
-27j-3� 5 Y \ e w � ~ Vol.27, No.3

2007�8| JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION Aug., 2007<D�$: 1000-341X(2007)03-0586-05 <>�60	 A!�%�!� Excellent +EIKH� J L
(	U�X{4XL�[7 	 210017)

(E-mail: wangy@njxzc.edu.cn)C A: �Jlbx:�M*:� Excellent p�>�( S =
⊕

g∈G
Sg 2 R =

⊕

g∈G
Rg *:� Excellent p��	�x S 2:�r V - M&�a& R 2:�r V - M� S 2:� PS- M&�a& R 2:� PS- M� S 2:� Von Neumann ��M&�a& R 2:� Von Neumann ��M�#'�: :� Excellent p��:�r V - M�:� PS- M�:� Von Neumann ��M�

MSC(2000): 16W50G: ,: O153.3�I9=|)9�LkX.p#Hy�9��kFqo��G 1�h��% A =
⊕

g∈G Ag1 G- 9�L� M =
⊕

g∈G Mg 1 G- 9� A- �+�e h(A) =
⋃

g∈G Ag I h(M) =
⋃

g∈G Mg9��/ A I M )��y8S�e N ≤gr M �/ N 1 M )9����N |gr M �/ N 1
M )9��IT� Socgr(M) �/ M )9�O��e JG(A) I rG(A) 9��/9�L A )9� Jacobson �I9� Von Neumann ���� A ∼=gr B �/ A u B 19�AB)� gr-A�/9�q A- �6��IÆG\")=�u�:;H��hikAIP [1].�B 1 ' R =

⊕

g∈G Rg 1 S =
⊕

g∈G Sg )9��L� R u S pRA)#Hy 1. 6 S1 R )9� Excellent o��!FeMt?�s�
(1) S 1 R )ip�Gy8 1 )9�O)�n9��Do��U ~ h(S) )pQSK

{a1, . . . , an}, -( a1 = 1, S = a1R + · · · + anR, aiR = Rai, i = 1, . . . , n, �� S 1e a1, . . . , anF��O)9��n�Iq R- ��
(2) S 19� R- B&)�U!F Ns ≤gr Ms ∈ gr-S, �n NR |gr MR nC� NS |gr MS .29 2 ' S =

⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellent o�� M ∈ gr-S, � MS 19� S- 
&) ⇔ MR 19� R- 
&)�F1 nt�"m& i : R → S 19�L#A;� SR 19��nq R- ��k319��< R- ��9e% MR 19� S- 
&�+� MR �F9�
& R- ��4��' MR 19�
& R- ��3
� MR 19�
&�%�`% MR 1 NR )9���+�p MR |gr NR. '
NS 1�h)9�q S- �� MS ≤gr NS , � MR ≤gr NR. 9e MR |gr NR. kF S 1 R )9� Excellent o��C MS |gr NS . �6� MS 19�
&)q S- ��29 3 ' S =

⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellent o�� NS =
⊕

g∈G Ng 1
MS =

⊕

g∈G Mg )9����� NR 1 MR )9���� ⇔ NS 1 MS )9�����7"54: 2005-06-07; (854: 2006-07-02&)�3: EW��mZP_ (10471055); vÆ*℄x�mZ℄fP_ (05L014).



3�  ^r�,	:�M*:� Excellent p� 587F1 � ⇐ ��N��� ⇒ ��' NS 1 MS )9������ TR 1 MR )?�� TR ∩ N = 0 )R!9����0�? i = 1, . . . , n, { J(i) = {m ∈ M : mai ∈ NR ⊕ TR}. K�M� J(i)R 1 MR)9�����!F LR 1 MR )?9���� LRai = 0, � LR ⊆ J(i). z7��!F
LRai 6= 0, �n NR ⊕TR 1 MR )9����
 LRai ∩ (NR ⊕TR) 6= 0, C LR ∩ J(i) 6= 0. t1p JR =

⋂n
i=1 J(i) 1 MR )9�����3�0 i = 1, . . . , n, Jai ⊆ J(i), 9e J 1 M )?9� S-���kF N ⊆ J ⊆ N ⊕T, J = N ⊕ (T ∩J), S 19� R-B&)�Cp NS |gr JS .$ NS 1 MS )9�����9e N = J , ���w NR 1 MR )9�����;/ 4 ' S =

⊕

g∈G Sg 1 R =
⊕

g∈G Rg ) Excellent o��M =
⊕

g∈G Mg ∈ gr-S, �
MS )9� S- 
&�l� R- �+g1 MR )9� R- 
&��F1 nt MS(MR) 19� S- � AS(R- � AR) )9� S- 
&� (R- 
&�) %�`%
MS(MR) 19� S- � AS(R- � AR) )9��o�I9�
&��Cn�> 2 I�> 3 U(^|��B 5 ? G- 9�L A =

