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1 	�g�X�x_� 1 Q E, F x��
l� f : E → F x�%O� ρ > 0. J;G x, y ∈ E , '
dE(x, y) = ρT) dF (f(x), f(y)) = ρ, 9� f x��� ρ,�n�x� ρ ,�J;G x, y ∈ E,

dE(x, y) = ρ ⇐⇒ dF (f(x), f(y)) = ρ, 9� f x?��� ρ ,�n�x?� ρ ,�J;G 
x, y ∈ E, dF (f(x), f(y)) = dE(x, y), 9� f x.�,�_� 2

[5] Q E x��
l� E J,4 x0, x1, . . . , xn �x n- T�,�I\;*� i,

{xj − xi|0 ≤ j 6= i ≤ n} Z��	W,�7Æ}J����
lJ,1T��ZHh+{*
l,r�G�M����
lJ,1T,�ZHh+{*
l,r�7,M��D�76! 2 J�J n = 2, 9 x0, x1, x2 xT�,�J
n = 3, 9 x0, x1, x2, x3, xT,,�_� 3 Q E, F x��
l� f : E → F x�%O�J f q E Jr�G�M,1%) FJ,r�G�M�9� f x�T�,�J f q E Jr�7,M,1%) F J,r�7,M�9� f x�T,,�_� 4 Q E x��
l� A, B, C, D x E Jr�7,M,1���: AB -�: CD	r�ZH�$7 Q ∈ E W+ Q = αA + (1 − α)B = βC + (1 − β)D, ;J α, β ∈ [0, 1]. �1
A, B 7G� CD ,r��ZH�7�: AB -G� CD �L_,>j��J�: AB -G�
CD 	r�9r4�x A  B.

19702�A.D. Aleksandrov7}� [1]Jj��I%O)� 1�I�ZI�x.�,	 F.S.

Beckman ℄ D.A. Quarles 7}� [2] JC-�J f : Rn → Rn(2 ≤ n < ∞) ��� 1, 9 f x�O.� (;J Rn �Y n zU5h�*
l). Rassias ℄ Sěmrl 7}� [3] JC-�' E, F xJB��
l� max(dimE, dimF ) > 1, f : E → F xGÆ;,�)M,?� 1 %OT� f Z.�,�&0)7}� [4] J+��' F x�NsJB��
lT�f),GÆ;,� 1 %Oyaut: 2005-03-25; izut: 2006-07-05fk�s: [jRE��ey (10571090).
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f : E → F �Z.�,� Hahng-Yon Chu, Keonhee Lee ℄ Chun-Gil Park 7}� [5] JQ��
n- T�,L4��+��I�v#�' E, F x n- JB��
l� f : E → F x n-Lipschitz%O (;J Lipschitz �^ k ≤ 1), J( x0, x1, . . . , xm m- T�	�u� f(x0), f(x1), . . . , f(xm)

m- T�� m = 2, n, �A f 'S (nDOPP), 9 f x�O n- .��(*2'1w� Aleksandrov �lNA�)�6,09���^�SV<�X�"!v�O�l�IJB
lJ,%O��O���ZI�x.�,	?;=��l� W.Benz 7}�
[6] JC-��;JB��
l E, F , I dimE ≥ 2 A F x�Ns,�' f : E → F ��O��
ρ ℄ n0ρ(n0 ≥ 2 x/A�^) T� f x�OEO.���OQD,�lZ�7}� [6] ,
l,kQpo��' f ��O���^��,��T�ZI�1+� f Z�O.�%O	7=��lM��℄b7 Hilbert 
lU��=SV�;J�g7}� [7] J+)�' E, F �x Hilbert
lT�I dimE ≥ 2, f : E → F ��� 1 ℄ √

3, 9 f x�OEO.�eP��dC�+)�!T�I f ��� 1 ℄ n0

√
3(n0 x/A�^), 9v#�>�R�
1�' f ��� ρ1, ρ2 ℄

√

2ρ2
1 + ρ2

2(ρ1, ρ2 x/��r,A^). 9v#�>�' dimE ≥ 3 T� f : E → F ��� 1 ℄√
2, <' dimE ≥ 2 T� f : E → F ��� 1, ρ ℄ n0

√

4 − ρ2, 9v#�>�Æ}7>F,d M�$'}� [5] J�T,,b
+��7�6po��' f : E → F �G �O�� a ℄ b

(a, b x�O�r,AU^) T� f x�OEO.���,,#�7Æ}J=�L�,V'��p 1
[8] J F x�Ns,UJB��
l� a, b x F J,G �O1�9 1

2(a + b) Z) a ℄ b ,���x 1
2‖a − b‖ ,w�,1��p 2

[7, 8� 2.8] Q E, F xU Hilbert 
lA dimE ≥ 3, J f : E → F ��� ρ ℄ √
2ρ,9 f x�OEO.� (ρ x/�AU^).

