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1 83�D�i S u�X�AV S v6[� a, a+
 b ∈ S, r a b a = a, e" a u S 6oe[�a Sv67P[�>uoe[�e" S uoe�X��X6 Green U [1], s L,R,H,D,J , 
�X/|"063#℄FgY%vM}yD�Q�AV�s�X6/|�SSyDJL�ZE�>/�j�X6 Green U 6�eu*2�B6��_��J�{ X d�S'9�Og (UVOg6N`a�) �#6�X S(X) 6 Green U 6�e�K �B� Magill X
Subbiah
�' [2]vI�|B::z) S(X)voe[6 GreenU �EF�[�6 GreenU u
℄6S℄3���i X(|X | ≥ 3) uFPp`� TX � X d6U�j�X�AV X d6FP8yU E, �' [6] v��) TX 6R8yU E �=6~�X

TE(X) = {f ∈ TX : ∀ (x, y) ∈ E, (f(x), f(y)) ∈ E}.r<)a� X .dR�S E- ���Jn6�J�r X #��J�{�eS TE(X) = S(X).�' [7] v�e) TE(X) 6oe[��:z) TE(X) 6F�[�6 Green U �*EAVF �x6�J�{ X , R')�X S(X) vF�[� Green U 6:z�a X = {1, 2, . . . , n} �U7p (	h� 7), �8i+
 X 6[�	h� 7�plF+
℄zd�r7P i (1 ≤ i < n)�V i−1℄ i+1t{�n�V n−1℄ 1t{��O_=
= n(2n)6JLdS n+ 1 = 1, n+ 2 = 2, . . . , n+ n = n(2n+ 1 = 1, 2n+ 2 = 2, . . . , 2n+ 2n = 2n), j$)�'%: 2006-02-15; �*'%: 2006-12-12��2$: bAn�[�<o	 (0511010200).
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n(2n)u X 6!?�i Y u X 6~p�x, y ∈ X ,_W x ≤ y,=L [x, y] = {z ∈ X : x ≤ z ≤ y};_W y < x, =L [x, y] = {z ∈ X : x ≤ z ≤ n m 1 ≤ z ≤ y}. " [x, y] � X 6�S{�^I�'�jC=L6S{u�pl6� ��H=LL	 26S{�_ [x, y), (x, y], (x.y). i
Y ⊆ X , OAV\J x, y ∈ Y , >S [x, y] ⊆ Y m [y, x] ⊆ Y , e" Y u X 6�~p�"U7p
X dFP8yU E ��6�_W7P E-  >u X 6�~p�i X = {1, 2, . . . , n} uU7p� f ∈ TX . AV\J x, y ∈ X , a x ≤ y bZ f(x) ≤ f(y),e" f u�7Og� X d6�S�7Og (UVOg6N`a�) �#6�Xv� O

[3]
n . i

A = {a1, a2, . . . , an}uFPn|7+�auD+
FP i,r ai > ai+1,e" A = {a1, a2, . . . , an}uFP=h7+�AVOg f ∈ TX , a (f(1), f(2), . . . , f(n)) uFP=h7+�e" f uFP�,Og�j�g�� f u�,Og2O�2+
 j ∈ {0, 1, . . . , n− 1}, r5
f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(n) ≤ f(1) ≤ · · · ≤ f(j)

(a j = 0, e f(1) ≤ f(2) ≤ · · · ≤ f(n)). X d6�S�,Og (UVOg6N`a�) �#6�Xv� OP
[4,5]
n . %Za f u�7Og�e f Eu�,Og�i E uU7p X dFP�8yU �e

OE(X) = {f ∈ TE(X) : ∀x, y ∈ X,x ≤ y ⇒ f(x) ≤ f(y)}u TE(X)6~�X�Lv6a�uOg6N`�iU7p (	h� 7)X = {1, 2, . . . ,mn} (m ≥

2, n ≥ 2), 8yU E = (A1 ×A1) ∪ (A2 ×A2) ∪ · · · ∪ (Am ×Am), Lv
A1 = {1, 2, . . . , n}, A2 = {n+ 1, n+ 2, . . . , 2n}, . . . , Am = {(m− 1)n+ 1, (m− 1)n+ 2, . . . ,mn}.
j/xit#��' [8] 
0) OE(X) 6oe[6�~��:z)F�[�6 Green U �AVS(U7p X , Q OPE(X) �s TE(X) v�S�,Og (UVOg6N`a�) �#6�X�%Z OPE(X)Eu TE(X) 6~�X��O OE(X) ⊆ OPE(X). �Z:��8l�.__�e OPE(X)6oe[℄:z OPE(X)6 GreenU �1u�AVF�Q3�sAV\JS(U7p X ℄ X d6\J8yU ��8
B:z�X OPE(X)6 GreenU �M(��8$�.Fx�xQ3�6S���<�	h� 7����uxiU7p X = {1, 2, . . . , 2n} (n ≥ 2).E8yU u E = (A1 ×A1)∪ (A2 ×A2), Lv A1 = {1, 2, . . . , n}, A2 = {n+ 1, n+ 2, . . . , 2n}.�v'&67PS{>u�plI,6�_