⊕

g∈G Ag �F9�q V - L�!F0�J M ∈ gr-A, M )�R!9� A- ��)\+t 0.29 6 ' S =
⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9��Do�L�U R 1 S )9��L�
R u S ipA#Hy 1, � ~��y a1, . . . , an ∈ h(S) -( S =

∑n

i=1 Rai, aiR = Rai, i =

1, . . . , n. !F M =
⊕

g∈G Mg ∈ gr-S 19�#��� M ∈ gr-R 19�Æ#��F1 'N ≤ M 1M ∈ gr-R)?R!�9����0 ∀i = 1, . . . , n,{Ni = (N : ai) =

{m ∈ M | mai ∈ N}. nt aiR = Rai, fY�? Ni /1 M ∈ gr-R )9����,V%�!F
Ni 6= M,� Ni N1M ∈ gr-R)R!9�����1kF�!F m ∈ M\Ni, � mai 6∈ N,t1p M = N +maiR = N +mRai. �� m′ ∈ M , �p m′ai = v +uai, �Æ v ∈ N, u ∈ mR, Cp
(m′−u)ai = v ∈ N , �6� m′−u ∈ Ni, k3 m′ ∈ Ni +mR. �g��w M = Ni +mR, Ni 1
MR )R!9����}{ L =

⋂n

i=1 Ni. ' m ∈ L, s =
∑n

i=1 airi ∈ S,�Æ ri ∈ R, i = 1, . . . , n.�p ms =
∑n

i=1 mairi ∈ N . �_K�
�!F L 6= 0, � 0 6= LS ⊆ N , k3 LS 6= M . $ LS1 M ∈ gr-S )9����n M ∈ gr-S 19�#�
s<p LS = M , �3p N = M . �u
N 1 M )R!�9����1�C� L = 0. t1 M ∼=gr M/0 ∼=gr

⊕n′

j=1 M/Nij , �Æ Nij 1
{Ni} Æ�+t M ��k3 M/Nij 19� R- #�� M ∈ gr-R 19�Æ# R- ��;/ 7 ' S =

⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9��Do�� I =
⊕

g∈G Ig 1 S )?9��zqS��p
(1) I ∩ R 1 R )W9��zqS)\�
(2) JG(G) ⊆ JG(S) ∩ R.F1 (1) n9��zqS).iT�> 6 s
�
(2) h [2] �.q 3.8 
 JG(A) 19�L A )�9��zqS�\�Cn (1) U�^|�29 8 ' S =

⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellento��M =
⊕

g∈G Mg ∈ S-gr,� Socgr(MS) = Socgr(MR).F1 nt?9��)9�O�+t<9��)�9�����\�Cn�> 3 p
Socgr(MR) ⊆ Socgr(MS). z7��nt?9��)9�O�b+t<9��)�9�#���I�9e% TS ∈ gr-S 19�#�+�n�> 6 
 TR ∈ gr-R 19�Æ#)�U TR 19�# R- ����I��_gp Socgr(MS) ⊆ Socgr(MR).



588 4 X [ d v � } 27j�- 9 ' S =
⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellent o��� S 19�q V - L)�a?Z1 R 19�q V - L�F1 X. S 19�q V − L� MR ∈ gr − R, �9��uQ M
⊗

R S 1?9�q S-��k3��R!9� S- ��)\+t 0. 0t M
⊗

R S )�R!9��� NS , M�
NS ∩ (M

⊗

R 1) 19� R- � MR )WR!9���)\�n S = 1R + a2R + . . . + anR 

(M/M ∩ N)R

∼=gr (M + N/N)R 9�ABt (M
⊗

R S)/N )?9� R- � M
⊗

R 1/N . $
M

⊗

R 1/N �Fq S- �19�#)�d�> 6 
 M
⊗

R 1/N �F9� R- �19�Æ#)��3 (M/M ∩N)R 19�Æ# R- ��k3 M ∩N 1 MR )WR!9���)\��3 MR)�R!9�q S- ���\b+t 0, U R 19�q V - L�4��X. R 1?q V -L�MS ∈ gr-S,��F9� R-�MR, MR )�9�R! R-���\+t 0. O~' TR 1 MR )�R!9����{ T (i) = {m ∈ M | mai ∈ T }, i =

