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1 ���&�f p- $ Laplace �3C!
Lpu − β(u) ≥ 0, ξ ∈ Ω, (1)>R Ω ` H �H G R1$OE>� Lp ` G T1 p- $ Laplace jY� p > 1, β : R → R `��F8yag�B*℄ β(0) = 0.8a�uTX8 p-Laplace C!1 Hopf +�
�k(OA�&�5"$�%M*(1�℄� Vazquez[1] |�"8a�uT Laplace C!n p-Laplace C!1 Hopf +�
�k(OA�� Pucci 3MF�� [2] R� Vazquez 1�'xZ/"R$
1C!�- Heisenberg Hn H�HT p- $ Laplace C!1 Hopf �+�
�k(OA�Q�V�z/���
	� Capogna3MF�� [3] RX8 p- $ Laplace jY1
��1�℄s'xZ�o}2�1�℄xZ/R��FH,��"1C��JeQ��� [2] R1C�J0"$O��A��_eu^L
��

[4] RJ08a�uT Laplace C!1 Hopf +�1C�J0" H �HT p- $ Laplace C!1
Hopf �+���
>J0"�k(OA��O0W(1`���;�� [1,2] RC�1�wN"F8���V4�|GC!0/1JVag���1U �℄`�m| 1 (Hopf �+�) tYF Ω 3 Lpu ≥ 0, p > 1. Y9 ξ0 ∈ ∂Ω *℄

(i). u ∈ C1(Ω) BF ξ0 9���
(ii). u(ξ0) > u(ξ), ξ ∈ Ω;

(iii). Ω F ξ0 9*℄Z)3Dt{�o'FD B = BG(η, R) ⊂ Ω, \0 ξ0 ∈ ∂B.Y ~n } ∂B F9 ξ0 "1,�{��!�G
lim inf
h→0+

u(ξ0) − u(ξ0 − h~n)

h
> 0,
p��: 2005-01-21; x���: 2006-07-03uy��: \r\L��i� (10371099).



606 h � � � < : ( 27�B.Tfk
'F[�5 ∂u
∂~n

(ξ0) > 0.m| 2 (�k(OA�) R u ∈ C1(Ω) *℄�3C! (1), G. u �`�gag[� u F Ω3�4F/$OI1k(O���6 2 ��WX8 H �H1$�h�N7
Ib�6 3 �J0$�?�+����<�� [3] R�℄1xZ
$O��A��:�1J0EF6 4 ��
2 t
 	Y G `$O 2 � Carnot H��5 Lie *g g = V1 ⊕ V2. �P�C℄:)1X J : V2 →

End(V1)(V1 T1[woÆH):

〈J(ξ2)ξ
′

1, ξ
′′

1 〉 = 〈ξ2, [ξ
′

1, ξ
′′

1 ]〉, ξ′1, ξ
′′

1 ∈ V1, ξ2 ∈ V2. (2)P℄<N(1 ξ2 ∈ V2, |ξ2| = 1, 1X J(ξ2) : V1 → V1 `I~1�G� G `$O Heisenberg �H�x� H �H [5]. (2) ℄-`"
〈J(ξ2)ξ1, ξ1〉 = 0, ξ1 ∈ V1, ξ2 ∈ V2, (3)


〈J(ξ′2)ξ1, J(ξ′′2 )ξ1〉 = 〈ξ′2, ξ
′′

2 〉|ξ1|
2, ξ1 ∈ V1, ξ

′

2, ξ
′′

2 ∈ V2. (4)< ξ ∈ G, q ξ = (x(ξ), y(ξ)), >R
x(ξ) = (x1(ξ), . . . , xm(ξ)), y(ξ) = (y1(ξ), . . . , yn(ξ))G��_ V1, V2 T1X0b��

xi(ξ) = 〈ξ1(ξ), Xi〉, i = 1, . . . m, yj(ξ) = 〈ξ2(ξ), Yj〉, j = 1, . . . n.H�� {X1, . . . , Xm} 
 {Y1, . . . , Yn} G��_ V1 
 V2 1I~h�o< ξ ∈ V1 ⊕ V2, 5
ξ =

∑m
i=1 xiXi +

∑n
j=1 yjYj . qe5�Q��� [6], Y V1 1$^�XI~h`

Xi =
∂

∂xi

+
1

2

n∑
j=1

(

m∑
k=1

b
j
kixk)

∂

∂yj

, i = 1, . . . , m, (5)>R b
j
ki `4C!