[2, 5] = {2, 3, 4, 5}; (2n− 2, 3) = {2n− 1, 2n, 1, 2}.
dzUVU7p X ℄�8yU E 6xi#����e)�X OPE(X) 6oe[�:z) OPE(X) 6F�[�6 Green U �54)\J(P[� L,R,H,D *U6�~�#9�f���DQ46M\℄N"�Q X/E �s X dR8yU E �=6
p�A7P f ∈ TX , , π(f) �sR f �=6 X 6L��s π(f) = {f−1(x) : x ∈ f(X)}.i A ⊆ X , , πA(f) = {M ∈ π(f) : M ∩A 6= ∅}. %ZS#96�W�7! 1.1
[7] i f ∈ TX , A,B u X 6~p�2O�2 πA(f) ⊆ πB(f), e f(A) ⊆ f(B).7! 1.2
[7] i f ∈ TE(X), AV7P E-  A, +
 B ∈ X/E, r f(A) ⊆ B. *EAV7P E-  A, f−1(A) mu�pmuF/ E-  6��



3K ���9�G!�k
Y7pf\^ Green V! 593�v6S��<6M\����' [4], [7].

2 OPE(X) Æ?;9���:z�X OPE(X) 6oe[6�~�7! 2.1 i f ∈ OPE(X), e7P P ∈ π(f) u X 6�~p�A# i f ∈ OPE(X), Vu+
 j ∈ {0, 1, . . . , 2n− 1}, r
f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(2n) ≤ f(1) · · · ≤ f(j).i P ∈ π(f), i, k ∈ P O i < k, Vu f(i) = f(k). a [i, k] ⊆ [j + 1, 2n] m [i, k] ⊆ [1, j], e%ZA\J z ∈ [i, k], S f(i) = f(z) = f(k), T [i, k] ⊆ P . a j, j+ 1 ∈ [i, k], ?5AV\J z ∈ [k, i],S f(k) = f(z) = f(i). Vu [k, i] ⊆ P . T P u X 6�~p� 2�! 2.2 i f ∈ OPE(X), e f u OPE(X) 6oe[2O�2AV7P A ∈ X/E, a

A ∩ f(X) 6= ∅, e+
 B ∈ X/E, r A ∩ f(X) = f(B).A# EKJ. i f u OPE(X) 6oe[�e+
 g ∈ OPE(X), r f = fgf . i A ∈ X/EO A ∩ f(X) 6= ∅. AV7P y ∈ A ∩ f(X), +
 x ∈ X , r y = f(x). Vu
y = f(x) = fgf(x) = fg(y).i g(A) ⊆ B ∈ X/E, e y = fg(y) ∈ fg(A) ⊆ f(B). *E A ∩ f(X) ⊆ f(B). |J4 f(B) �ÆZ
>P E-  v�Vu A ∩ f(X) = f(B).FGJ. AV3��~6�,Og f , 5DSd g ∈ OPE(X), r f = fgf . i

f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(2n) ≤ f(1) ≤ · · · ≤ f(j),j$ j, j + 1 �C
�FP E-  v�E�C
��6 E-  v�#9L(xQ3=L g.HI 1. (j, j + 1) ∈ E. jp�S (f(j), f(j + 1)) ∈ E. RV E u�8yU �Vu f(X)ÆZ
>FP E-  A v�Rxis+
 B ∈ X/E, r f(X) = A ∩ f(X) = f(B). jpiStx�C�
(a). A = B = A1 O j, j + 1 ∈ A1. i f(X) = {a1, a2, . . . , as} ⊆ A1, Lv 1 ≤ a1 < a2 <

· · · < as ≤ n. Vu+
>P k(1 ≤ k ≤ n), r a1 = f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(n) =

f(n+ 1) = · · · = f(n+ k) ≤ f(n+ k + 1) = · · · = f(2n) = f(1) ≤ f(2) ≤ · · · ≤ f(j) = as. AV7P t(1 ≤ t ≤ s), , bt = max(f−1(at) ∩B). =L g : A→ B

g(x) =







b1, x ∈ [ 1, a1 ) (a 1 < a1),
bt, x ∈ [ at, at+1 ) (1 ≤ t < s),
bs, x ∈ [ as, n ].

