Sfg−huw,s‖ → 0. [JD# 2.3 �h�Gyn�L8 w ∈ Dn, L ‖Sfg−huw,s‖

2 → |f(w)g(w) − h(w)|2. ,KGyn�L8 w ∈ Dn, L
f(w)g(w) − h(w) = 0 "&�^�=75 Sfg−h = 0, ,K<L HfH

∗
ḡ v��y� 2

3 
" Toeplitz �/(�Æ��*
Hardy�~wlh Toeplitz0|8UhGk\�" [5]q>S`>��{e-����=v;gAIVKhGI Toeplitz 0|UhGk8-\+�UhGk8℄℄-;H5�?8D#�TgA"�P�" [1] qD# 8.1.>� 3.1 e�y S zPJ�LL�GI Toeplitz �y8�q�y℄"8�#&�_G�L8 w ∈ Dn, 3 s→ 0+ p�L ‖Suw,s‖ → 0.

B((L2
a)⊥) v (L2

a(Dn))⊥ h�LL�$+�ywl�e F v L∞(Dn) 8=Xyw��=H
I(F) !�t B((L2

a)
⊥) q�f {Sf : f ∈ F} 8�(�y0|� I(L∞(Dn)) vGI Toeplitz 0|�2 DvGI Toeplitz0| I(L∞(Dn))8�q�y#&��?�=;gA-\, I(L∞(Dn))5 L∞(Dn) E8=XUhGk�	� 3.3 -\,GI Toeplitz 0| I(L∞(Dn)) 5 L∞(Dn) E8=X C∗- w�Æ� ρ ,r7G`A8 f ∈ L∞(Dn), DL ρ(Sf ) = f.E� x BB ρ vGI Toeplitz �y8L#u8L#j�e S =

∑n
i=1 Sfi1

Sfi2
· · ·Sfini

,
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ρ(S) =

n
∑

i=1

fi1fi2 · · · fini
.�=�.gA ρ(S) v)BB8�|l S L1�=r�t	 S =

∑m
i=1 Sgi1

Sgi2
· · ·Sgimi

. 2
F =

n
∑

i=1

fi1fi2 · · · fini
, G =

m
∑

i=1

gi1gi2 · · · gimi
.�=k-gA F (w) = G(w) \ Dn hyn(("&��h S − SF j S − SG D\�q�y#& D q�C* SF − SG <\#& D q�ZHD# 3.1 �hG�L8 w ∈ Dn, DL

lim
s→0+

‖(SF − SG)uw,s‖ = 0.1=P?�JD# 2.3 �=h6Gyn�L8 w ∈ Dn L
|F (w) −G(w)| = lim

s→0+
‖(SF − SG)uw,s‖.C*�Gyn�L8 w ∈ Dn DL F (w) = G(w), ,K ρ(S) v)BB8�G`A8 S ∈ I(L∞(Dn)) jYB8fe| k, D-\GI Toeplitz�yL#u8L#j Fkr7 ‖S − Fk‖ < 1/k. ,gA8>=�R�h� ρ(Fk) v)BB8�J

‖ρ(Fk) − ρ(Fm)‖∞ ≤ ‖Fk − Fm‖�h {ρ(Fk)} v L∞(Dn) q8=X Cauchy 0/�l ρ(S) v Cauchy 0/ {ρ(Fk)} \ L∞(Dn)q8v#��g ρ(S) Q0/ {Fk} 82^�`�!^Gk ρ v$+8�W�g ρ(S∗) = ρ(S). �-gA ρ vw�8��=k-gAG S vGI Toeplitz �yL#u8L#j�L ‖ρ(S)‖∞ ≤ ‖S‖. z F = ρ(S), _�y D = S − SF \�q�y#& D q�^JD# 3.1 75�3 s→ 0+ p� ‖Duw,s‖ → 0. [ZHD# 2.3 75�Gyn�L8 w ∈ Dn, DL
‖S‖ = ‖SF +D‖ ≥ lim

s→0+
‖(SF +D)uw,s‖ = |F (w)|,,K ‖ρ(S)‖∞ = ‖F‖∞ ≤ ‖S‖.;gA ρ v=X C∗- 0|Æ��k-gAGGI Toeplitz �yL#u*s8�y S j TDL ρ(ST ) = ρ(S)ρ(T ). JB
 3.2 �=�?gAG f1, . . . , fn ∈ L∞(Dn), L