2 ��jd_p 1 Q E, F xU Hilbert 
lA dimE ≥ 3, f : E → F ��� a ℄ b, J f % E JG�~� ABCD ,54) F J,r�7,MA f(B) ℄ f(C) {*G� f(A)f(D) ,r� (;J
‖f(A) − f(D)‖ > ‖f(A) − f(B)‖), 9 f x�OEO.� (;J a, b x�O�r,AU^).�r �DQ a < b. (* dimE ≥ 3, V	7 E JV�O��x b, �x a ,~� ABCDx0�A��x b ,�,n ABCDP , ;J ‖A − B‖ = ‖C − D‖ = a, ‖A− D‖ = ‖B − C‖ = b,

‖B −D‖ = ‖A−C‖ =
√

a2 + b2. (kQE f(A), f(B), f(C), f(D) 7 F J,r�7,M��,i#=O1,6�B�[�a- f(A), f(B), f(D) ��T��AF�J=LO1T��( ‖f(A)− f(B)‖ = a 6= 0,E�$7�x ,U^ t, W+
f(A) − f(B) = t(f(D) − f(B))">

b = ‖f(A) − f(D)‖ = ‖f(A) − f(B) + f(B) − f(D)‖

= ‖f(A) − f(B) − 1

t
(f(A) − f(B))‖

= |1 − 1

t
|‖f(A) − f(B)‖ = |1 − 1

t
| · a



3: H|5�X+���&P- Aleksandrov �m 615V t = a
b − a

 t = a
b + a

. "> ‖f(D) − f(B)‖ = b − a  ‖f(D) − f(B)‖ = b + a.J ‖f(D) − f(B)‖ = b − a, 9
‖f(B) − f(C)‖ = b = (b − a) + a = ‖f(B) − f(D)‖ + ‖f(D) − f(C)‖."x F Z�Ns,�V$7AU^ α, W+ f(B) − f(D) = α(f(D) − f(C)), V f(B), f(C) ℄

f(D) T��"> f(A), f(B), f(C) ℄ f(D) T��O )
‖f(P )− f(A)‖ = ‖f(P ) − f(B)‖ = ‖f(P ) − f(C)‖ = ‖f(P ) − f(D)‖, (*)	E f(P ) �D�7G� f(A)f(B) M�Q α x(�� −−−−−−→

f(A)f(P ) ℄ −−−−−−→
f(A)f(B) f�,is�(*Ls� f(P )f(A)f(D) x.�Ls��V cosα = 1

2. 7Ls� f(P )f(A)f(B) J�(,�6�	+ cosα = b2 + a2 − b2

2ab
. (!	u+ a = b, ->, “a < b” ,kQ(<�J ‖f(D) − f(B)‖ = b + a, 9r��	+(<�V f(A), f(B), f(D) ��T���dM,,i#	E f(A), f(B), f(C), f(D) JG L1��T��6( f(B) ℄ f(C) {*G� f(A)f(D) ,r��f

‖f(A) − f(B)‖ = ‖f(C) − f(D)‖, ‖f(A) − f(D)‖ = ‖f(B) − f(C)‖	E f(A)f(B)f(C)f(D)U���O7����O ) (*), 	E f(P )��7( f(A)f(B)f(C)

f(D)C6,7,M��u f(P )f(A), f(P )f(B), f(P )f(C), f(P )f(D), 9 f(A)f(B)f(C)f(D)f(P )U���O�7��� f(A)f(B)f(C)f(D) x0�,�,n�Q f(B) − f(A) = x, f(D) − f(A) = y, f(P ) − f(A) = z, 9 ‖x‖ = a, ‖y‖ = ‖z‖ = b. (
‖x − z‖ = b 	+ 2(x, z) = a2, ( ‖y − z‖ = b 	+ 2(y, z) = b2. 6( ‖x + y − z‖ = b 	+
(x, y) = 0. V) ‖f(B) − f(D)‖ = ‖f(A) − f(C)‖ =