(*)i f(n) = al (1 ≤ l ≤ s), ?5 bl = max(f−1(al) ∩B) = n, �O
j + 1 ≤ b1 < b2 < · · · < bl = n, 1 ≤ bl+1 < bl+2 < · · · < bs = j.Vu

bl+1 < bl+2 < · · · < bs < b1 < b2 < · · · < bl.
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 Y G 1 27�AV7P x ∈ A2, =L g(x) = bs. jC
 X d=L) g. %Z g ∈ TE(X). v j′ = al+1 − 1, e
j′ + 1 = al+1, �O
g(j′+1) ≤ g(j′+2) ≤ · · · ≤ g(n) = g(n+1) = g(n+2) = · · · = g(2n) ≤ g(1) ≤ g(2) ≤ · · · ≤ g(j′),s g ∈ OPE(X). A7P x ∈ X , , f(x) = ai, e fgf(x) = fg(ai) = f(bi) = ai = f(x). R x 6\J4s f = fgf .

(b). A = B = A1 O j, j + 1 ∈ A2, e
f(j + 1) = f(j + 2) = · · · = f(2n) = f(1) ≤ f(2) ≤ · · · ≤ f(n) = f(n+ 1) = · · · = f(j)._ (∗) =L g : A → B. AV7P x ∈ A2, =L g(x) = b1. Vu 1 ≤ b1 < b2 < · · · < bs = n. �BAr g 3�

g(n+ 1) = g(n+ 2) = · · · = g(2n) = g(1) ≤ g(2) ≤ · · · ≤ g(n),s g ∈ OPE(X) O f = fgf .

(c). A = A1, B = A2 O j, j + 1 ∈ A1, e
f(j + 1) = · · · = f(n) = f(n+ 1) ≤ · · · ≤ f(2n) = f(1) = · · · = f(j)._ (∗) =L g : A→ B. AV7P x ∈ A2, =L g(x) = b1. �BAr g 3�

g(n+ 1) = g(n+ 2) = · · · = g(2n) = g(1) ≤ g(2) ≤ · · · ≤ g(n),s g ∈ OPE(X) O f = fgf .

(d). A = A1, B = A2 O j, j + 1 ∈ A2. Vu+
>P k (1 ≤ k ≤ n), r
f(j + 1) ≤ · · · ≤ f(2n) = f(1) = · · · = f(k) ≤ f(k + 1) = · · · = f(n) = f(n+ 1) ≤ · · · ≤ f(j).jp g 6=LX (a)  ��L	6S+�6�C46
0 ��j$l/�Vu
Q3 1 v�8�S g ∈ OPE(X), r5 fgf = f #&�HI 2. (j, j + 1) /∈ E. jpS(x�C�

(a). j = n, j+1 = n+1,e f(n+1) ≤ · · · ≤ f(2n) ≤ f(1) ≤ · · · ≤ f(n). _W f(n), f(n+1)ÆZ
�FP E- v�?5 f(X)ÆZ
>P E- Av�Rxis+
 B ∈ X/E,r f(X) =

A∩f(X) = f(B). XQ3 16
0 ���HSd g ∈ OPE(X),r f = fgf . _W f(n), f(n+1)ÆZ
�� E- v�?5 f(A1) ⊆ A2, f(A2) ⊆ A1,s A2∩f(X) = f(A1), A1∩f(X) = f(A2).i f(A1) = {a1, a2, . . . , as} ⊆ A2, f(A2) = {c1, c2, . . . , ct} ⊆ A1, Lv a1 < a2 < · · · < as, c1 <

c2 < · · · < ct. , bi = max(f−1(ai) ∩A1)(1 ≤ i ≤ s), di = max(f−1(ci) ∩ A2) (1 ≤ i ≤ t). AV7P x ∈ A2, =L
g(x) =







b1, x ∈ [n+ 1, a1 ) (a n+ 1 < a1),
bi, x ∈ [ ai, ai+1 ) (1 ≤ i < s),
bs, x ∈ [ as, 2n ].
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Y7pf\^ Green V! 595AV7P x ∈ A1, =L
g(x) =







d1, x ∈ [1, c1 ) (a 1 < a1),
di, x ∈ [ ci, ci+1 ) (1 ≤ i < t),
dt, x ∈ [ ct, n ].jC
 X d=L) g. RV b1 < b2 < · · · < bs < d1 < d2 < · · · < dt, Vu

g(n+ 1) ≤ · · · ≤ g(2n) ≤ g(1) ≤ g(2) ≤ · · · ≤ g(n),s g ∈ OPE(X).  ��HAr f = fgf .