1, 2, . . . , n, T ∗ =
⋂n

i=1 T (i). M� T ∗ 1 MS )WR!9���)\�nt�? M/T (i) 19�# R- ��C M/T ∗ ∼=gr

⊕n

i=1 M/T (i) 19�Æ# R- ��$ T ∗ 1?9� S- �� S 19� R- B&)�9e M/T ∗ 1?9�Æ# S- ��k3 S b1?q V - L��B 10 ' A =
⊕

g∈G Ag 1 G- 9�L� M =
⊕

g∈G Mg 1? G- 9�q A- ���
M F (q) 9� PS- ��!F Socgr(MA) 19�B&��� A F (q) 9� PS- L�!F AA19� PS- ��. 11 �J9�B&)Æ#�19� PS- ��. 12 �?9�8�j�19� PS- ��0,%�'M =

⊕

g∈G Mg 19�8�j)9�# A-���p ZG(MA) = {m ∈ M | rA(m)1 A )9��qqS } = 0, t10�J 0 6= m ∈ h(M), M = mA, rA(m) 1 A )9�R!qqS�$�1 A )9��qqS�Cp A )�?9�qqS I 6= 0 -( rA(m)∩ I = 0, �3
AA = rA(m) ⊕ I, M ∼=gr I 19�B&q A- ��. 13 W9� PS- �)9��I19� PS- ��9� PS- �)9���19� PS-��9� PS- �)9��o��19� PS- ���- 14 ' S =

⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellent o��� S 19� PS- L%�`% R 19� PS- L�F1 � ⇒ ��' Socgr(SS) 19�B&q S- �� I 1 R )?RV9�qqS��p 0 6= r ∈ h(I) -( I = rR. 0 ∀i = 1, . . . , n, rRai 1 R )9�#��C rS =
⊕n

i=1 rRai19�Æ# R- ���_�n S 19� R- B&)
 rS )�J9� S- ��1 SS )9��IT�k3 rS 1?9�Æ# S- ��dh [1], nt Socgr(SS) 19�B&�
� rS 1�?9��n S- � F ∈ gr-S )9��IT�' F )��OF {fi | i ∈ W} ⊆ h(F ), �p
F =

⊕

i∈W fiS =
⊕

i∈W fi(
⊕n

j=1 ajR) =
⊕

i∈W

⊕n

j=1(fiaj)R,C F b1?9��n R-��snt a1 = 1, 9e rR = rRa1 19� r- � rS )9��IT����w rR 1?9��n� F )9��IT�k3 rR 19�B& R- ��9e Socgr(RR) 19�B& R- ���⇐��' Socgr(RR)19�B& R-��J 1 S )?9�RVqqS��p 0 6= u ∈ h(J)-( J = uS. h�> 6 
 uS 19�Æ# R- ��nt Socgr(RR) 19�B& R- ��C ~9��n R- � F I F )?9��� M -( F = uS ⊕ M . �_gp9���uQ
F

⊗

R S = (uS ⊕ M)
⊗

R S ∼=gr (uS
⊗

R S) ⊕ (M
⊗

R S). s' F ∼=gr

⊕

σ∈W R(σ)(W ⊆ G), �p F
⊗

R S ∼=gr (
⊕

σ∈W R(σ))
⊗

R S ∼=gr

⊕

σ∈W (R(σ)
⊗

R S) ∼=gr

⊕

σ∈W S(σ), C F
⊗

R S 1



3�  ^r�,	:�M*:� Excellent p� 589?9��n S- ��s�% uS �F9�q R- �+�K�p uS
⊗

R S =
⊕n

i=1 uS
⊗

R ai.kF a1 = 1, C uS ∼=gr uS
⊗

R 1 19� R- � F
⊗

R S )9��IT�nt S 19� R- B&)�9e uS b19� S- � F
⊗

R S )9��IT�k3 uS 1?9�B& S- ���_g( Socgr(SS) 19�B& S- ���B 15 G- 9�L A =
⊕

g∈G Ag Æ)��y x ∈ Rg ⊆ h(A) �F A ) gr-(Von Neu-

mann) ��y�!F ~ y ∈ Rg−1 ⊆ h(R) -( x = xyx. A )? G- 9�qS I =
⊕

g∈G Ig�F gr- ��qS�!F h(I) Æ�?��y/1 I ) gr- ��y��? G- 9�L A /pE?R! gr- ��qS rG(A), -( A/rG(A) �}Gp8y gr- ��qS� rG(A) �F A )
gr- ��� [3]. !F A = rG(A), �� A F gr- ��L�29 16 ' A =