ρ(Sf1
· · ·Sfn

) = ρ(Sf1
) · · · ρ(Sfn

)"&�,K7g� 2�=! ρ vGI Toeplitz 0| I(L∞(Dn)) h8UhGk�G f ∈ L∞(Dn), BBGk
ξ : L∞(Dn) → B((L2

a)
⊥) � ξ(f) = Sf .	� 3.4 l D vGI Toeplitz 0| I(L∞(Dn)) q8�q�y#&�_J ξ N48Gk

ξ̄ : L∞(Dn) → I(L∞(Dn))/D v=X ∗- :�Æ℄�C*G:��? ξ, D-\=XFfl0/
(0) → D → I(L∞(Dn))

ρ
→ L∞(Dn) → (0).
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JWLiHJ Toeplitz �z9,p 559E� Gk ξ̄ !^v$+w�8�Gg| f, g ∈ L∞(Dn), L�y
ξ(f)ξ(g) − ξ(fg) = SfSg − Sfg\�q�y#& D q�C*Gk ξ̄ \ L∞(Dn) hv#M8��-gAGk ξ̄ v:�8��=-;gAG f ∈ L∞(Dn) j K ∈ D, L ‖Sf +K‖ ≥ ‖Sf‖"&�JP ‖Sf‖ = ‖f‖∞, ^�=k-gA ‖Sf +K‖ ≥ ‖f‖∞. JP K \�q�y#&q�JB# 3.1 �hG�L8 w ∈ Dn, L lims→0+ ‖Kuw,s‖ = 0. JD# 2.3 �=Oh6Gyn�L8

w ∈ Dn, L lims→0+ ‖Sfuw,s‖ = |f(w)|. C*Gyn�L8 w ∈ Dn, L
‖Sf +K‖ ≥ lim

s→0+
‖(Sf +K)uw,s‖ = |f(w)|.b:�75- ‖Sf +K‖ ≥ ‖f‖∞, 7g� 2�?8D# 3.5 ��" [3] qB# 2.1 8gA�>� 3.5 l f, g ∈ L∞, w ∈ Dn _

(Hfkw) ⊗ (Hḡkw) = Lw(HfH
∗
ḡ ).	� 3.6 (L2

a(Dn))⊥ q8��y~"8#& K �fPGI Toeplitz0|8�q�y#&
I(L∞(Dn)) q�E� l D v I(L∞(Dn)) 8�q�y#&�x �=;gAG`A8Isj| α j β, DD�fn=8�y z̄α ⊗ z̄β.��D# 3.5 8=X�yX ��=L

z̄α ⊗ z̄β = (Hz̄α1) ⊗ (Hz̄β 1) = Hz̄α(1 ⊗ 1)H∗
z̄β = L0(Hz̄αH∗

z̄β )

=

2n
∑

|α|=0

C2,αSzαHz̄αH∗
z̄βSz̄α .JP Sfg − SfSg = HfH

∗
ḡ , ^ Hz̄αH∗

z̄β = Sz̄αzβ − Sz̄αSzβ ∈ D, ,K z̄α ⊗ z̄β \ D q��?�=�gAwl D \ B((L2
a(D

n))⊥) qv��X8�l B((L2
a(D

n))⊥) 8Q0�y$+�~ N v D 8Xp�~��=k-gA N = B((L2
a(D

n))⊥).x �=;gA�?8mAvf℄8�+� G`A8 1 ≤ i ≤ n, DL zi ∈ N .E� JP N vQ08�^�l ϕ v N q=Q0g|�JPg| zαz̄β 8$+~l\
L2(Dn, dV ) qv%>8�W ϕ v=XQ0g|�^�L8 zαz̄β Q ϕ Dv�f�8�C*�=B-\Isj| α, β r7 〈ϕ, zαz̄β〉 6= 0. JP ϕ ∈ (L2

a(Dn))⊥ Qg| zα f��^=B-\fe| 1 ≤ j ≤ n r7 βj > 0. G βj = (β1, . . . , βj−1,
j

βj − 1, βj+1, . . . , βn), L
〈ϕ, zαz̄β〉z̄i = 〈z̄αzβj

ϕ, z̄j〉z̄i = 〈Sz̄αzβjϕ, z̄j〉z̄i = (z̄i ⊗ z̄j)Sz̄αzβjϕ.JgA8>=�R�h z̄i ⊗ z̄j ∈ D, OJP D v=X#&��? (z̄i ⊗ z̄j)Sz̄αzβj ∈ D. JP NG D q<=X�yDvXp8�^ 〈ϕ, zαz̄β〉z̄i ∈ N . C� 〈ϕ, zαz̄β〉 6= 0, �=75 z̄i ∈ N , ,K*mA7g�
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a(Dn))⊥ qQ N f�8=Xg|�|l β Q0W βi > 0, α v1=XIsj|�_ (z̄i ⊗ z̄i)Sz̄αzβi ∈ D. JP N v D 8Xp�~�^ 〈ψ, zαz̄β〉z̄i = (z̄i ⊗ z̄i)Sz̄αzβiψ Q Nvf�8�JP z̄i ∈ N , �==BL 〈ϕ, zαz̄β〉 = 0, W3 β v0j|p<v"&8�bvJP