(b). j = 2n, j + 1 = 1 (
= 2n 6JLd). jp f ��7Og���' [8] s+
�7Og
g, r f = fgf .�}�0_xQ3��S g ∈ OPE(X) �O f = fgf . M( f u OPE(X) 6oe[� 2�! 2.3 OPE(X) �uoe�X�A# 
 A1 v\T(< a, b O a < b. =L

f(x) =

{

a, x ∈ A2,
b, x ∈ A1.%Z f ∈ OPE(X) O A1 ∩ f(X) = {a, b}. 1u�+
 E-  B, r A1 ∩ f(X) = f(B). M( f�u OPE(X) 6oe[�T OPE(X) �uoe�X� 2C 2 X = A1 O E = A1 × A1 p����
06�X�u�' [4] v
06�X OPn.1u�X OPE(X) X�X OPn WS
,6S��%_R=" 2.3 �s� OPE(X) �uoe�X�R�' [4, Theorem 3.1] s OPn Wuoe�X�

3 OPE(X) Æ Green �.w$
0 L U ��6 3.1
[7] i E up` X d68yU �O Y, Z ⊆ X . i ϕ : Y → Z �Og�a

(y, y′) ∈ E b[ (ϕ(y), ϕ(y′)) ∈ E,e" ϕu E-�&6�a (x, y) ∈ E 2O�2 (ϕ(x), ϕ(y)) ∈

E, " ϕ u E∗- �&6�^I�'�\J f ∈ OPE(X)uE-�&6�1��uE∗–�&6�%_�iX = {1, 2, 3, 4, 5, 6},

E = ({1, 2, 3} × {1, 2, 3})∪ ({4, 5, 6} × {4, 5, 6}). i
f =

(

1 2 3 4 5 6
2 3 3 1 1 2

)

,e f ∈ OPE(X), 1 f �u E∗– �&6��6 3.2 i M,N u X 6�~p� M = {a1, a2, . . . , as} ⊆ X , Lv a1 < a2 < · · · < as.i ϕ : M → N uOg�a+
 p ∈ {0, 1, . . . , s− 1}, r
ϕ(ap+1) ≤ ϕ(ap+2) ≤ · · · ≤ ϕ(as) ≤ ϕ(a1) ≤ · · · ≤ ϕ(ap),e" ϕ u�,6�a ϕ u�,�g�e ϕ "u�,�S��BAr�a ϕ : M → N u�,�S�e ϕ−1 : N →M Eu�,�S�
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 Y G 1 27�Kr�' [7] A7P f ∈ TX , Q f∗ �sR f U36* π(f) 4 X 6Og�sAV7P
P ∈ π(f), f∗(P ) = f(P ).�! 3.3 i f, g ∈ OPE(X), e#9�G8y�

(1) (f, g) ∈ L.

(2) π(f) = π(g); |f |E = |g|E, Lv |f |E =L�X f(X) �K�6 E-  6P|�
(3) +
 E∗- �&6�,�S ϕ : f(X) → g(X), 3� g = ϕf .A# (1)=⇒(2). i (f, g) ∈ L �e+
 h, k ∈ OPE(X), r g = hf, f = kg. R g = hf s

π(f) w" π(g), R f = kg s π(g) w" π(f). Vu π(f) = π(g). a |f |E = 1, e f(X) ⊆ A ∈

X/E, Vu g(X) = hf(X) ⊆ B ∈ X/E. *E |g|E = 1. a |f |E = 2, e |g|E = 2. a�Z�R
|g|E = 1 �H54 |f |E = 1. jX |f |E = 2 4C�

(2)=⇒(3). AV\J x ∈ f(X), =L ϕ(x) = g∗(f
−1(x)). ^IAr ϕ : f(X) → g(X) uOgO g = ϕf . T x, y ∈ f(X) O x 6= y, e f−1(x) 6= f−1(y). Vu ϕ(x) = g∗(f

−1(x)) 6=

g∗(f
−1(y)) = ϕ(y). j�< ϕ u0g�AV\J y ∈ g(X), , x = f∗(g

−1(y)), e x ∈ f(X) O
ϕ(x) = g∗(f

−1(x)) = g∗(f
−1(f∗(g

−1(y)))) = g∗(g
−1(y)) = y,j�< ϕu3g�#9r< ϕu E∗-�&6�i (x, y) ∈ E,Lv x, y ∈ f(X). a |f |E = |g|E = 1,e (ϕ(x), ϕ(y)) = (g∗(f