[Xk, Xi] =

n∑
j=1

b
j
kiYj (6)G:1�U�g�

G 1F-�Zl:)}
δλ(x, y) = (λx, λ2y), λ > 0, (x, y) ∈ G.

G 1z<~g` N = m + n, >X8Zl {δλ}λ>0 1?$~g` Q = m + 2n. 2 dG �_ G T1$OW:1 Haar �;�



3= BZ��4� H �IU p- % Laplace kZ2 Hopf �,�dAl)PB� 6072 Xu = (X1u, . . . , Xmu) �_ H �HTag u 1Z)s;� G TÆ.8�!^ X =

{X1, . . . , Xm} 1$ Laplace jY
 p- $ Laplace jY�G��_}
Lu =

m∑
i=1

X2
i u


Lpu =

m∑
i=1

Xi(|Xu|p−2Xiu),>R u ` G T1�|ag�Y ξ = (x, y), ξ̃ = (x̃, ỹ) ∈ G, F H �H G TK:HDj�G�
ξ · ξ̃ = (x1 + x̃1, . . . , xm + x̃m, y1 + ỹ1 +

1

2

m∑
k,l=1

b1
klxkx̃l, . . . , yn + ỹn +

1

2

m∑
k,l=1

bn
klxkx̃l). (7)q ξ−1 } ξ 15�G4TfDj�G5 ξ−1 = −ξ. :) G T$O;!ag ρ(ξ, ξ̃) = ρ(ξ̃−1 · ξ),q�5�

ρ(ξ) = (|x(ξ)|4 + 16|y(ξ)|2)
1

4 . (8)

BG(ξ, R) �_' ξ }R�� R > 0 }Æ
1�D�q W 1,p(Ω) = {u : Ω → R; u, |Xu| ∈ Lp(Ω)}.

3 ���}�| 1 Y ξ = ξ1 + ξ2 =
∑m

i=1 xiXi +
∑n

j=1 yjYj , η = ξ0
1 + ξ0

2 =
∑m

i=1 x0
i Xi +

∑n
j=1 y0

j Yj ,>R ξ1, ξ
0
1 ∈ V1, ξ2, ξ

0
2 ∈ V2, x = (x1, . . . , xm), x0 = (x0

1, . . . , x
0
m) ∈ R

m. R η } G R$W:9�G
|Xρ(ξ, η)|2 =

|x − x0|2

ρ2(ξ, η)
, (9)

Lρ(ξ, η) =
Q − 1

ρ(ξ, η)
|Xρ(ξ, η)|2. (10)�� 4 (7) ℄
 (8) ℄0/

ρ(ξ, η) = [|x − x0|4 + 16
n∑

j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)

2]
1

4 .&>4 (5) ℄�< i = 1, . . . , m 5
Xiρ(ξ, η) =

1

4
ρ−3(ξ, η)Xi[|x − x0|4 + 16

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)

2]

=
1

4
ρ−3(ξ, η)[4|x − x0|2(xi − x0

i )+

16
n∑

j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)(

m∑
k=1

b
j
ki(xk − x0

k))].
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〈[ξ1 − ξ0

1 , Xi], Yj〉 = 〈[
m∑

k=1

(xk − x0
k)Xk, Xi], Yj〉 = 〈

m∑
k=1

(xk − x0
k)(

n∑
δ=1

bδ
kiYδ), Yj〉

=

m∑
k=1

b
j
ki(xk − x0

k),m'
Xiρ(ξ, η) =ρ−3(ξ, η)[|x − x0|2〈ξ1 − ξ0

1 , Xi〉+

4

n∑
j=1

〈[ξ1 − ξ0
1 , Xi], Yj〉(yj − y0

j −
1

2

m∑
k,l=1

b
j
klx

0
kxl)]