ψ ∈ (L2
a(Dn))⊥. �?G`A8Isj| α j β, ψ Q�L8g| zαz̄β Dvf�8�^L�6

ψ \ Dn hyn((�0�C* N = (L2
a(Dn))⊥, ,KgA- D v��XR8�wA5 D �fQ08��y z̄α ⊗ z̄β = Hz̄α(1 ⊗ 1)H∗

z̄β . J�" [5] qB# 5.39 h� D �f (L2
a(Dn))⊥ h�L��y#& K. 2	� 3.7 (L2

a(Dn))⊥ h��y#& K v C∗- 0| I(C(Dn)) 8=X�q�y#&�0/
(0) → K → I(C(Dn)) → C(Dn) → (0)v=XFfl�<�v��g0| I(C(Dn))/K v5 C(Dn) h8=X *- :�Æ℄�E� H S �tGI Toeplitz 0| I(C(Dn)) q8�q�y#&�JU?B#gA�h K�fP S. G D̄ hg| f j g, �q�y

Sfg − SfSg = HfH
∗
gv�8�JP S vJ C(Dn) q8/Uh8GI Toeplitz �y8�q�yn"8�^�75 S�fP K, C* K :P�q�y#& S. 7g� 2\�" [3] q>�gA-*XGI Toeplitz �y8#ukL3Tq=X�yv0�yp�v0�y�ZHUhGk�?75bX�68=Æ*s�uqh��=�?75GI Toeplitz�y#uv�8�;����=L�B# 2.6 Z=Æ8*s�		� 3.8 l f1, . . . , fn ∈ L∞(Dn), e Sf1

Sf2
· · ·Sfn

v��y�_Gyn�L8 w ∈ DnL f1(w)f2(w) · · · fn(w) = 0.E� e Sf1
Sf2

· · ·Sfn
v��y�_JB# 3.6�7 Sf1

Sf2
· · ·Sfn

\�q�y#& Dq�Ob�75 Sf1f2···fn
<\ D q�^ ρ(Sf1f2···fn

) = 0, ,K f1f2 · · · fn = 0 \ Dn hyn(("&� 2�?8�d�A?L�Ajg|�Uh8GI Toeplitz �y8L#u�v0�'QTqL=XGI Toeplitz v0�y�Hardy �~h8 Toeplitz �yvT<L%�8�6�bX�
a^;L���4� 3.9 l f1, f2, . . . , fn v Dn hL�Ajg|�_�?8��v:}8	
(1) Sf1

Sf2
· · ·Sfn

v��y�
(2) Sf1

Sf2
· · ·Sfn

= 0;

(3) -\ Dn h8=X0g| fi.

4 
" Toeplitz 0I�%:F\��q�=��6GI Toeplitz �y8Pj�oP� 2 4.1 l f v L∞(Dn) h=Xg|�e Sf v�F8�_ f \ L∞(Dn) q<v�F8�E� |lGPCX δ > 0, L ‖Sfu‖ ≥ δ, b% u v (L2
a(Dn))

⊥ qO|� 1 8`Ag|�JD# 2.3 �h�Gyn�L8 w ∈ Dn, DL f(w) = lims→0+ ‖Sfuw,s‖ ≥ δ. ,K7g� 2



3R 3TS�;
JWLiHJ Toeplitz �z9,p 561e f v Dn h=X��g|�_ f 8�+iU R(f) v�LV| λ 8wl� λ 9}G`A8 ε > 0, DLwl {z ∈ Dn : |f(z) − λ| < ε} �L0�E��=L�?8PVdB#���\%�PJ Hartman j Wintner 758 Hardy �~q Toeplitz �y8PVdB# (��" [5]q�6 7.7):	� 4.2 e f \ L∞(Dn) q�_ R(f) ⊂ σ(Sf ).E� JPG`A8 λ ∈ C, L Sf − λ = Sf−λ, ZHB
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Properties of Dual Toeplitz Operators on the Polydisk
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Abstract: In this paper, we study the boundedness and compactness of Dual Toeplitz operators on the
polydisk and give the characterization of spectra of these operators.
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