−1(x)), g∗(f
−1(y))) ∈ E. a |f |E = |g|E = 2, e (x, y) ∈ E 2O�2

f−1(x), f−1(y) ÆZ
�FP E-  v�M( (ϕ(x), ϕ(y)) = (g∗(f
−1(x)), g∗(f

−1(y))) ∈ E. T ϕu E∗- �&6��#�r< ϕu�,�S�Rdr<s ϕ : f(X) → g(X)u�g�i f(X) = {a1, a2, . . . , aq}O g(X) = {b1, b2, . . . , bq}, Lv a1 < a2 < · · · < aq, bt = g∗(f
−1(at))(1 ≤ t ≤ q). i bp =

max g(X), j$ 1 ≤ p ≤ q. RV g ∈ OPE(X), Vu+
 j, r g(j) = bp O
g(j + 1) ≤ g(j + 2) ≤ · · · ≤ g(2n) ≤ g(1) ≤ · · · ≤ g(j).|J4 π(g) = π(f), Vu

g∗(f
−1(ap+1)) < g∗(f

−1(ap+2)) < · · · < g∗(f
−1(aq)) < g∗(f

−1(a1)) < · · · < g∗(f
−1(ap)),s

ϕ(ap+1) < ϕ(ap+2) < · · · < ϕ(aq) < ϕ(a1) < · · · < ϕ(ap).j�< ϕ u�,6�M( ϕ u�,�S�
(3)=⇒(1). xi�~ (3) #&�5DSd h, k ∈ OPE(X), r g = hf, f = kg. i

f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(2n) ≤ f(1) ≤ · · · ≤ f(j),Lv j ∈ {0, 1, . . . , 2n− 1}. i
f(X) = {a1, a2, . . . , as}, g(X) = {b1, b2, . . . , bs},j$ ϕ(at) = bt(1 ≤ t ≤ s), O a1 < a2 < · · · < as. #9�8L(xQ3�.�



3K ���9�G!�k
Y7pf\^ Green V! 597HI 1. (j, j+1) ∈ E. RV E u�6O (f(j), f(j+1)) ∈ E, Vu f(X) ⊆ A1 mi f(X) ⊆

A2. �Ji f(X) ⊆ A1. RV ϕ u E∗- �&6�Vu+
 B ∈ X/E, r ϕ(f(X)) = g(X) ⊆ B.i a0, a∗ L�u A1 v6�.[X�,[�_#=L h : A1 → B

h(x) =







b1, x ∈ [ a0, a1 ) (a a0 < a1),
bt−1, x ∈ [ at−1, at ) (2 ≤ t ≤ s),
bs, x ∈ [ as, a∗ ].

(**)AV7P x ∈ A2, =L h(x) = bs. jC�8
 X d=L) h. (a f(X) ⊆ A2, 
 A2 d_ (∗∗)=L h, AV7P x ∈ A1, =L h(x) = b1)HI 2. (j, j + 1) /∈ E. �Ji j = n (2 j = 2np� f ��7Og�e h 6=L}�'
[8]), jp%ZS f(A2) ≤ f(A1). a f(X) ⊆ B ∈ X/E, e_d=L h. a A1 ∩ f(X) 6= ∅ O
A2 ∩ f(X) 6= ∅. i ap, ap+1 ∈ f(X) 3� ϕ(ap) = max g(X) O ϕ(ap+1) = min g(X). RV ϕ :

f(X) → g(X)u E∗-�&6�Vu ap, ap+1 
��6 E- v�(pS f(A1) ⊆ A2, f(A2) ⊆ A1.i {a1, a2, . . . , ar} ⊆ A1, {ar+1, ar+2, . . . , as} ⊆ A2, Lv a1 < a2 < · · · < ar < ar+1 < · · · < as.
 A1 d_#=L h.

h(x) =







b1, x ∈ [ 1, a1 ) (a a1 > 1),
bi, x ∈ [ ai, ai+1 ) (1 ≤ i < r),
br, x ∈ [ ar, n ].
 A2 d_#=L h.