=ρ−3(ξ, η){|x − x0|2〈ξ1 − ξ0
1 , Xi〉+

4〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), Xi〉}, (11)>RFT/_e$O3℄R2/" (2) ℄�*#5
|Xρ(ξ, η)|2 =

m∑
i=1

(Xiρ(ξ, η))2

=ρ−6(ξ, η)

m∑
i=1

{|x − x0|4〈ξ1 − ξ0
1 , Xi〉

2+

16〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), Xi〉
2+

8|x − x0|2〈ξ1 − ξ0
1 , Xi〉 · 〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), Xi〉}.(12)*} {Xi}i=1,...,m `�XI~h�m'4 (3) ℄
 (4) ℄0/
m∑

i=1

〈ξ1 − ξ0
1 , Xi〉〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), Xi〉

= 〈J [
n∑

j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), ξ1 − ξ0
1〉

= 0 (13)

m∑

i=1

〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), Xi〉
2

= |J [
n∑

j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1)|2
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= 〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1)〉

= 〈

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ,

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj〉|ξ1 − ξ0

1 |
2

= |x − x0|2
n∑

j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)

2, (14)*Q (12) ℄�o03℄ (9). �/J03℄ (10).

X2
i ρ4(ξ, η) =Xi[4|x − x0|2(xi − x0

i ) + 16

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)(

m∑
k=1

b
j
ki(xk − x0

k))]

=4|x − x0|2 + 8(xi − x0
i )

2 + 8

n∑
j=1

(

m∑
k=1

b
j
ki(xk − x0

k))2

=4|x − x0|2 + 8〈ξ1 − ξ0
1 , Xi〉

2 + 8

n∑
j=1

〈[ξ1 − ξ0
1 , Xi], Yj〉

2

=4|x − x0|2 + 8〈ξ1 − ξ0
1 , Xi〉

2 + 8

n∑
j=1

〈J(Yj)(ξ1 − ξ0
1), Xi〉

2,>RFT/_e$O3℄R2/" (2) ℄�.2 (4) ℄�M
m∑

i=1

X2
i ρ4(ξ, η) = (4m + 8)|x − x0|2 + 8

m∑
i=1

n∑
j=1

〈J(Yj)(ξ1 − ξ0
1), Xi〉

2

= (4m + 8)|x − x0|2 + 8

n∑
j=1

|J(Yj)(ξ1 − ξ0
1)|2

= (4m + 8)|x − x0|2 + 8

n∑
j=1

〈Yj , Yj〉|ξ1 − ξ0
1 |

2

= (4Q + 8)|x − x0|2, (15)EQ� (9) ℄
 (15) ℄pj0/
Lρ(ξ, η) =

m∑
i=1

X2
i ρ(ξ, η) =

1

4
ρ−3(ξ, η)[

m∑
i=1

X2
i ρ4(ξ, η) − 12ρ2(ξ, η)|Xρ(ξ, η)|2]

=
Q − 1

ρ(ξ, η)
|Xρ(ξ, η)|2.5"+� 1 R1�℄��,�o�'0/�/1+��nxZ"�� [3] R1+� 2.1.�| 2 Y p > 1, V ∈ C2(R+), v(ξ) = V (ρ(ξ, η)), G<N(1 ξ, η ∈ G, . ξ 6= η [5

Lpv(ξ) = LpV (ρ(ξ, η))

= (p − 1)|Xρ(ξ, η)|p|V ′(ρ(ξ, η))|p−2[V ′′(ρ(ξ, η)) +
Q − 1

p − 1

V ′(ρ(ξ, η))

ρ(ξ, η)
],



610 h � � � < : ( 27�H� V ′(ρ(ξ, η)) 6= 0.�� }"\p'���.�2
ρε(ξ, η) = [(|x − x0|2 + ε2)2 + 16

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)