⊕

g∈G Ag 1 G- 9�L�M =
⊕n

i=1 miA 1?pQ��)�)�n9� A- ��!F I =
⊕

g∈G Ig 1 A )?9���qS� N 1 M )pQ��)�)9� A-���� N ⊆ MI, � N |gr M .F1 K�neX.N p�2t n?)��)�y�t1 ~E? f ∈ HOMA(M, MI)[1]-( f(M) = N . �h'MI =
⊕n

i=1 miAI ⊆
⊕n

i=1 miI, f ∈ HOMA(M, MI)n f(m1), . . . , f(mn)9E�.�#{ f(mi) =
∑n

j=1 mjaij , �Æ aij ∈ I, i, j = 1, . . . , n, �p [6]

f(m1, . . . , mn) = (m1, . . . , mn)





a11 · · · an1

· · · · · · · · ·
a1n · · · ann



 , (aij)n×n ∈ Mn×n(I)gr =
⊕

g∈G

(Ig)n×nnt I =
⊕

g∈G(Ig) 19���L�C G- 9�L Mn×n(I)gr =
⊕

g∈G(Ig)n×n b19���L [4]. �_g
 ~ g ∈ HOMA(M, MI) -( fgf = f . t1p (fg)2 = fg I fg(M) =

f(M) = N , 9e N |gr M .29 17 ' S =
⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellent o���p rG(R) = R ∩

rG(S).F1 nt S = a1R+· · ·+anR,C
 S. rG(R)1 S )?9�qS��� x ∈ h(S.rG(R)),� x.S = xa1R + · · · + xanR 1?pQ��)�)9� R- ��� xS ⊆ S.rG(R). h�> 16
��F9� R-�p xS |gr S. nt S 19� R-B&)�C�F9� S- �gp (xS)S |gr SS .�_g
 x 1����y� S.rG(R) 1 S ) gr- ��qS�C S.rG(R) ⊆ rG(S), �3p
rG(R) ⊆ R ∩ rG(S). z7��' y ∈ h(R ∩ rG(S)), �p� t ∈ h(S) -( y = yty. nt
t = a1r1 + · · · + anrn = r1 + · · · + anrn, �Æ r1, . . . , rn ∈ h(R), Cp

y = y(r1 + · · · + anrn)y = y1r1y + · · · + yanrny. (1)0t i ≥ 2, n aiR = Rai 
 ~ yi ∈ h(R) -( yai = aiyi, t1 (1) .F
1 · (y − y1r1y) + · · · + an(ynrny) = 0.0t i ≥ 2, yiriy ∈ h(R). �_n S =

∑n
i=1 aiR 1e a1 = 1, . . . , an F��O)9��n�n( y = yr1y. ���w y 1 R )����y�9e R ∩ rG(S) 1 R )9���qS�Cp

R ∩ rG(S) ⊆ rG(R).�- 18 ' S =
⊕

g∈G Sg 1 R =
⊕

g∈G Rg )9� Excellent o��� S 19���L%�`% R 19���L�



590 4 X [ d v � } 27jF1 !F rG(S) = S, �n�> 17 
 rG(R) = R ∩ S = R. 4��!F rG(R) = R, �n�> 17 
 R = R ∩ rG(S), C R ⊆ rG(S), t1 S =
∑n

i=1 aiR ⊆
∑n

i=1 airG(S) ⊆ rG(S) ⊆ S,Up S = rG(S).�*=?

[1] NASTASESCU C, VAN OYSTAEYEN F, Graded Ring Theory [M]. North-Holland Publishing Co., Amsterdam-

New York, 1982.

[2] D`�:�M*:� Jacobson A [J]. 4XX�� 1998, 41(2): 347–354.
WANG Yao. The graded Jacobson radical of a graded ring [J]. Acta Math. Sinica (Chin. Ser.), 1998, 41(2):
347–354. (in Chinese)

[3] D`� ^r�:�A�$:�Av�5A [J]. 4XX�� 1999, 42(1): 71–76.
WANG Yao, REN Yan-li. Graded radicals, weakly graded radicals and reflected radicals [J]. Acta Math.
Sinica (Chin. Ser.), 1999, 42(1): 71–76.

[4] GOODEARL K R. Von Neumann Regular Rings [M]. Pitman, Boston, Mass.-London, 1979.
[5] NASTASESCU C, VAN OYSTAEYEN F, Jacobson radicals and maximal ideals of normalizing extensions

applied to Z-graded rings [J]. Comm. Algebra, 1982, 10(17): 1839–1847.
[6] PARMENTER M M, STEWART P N. Excellent extensions [J]. Comm. Algebra, 1988, 16(4): 703–713.

Graded Excellent Extensions of Graded Rings

REN Yan-li, WANG Yao
(Department of Mathematics, Nanjing Xiaozhuang University, Jiangsu 210071, China )

Abstract: The concept of graded excellent extension of graded rings is introduced. Let S =
⊕

g∈G
Sg

be a graded excellent extension of R =
⊕

g∈G
Rg. We prove that S is a graded right V -ring if and only

if R is a graded right V -ring, S is graded PS-ring if and only if R is a graded PS-ring, and S is a Von
Neumann regular ring if and only if R is a graded Von Neumann regular ring.

Key words: graded excellent extension; graded right V -ring; graded PS-ring; graded Von Neumann
regular ring.