h(x) =







br+1, x ∈ [n+ 1, ar+1 ) (a ar+1 > n+ 1),
bi, x ∈ [ ai, ai+1 ) (r + 1 ≤ i < s),
bs, x ∈ [ as, 2n ]. �X=" 2.2 v g 6�,46Ar��8�HAr h ∈ OPE(X) O g = hf . �"�+


k ∈ OPE(X), r f = kg. T (f, g) ∈ L. 2

0 R U tN$�fFPOE��6 3.4
[7] i f, g ∈ TE(X) O ψ : π(f) → π(g) �Og�aAV7P E-  A, +


B ∈ X/E, r ψ(πA(f)) ⊆ πB(g), e" ψ u E- ^66�a ψ : π(f) → π(g) ��g�O ψ X
ψ−1 >u E- ^66�e" ψ u E∗- ^66�R=L 3.4s�i ψ : π(f) → π(g) � E- ^6Og�eAV\J A ∈ X/E, +
 B ∈ X/E,r5AV\J P ∈ πA(f), S ψ(P ) ∩B 6= ∅.�6 3.5 i f, g ∈ OPE(X), ψ u* π(f) 4 π(g) 6Og�Lv π(f) = {P1, P2, . . . , Ps}.a f∗(P1) < f∗(P2) < · · · < f∗(Ps) bZ g∗(ψ(P1)) < g∗(ψ(P2)) < · · · < g∗(ψ(Ps)), e" ψ uI,�&6�a ψ u�g�O ψ, ψ−1 uI,�&6�e" ψ uI,�&6�Sm�,�S�7! 3.6 i ψ u* π(f)4 π(g) 6 E∗–^6Og�_W f(A1) 6= f(X)O f(A2) 6= f(X),?5 ψ(πA1

(f)) = πB(g), ψ(πA2
(f)) = πC(g), Lv B, C u(P��6 E-  �A# %Z ψ u* π(f)4 π(g) 6 E-^66�Vu+
 B ∈ X/E,r ψ(πA1

(f)) ⊆ πB(g).RV ψ u E∗–^6Og�Vu ψ−1 u E-^66��O ψψ−1 u0�Og�M(+
 C ∈ X/E,r πA1
(f) ⊆ ψ−1(πB(g)) ⊆ πC(f). RN" 1.1 s f(A1) ⊆ f(C). a C 6= A1, e C = A2. *E

f(A1) ⊆ f(C) = f(A2), jX
i f(A2) = f(X) 4C�T C = A1. *E ψ(πA1
(f)) = πB(g).
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 Y G 1 27��"� ψ(πA2
(f)) = πC(g). �dr< B 6= C. a B = C, RV πA1

(f) 6= πA2
(f), Vu ψ �u0g�jX
i4C�T B, C u(P��6 E-  � 2�! 3.7 i f, g ∈ OPE(X), e#+�G8y�

(1) (f, g) ∈ R.

(2) AV7P E-  A, +
 B, C ∈ X/E, r f(A) ⊆ g(B), g(A) ⊆ f(C).

(3) +
 E∗- ^66�,�S ψ : π(f) → π(g), r5 f∗ = g∗ψ.A# (1)=⇒(2). RV (f, g) ∈ R, Vu+
 h, k ∈ OPE(X), r f = gh, g = fk. AV7P E-  A, +
 B,C ∈ X/E, r h(A) ⊆ B, k(A) ⊆ C, *E f(A) = gh(A) ⊆ g(B),

g(A) = fk(A) ⊆ f(C).

(2)=⇒(3). R (2) �B�' f(X) = g(X). &=L ψ : π(f) → π(g) _#�AV7P
P ∈ π(f), , ψ(P ) = g−1(f∗(P )). ^IAr ψ uOgO f∗ = g∗ψ. i P, P ′ ∈ π(f) O P 6= P ′,e f∗(P ) 6= f∗(P

′). Vu ψ(P ) = g−1(f∗(P )) 6= g−1(f∗(P
′)) = ψ(P ′), �< ψ �0g�i

Q ∈ π(g), e f−1(g∗(Q)) ∈ π(f), �O
ψ(f−1(g∗(Q))) = g−1(f∗(f

−1(g∗(Q)))) = g−1(g∗(Q)) = Q.j�< ψ �3g�#9r< ψ u E∗- ^66�AV7P E-  A, R
is+
 B ∈ X/E, r
f(A) ⊆ g(B). v πA(f) = {P1, P2, . . . , Pr}, xt = f∗(Pt)(1 ≤ t ≤ r), T xt ∈ f(A) ⊆ g(B). Vu+
 yt ∈ B, r xt = g(yt). *E yt ∈ B ∩ g−1(xt). �EA7P 1 ≤ t ≤ r,