2]
1

4*r ρ(ξ, η), _e% ε → 0. pj0/
Lpv(ξ) =V ′(ρ(ξ, η))|V ′(ρ(ξ, η))|p−2|Xρ(ξ, η)|p−2

m∑
i=1

X2
i ρ(ξ, η)+

|Xρ(ξ, η)|p−2
m∑

i=1

Xi[|V
′(ρ(ξ, η))|p−2V ′(ρ(ξ, η))]Xiρ(ξ, η)+

V ′(ρ(ξ, η))|V ′(ρ(ξ, η))|p−2
m∑

i=1

Xiρ(ξ, η)Xi(|Xρ(ξ, η)|p−2)

=(I) + (II) + (III). (16)Q�+� 1, 0/
(I) + (II) = (p − 1)|V ′|p−2|Xρ(ξ, η)|p[V ′′ +

Q − 1

p − 1

V ′

ρ(ξ, η)
].74 (11) ℄
 (13) ℄�5

m∑
i=1

Xiρ(ξ, η)Xi(|Xρ(ξ, η)|p−2)

=
p − 2

2
|Xρ(ξ, η)|p−4[−2ρ−3(ξ, η)|x − x0|2|Xρ(ξ, η)|2+

ρ−2(ξ, η)

m∑
i=1

Xiρ(ξ, η)Xi(|x − x0|2)]

=
p − 2

2
|Xρ(ξ, η)|p−4{−2ρ−5(ξ, η)|x − x0|4 + 2ρ−5(ξ, η)[|x − x0|4+

4

m∑
i=1

〈J [

n∑
j=1

(yj − y0
j −

1

2

m∑
k,l=1

b
j
klx

0
kxl)Yj ](ξ1 − ξ0

1), Xi〉(xi − x0
i )]}

= 0,m' (III) = 0.}T/ O℄Y*Q (16) o0+��'� 2�| 3 (��A�) Y Ω ` G R$5�E>�ag u, v ∈ W 1,p(Ω) ∩ C(Ω̄) *℄
Lpu − β(u) ≤ Lpv − β(v), ξ ∈ Ω,>Rag β PC! (1) Rmf�P℄F ∂Ω T u(ξ) ≥ v(ξ), GF Ω 3O5 u(ξ) ≥ v(ξ).�� BJ��tY'F ξ0 ∈ Ω, \0 u(ξ0) < v(ξ0). < ξ ∈ Ω̄, % w(ξ) = u(ξ) − v(ξ),G w(ξ0) < 0. F℄V�1 ε > 0, \0 w(ξ0) + ε < 0. *}F ∂Ω T w(ξ) ≥ 0, &>ag
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wε := min{w + ε, 0} `FI1BF Ω 3�5	Lm�F wε a}w�ag�5∫
Ω

(|Xu|p−2Xu − |Xv|p−2Xv) · XwεdG =

∫
Ω

[X(|Xv|p−2Xv) − X(|Xu|p−2Xu)]wεdG

=

∫
Ω

(Lpv − Lpu)wεdG.4 wε FI
 Lpv − Lpu ≥ β(v) − β(u) 0/
∫

Ω

(Lpv − Lpu)wεdG ≤

∫
Ω

[β(v) − β(u)]wεdG,8`� ∫
Ω

(|Xu|p−2Xu − |Xv|p−2Xv) · XwεdG ≤

∫
Ω

[β(v) − β(u)]wεdG. (17). w + ε < 0 [��5 Xwε = Xw 6≡ 0. HG�R Xw ≡ 0, G'F�g C < 0, \0 u = v + C,H;F ∂Ω T u ≥ v +=�*#T/1jG�3℄`�}I�$$C/�. w + ε < 0 [� u < v − ε < v, m' β(u) ≤ β(v), &> (17) ℄6�FI�+=�+�0J�
4 n}k��m| 1 j�� < 0 < r < R, :)JVag

v(ξ) = V (ρ(ξ, η)) = e−αρ2(ξ,η) − e−αR2

, 0 < ρ(ξ, η) ≤ R,>R α `+:I�g�Q�+� 2 �'pj
Lpv(ξ) =Lpe

−αρ2(ξ,η)