B ∩ ψ(Pt) = B ∩ g−1(f∗(Pt)) = B ∩ g−1(xt) 6= ∅.*E ψ u E- ^66��" ψ−1 Eu E- ^66�j�< ψ : π(f) → π(g) � E∗- ^6Og�L)r< ψ : π(f) → π(g) ��,�S�Rd�s ψ : π(f) → π(g) ��g�i π(f) =

{P1, P2, . . . , Ps}Lv f∗(P1) < f∗(P2) < · · · < f∗(Ps). R ψ 6=Ls�ψ(Pt) = g−1(f∗(Pt))(1 ≤

t ≤ s). Vu g∗(ψ(P1)) < g∗(ψ(P2)) < · · · < g∗(ψ(Ps)). M( ψ uI,�&6��"� ψ−1 EuI,�&6�T ψ : π(f) → π(g) u�,�S�
(3)=⇒(1). 5�&* X 4�k6Og h, k ∈ OPE(X), r f = gh, g = fk. #9L(xQ3�.�HI 1. a+
 A ∈ X/E, r f(A) = f(X), e πA(f) = π(f). RV ψ u E∗- ^66�Vu+
 B ∈ X/E, r ψ(πA(f)) ⊆ πB(g). i π(f) = {P1, P2, . . . , Pr}, Lv f∗(P1) < f∗(P2) <

· · · < f∗(Pr). |J4 ψ(Pt) ∩ B 6= ∅(1 ≤ t ≤ r), AV\J 1 ≤ t ≤ r, 
 ψ(Pt) ∩ B v\TF<
yt, =L h(Pt) = yt. jC�
 X d=L) h. %Z h ∈ TE(X). #9Ar h u�,Og�RV
f ∈ OPE(X), e+
 l(0 ≤ l ≤ r − 1), r

Pl+1 ∩A < Pl+2 ∩A < · · · < Pr ∩A < P1 ∩A < · · · < Pl ∩A., j = maxPr, ?5
f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(2n) ≤ f(1) ≤ · · · ≤ f(j).R ψ u�,�Ss g∗(ψ(P1)) < g∗(ψ(P2)) < · · · < g∗(ψ(Pr)), *E+
 q(0 ≤ q ≤ r − 1), r

ψ(Pq+1) ∩B < ψ(Pq+2) ∩B < · · · < ψ(Pr) ∩B < ψ(P1) ∩B < · · · < ψ(Pq) ∩B.
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yq+1 < yq+2 < · · · < yr < y1 < · · · < yq.v j′ = maxPq, e j′ + 1 = minPq+1(a j′ = 2n, e j′ + 1 u 1). M(�

h(j′ + 1) ≤ h(j′ + 2) ≤ · · · ≤ h(2n) ≤ h(1) ≤ h(2) ≤ · · · ≤ h(j′).T h ∈ OPE(X).HI 2. a f(A1) 6= f(X)O f(A2) 6= f(X). RN" 3.6s ψ(πA1
(f)) = πB(g), ψ(πA2

(f)) =

πC(g), {B,C} = {A1, A2}. i πA1
(f) = {P1, P2, . . . , Pr},Lv P1∩A1 < P2∩A1 < · · · < Pr∩A1., y1 u ψ(P1) ∩ A1 v6�,[� yr u ψ(Pr) ∩ A1 v6�.[�AV 2 ≤ i ≤ r − 1, 


ψ(Pi) ∩ A1 v\TF< yi, =L h : A1 → B, r h(Pi ∩ A1) = yi, Lv 1 ≤ i ≤ r.  �6�i
πA2

(f) = {Q1, Q2, . . . , Qs}, Lv Q1 ∩A2 < Q2 ∩A2 < · · · < Qs ∩A2. , z1 u ψ(Q1)∩A2 v6�,[� zs u ψ(Qs) ∩A2 v6�.[�AV 2 ≤ i ≤ s− 1, 
 ψ(Qi) ∩A2 v\TF< zi, =L h : A2 → C, r h(Qi ∩A2) = zi, Lv 1 ≤ i ≤ s. jC
 X d=L) h. %Z h ∈ TE(X). #9Ar h ∈ OPE(X). i
f(j + 1) ≤ f(j + 2) ≤ · · · ≤ f(2n) ≤ f(1) ≤ · · · ≤ f(j),Lv j ∈ {0, 1, . . . , 2n − 1}, jp�8�� (j, j + 1) /∈ E. tqd�a (j, j + 1) ∈ E. |J4