=2α(p − 1)(2αρ(ξ, η))p−2|Xρ(ξ, η)|pe−αρ2(ξ,η)(p−1)[2αρ2(ξ, η) −
Q + p − 2

p − 1
].F α = Q+p−2

2r2(p−1) , G Lpv(ξ) ≥ 0 8g BG(η, R)\BG(η, r).*}F ∂BG(η, r) T u(ξ)− u(ξ0) < 0, &>'F ε > 0, \0F ∂BG(η, r) T u(ξ)− u(ξ0) +

εv(ξ) ≤ 0. T℄F ∂BG(η, R) T" ��#[ v(ξ) = 0. *#5
Lp(u − u(ξ0)) = Lpu ≥ 0, ξ ∈ BG(η, R)\BG(η, r),

Lp(−εv(ξ)) = −εp−1Lpv ≤ 0, ξ ∈ BG(η, R)\BG(η, r),

u − u(ξ0) ≤ −εv(ξ), ξ ∈ ∂(BG(η, R)\BG(η, r)).&>�.2+� 3 0/
u − u(ξ0) ≤ −εv(ξ), ξ ∈ BG(η, R)\BG(η, r).8`�

lim inf
h→0+

u(ξ0) − u(ξ0 − h~n)

h
≥ lim inf

h→0+

εv(ξ0 − h~n)

h
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= lim inf

h→0+

V (R − τh) − V (R)

h
ε = −ετV ′(R) > 0,>R τ = cos(~n,

−→
ηξ0) > 0. �J�.k
'F[� ∂u

∂~n
(ξ0) > 0.m| 2 j�� BJ��tY u �`�gag�BF Ω 3F/I1k(O M > 0. *}

u ∈ C1(Ω), &>'F ξ0 ∈ Ω *℄ u(ξ0) = M , B'FD BG(η, r1) ⊂ Ω, \0 ξ0 ∈ ∂BG(η, r1),�B5
u(ξ0) > u(ξ) > 0, ξ ∈ BG(η, r1).8`�< ξ ∈ BG(η, r1) 5

Lpu ≥ β(u) ≥ 0.Q�:� 1, gradu(ξ0) 6= 0.$$C/� ξ0 ` u F Ω 31k(O9�m' gradu(ξ0) = 0, +=�fz���
[1] VÁZQUEZ J L. A strong maximum principle for some quasilinear elliptic equations [J]. Appl. Math. Optim.,

1984, 12(3): 191–202.
[2] PUCCI P, SERRIN J, ZOU Heng-hui. A strong maximum principle and a compact support principle for

singular elliptic inequalities [J]. J. Math. Pures Appl., 1999, 78(8): 769–789.
[3] CAPOGNA L, DANIELLI D, GAROFALO N. Capacitary estimates and the local behavior of solutions of

nonlinear subelliptic equations [J]. Amer. J. Math., 1996, 118(6): 1153–1196.
[4] GILBARG D, TRUDINGER N S. Elliptic Partial Differential Equations of Second Order [M]. Second ed.,

Berlin: Springer-Verlag, 1983.
[5] GAROFALO N, VASSILEV D. Regularity near the characteristic set in the non-linear Dirichlet problem and

conformal geometry of sub-Laplacians on Carnot groups [J]. Math. Ann., 2000, 318(3): 453–516.
[6] DANIELLI D, GAROFALO N, PETROSYAN A. The sub-elliptic obstacle problem: C1,α regularity of the

free boundary in Carnot groups of step two [J]. Adv. Math., 2007, 211(2): 485–516.

A Hopf Type Principle and a Strong Maximum Principle for the

p-Sub-Laplacian on the Group of Heisenberg Type

YUAN Zi-xia, NIU Peng-cheng
(Department of Applied Mathematics, Northwestern Polytechnical University, Shaanxi 710072, China )

Abstract: In this paper we extend Capogna, Danielli and Garofalo’s result about radial solution of p-
sub-Laplacian. Then by improving the method for Hopf principle concerning Laplacian on the Euclidean
space, we set up a Hopf type principle for the p-sub-Laplacian, and prove a strong maximum principle.

Key words: Heisenberg type group; p-sub-Laplacian; Hopf type principle; strong maximum principle.