f(j) = max f(X), f(j + 1) = min f(X), Vu f(X) ⊆ f(A), s f(A) = f(X). jXQ3 2 6xi4C�M( (j, j + 1) /∈ E. i j = n (j + 1 = n+ 1). a B = A1,C = A2. e zs u h(X) v6�,[� y1 u h(X) v6�.[�jpS
h(1) ≤ h(2) ≤ · · · ≤ h(n) ≤ h(n+ 1) ≤ · · · ≤ h(2n),*E h ∈ OPE(X). a B = A2,C = A1, e yr u h(X) v6�,[� z1 u h(X) v6�.[�Vu

h(n+ 1) ≤ h(n+ 2) ≤ · · · ≤ h(2n) ≤ h(1) ≤ · · · ≤ h(n).�CS h ∈ OPE(X).  �6�a j = 2n(j + 1 = 1), ES h ∈ OPE(X).�dAr f = gh. AV X v6\JF< x ∈ A, i x ∈ P ∈ πA(f). Vu h(x) =

y ∈ ψ(P ) ∩ A ⊆ ψ(P ). M( gh(x) = g∗(ψ(P )) = f∗(P ) = f(x). *E f = gh. �"+

k ∈ OPE(X), r g = fk. T (f, g) ∈ R. 2��=" 3.3 ℄=" 3.7 6�0�&s�5�! 3.8 i f, g ∈ OPE(X), e#9�G8y�

(1) (f, g) ∈ H.

(2) π(f) = π(g), |f |E = |g|E , �OAV7P E-  A, +
 B, C ∈ X/E, r f(A) ⊆ g(B),

g(A) ⊆ f(C).

(3) +
 E∗- �&6�,�S ϕ : f(X) → g(X), O+
 E∗- ^66�,�S ψ : π(f) →

π(g), 3� g = ϕf, f∗ = g∗ψ.RV OPE(X) uS(�X�T J = D. #9�.�dFP Green U D.�! 3.9 i f, g ∈ OPE(X), e#9�G8y�
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(1) (f, g) ∈ D.

(2) +
 E∗- ^66�,�S ψ : π(f) → π(g) ℄ E∗- �&6�,�S ϕ : f(X) → g(X),r5 ϕf∗ = g∗ψ.A# (1)=⇒(2). i (f, g) ∈ D, e+
 h ∈ OPE(X), r (f, h) ∈ L, (h, g) ∈ R. R=" 3.3s π(f) = π(h) O+
 E∗- �&6�,�S ϕ : f(X) → h(X), 3� h = ϕf . R=" 3.7 s
h(X) = g(X)O+
 E∗–^66�,�S ψ : π(h) → π(g), 3� h∗ = g∗ψ. Q g(X)Æj h(X),Q π(f) Æj π(h), e ϕ : f(X) → g(X) ℄ ψ : π(f) → π(g) s��R6Og�R π(f) = π(h)℄ h = ϕf s h∗ = ϕf∗. M( ϕf∗ = h∗ = g∗ψ.

(2)=⇒(1). A7P x ∈ X ,, h(x) = ϕ(f(x)). e h = ϕf . RV f ∈ OPE(X)O ϕu E∗-�&6�,�S��H h ∈ OPE(X). Vu π(f) = π(h), h∗ = ϕf∗ = g∗ψ. R=" 3.7s (h, g) ∈ R,*E h(X) = g(X). M( ϕ : f(X) → h(X) � E∗- �&6�,�S�R=" 3.3 s (f, h) ∈ L,T (f, g) ∈ D. 2��-1�
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Regularity and Green’s Relations on a Special Transformation

Semigroup

SUN Lei1, PEI Hui-sheng2,3, CHENG Zheng-xing1

(1. School of Sciences, Xi’an Jiaotong University, Shaanxi 710049, China;
2. College of Mathematics and Information Science, Xinyang Normal University, Henan 464000, China;
3. Institute of Mathematics, Henan Computer Center, Henan 450008, China )

Abstract: Let TX be the full transformation semigroup on a set X, and E an equivalence on X. Let

TE(X) = {f ∈ TX : ∀ (x, y) ∈ E, (f(x), f(y)) ∈ E}.

Then TE(X) forms a subsemigroup of TX . If X is a totally ordered set and E is a convex equivalence
on X, then let OPE(X) be a semigroup consisting of all the orientation-preserving maps in TE(X). In
this paper, for the special convex equivalence E on a finite totally ordered set X, we describe the regular
elements and characterize Green’s relations on the semigroup OPE(X).

Key words: transformation semigroup; equivalence; regular element; Green’s relations; orientation-
preserving map.