√
a2 + b2. ">	E f Z��� √

a2 + b2.LKM,,�M�( f ��� a ℄ √
a2 + b2 	+ f ��� √

2a2 + b2, 6( f ��� b ℄√
2a2 + b2 	+ f ��� √

2a2 + 2b2, T`(#� 2 	E f x�OEO.��_p 2 Q E, F xU Hilbert 
lA dimE ≥ 3, f : E → F ��� a A% E JG�AC� ABCD ,54) F J,r�7,M�J�: f(A)f(C) -�: f(B)f(D) 	r�9 f x�OEO.� (;J a xAU^).�r �DQ a = 1. (* dimE ≥ 3, V	7 E JV�O���x 1 ,AC� ABCD x0�A��x 1 ,�,n ABCDP , ;J ‖B − D‖ = ‖A − C‖ =
√

2, AC - BD 	r* O. �,i# f(A), f(B), f(C), f(D) f�t�,B�[�a- f(A) - f(C) ��L_�I9�(�: f(A)f(C) -�: f(B)f(D) 	rE�$7 ω ∈ F W+
ω = αf(A) + (1 − α)f(C) = βf(B) + (1 − β)f(D),;J α, β ∈ [0, 1]. ">

ω = f(A) = f(C) = βf(B) + (1 − β)f(D),V β(f(A)−f(B)) = (1−β)(f(D)−f(A)),O ) ‖f(A)−f(B)‖ = ‖f(D)−f(A)‖	+ β = 1
2,g f(A) =

f(B) + f(D)
2 . V f(A) x�: f(B)f(D) ,J4A f(A), f(B), f(D) T��



616 _ � � | . 8 $ 27�O )6� 1 J, (*) E� f(P ) �7G� f(A)f(B) M�I9�( ‖f(P ) − f(B)‖ =

‖f(D)− f(P )‖ E� f(P ) x�: f(B)f(D) ,J4�O ) F Z�Ns,�(#� 1 E f(P )- f(A) L_�- “‖f(P )− f(A)‖ = 1” (<�6(
‖f(B) − f(D)‖ = 2 = ‖f(B) − f(P )‖ + ‖f(P ) − f(D)‖f F Z�Ns,�	E$7AU^ γ, W+ f(B)−f(P ) = γ(f(P )−f(D)),"> f(B), f(D), f(P )T��(<�V f(A) - f(C) �L_��di#E f(B) - f(D) �L_�"> f(A), f(B), f(C), f(D) JG L1��T��6(

‖f(A) − f(B)‖ = ‖f(B) − f(C)‖ = ‖f(C) − f(D)‖ = ‖f(D) − f(A)‖E f(A)f(B)f(C)f(D)U��O���(6� 1J, (*),E f(P )��7( f(A)f(B)f(C)f(D)fC6,7,M��u f(P )f(A), f(P )f(B), f(P )f(C), f(P )f(D), 9 f(A)f(B)f(C)f(D)f(P )U���O��� f(A)f(B)f(C)f(D) x0�,�,n�Q f(B)− f(A) = x, f(D)− f(A) = y, f(P )− f(A) = z, �d*6� 1 	+ (x, y) = 0 �V) ‖f(B) − f(D)‖ = ‖f(A) − f(C)‖ =
√

2. T`(#� 2 	E f x�OEO.��� 76� 2J�Jq “�: f(A)f(C)-�: f(B)f(D)	r”=�poax “f x&O”,9�d6� 2 ,C-�	+v#��� V<M(S6YZt\,{ÆH(℄�N�[m~��
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On Conservative Mapping of Aleksandrov Problem

REN Wei-yun
(School of Science, Tianjin University, Tianjian 300072, China )

Abstract: Let E and F be real Hilbert spaces, and f : E → F be a mapping. This paper shows that
f is an affine isometry if f preserves distance a and b (where a, b are two positive real numbers) and
satisfies some additional conditions, and hence partly answers the Aleksandrov problem.

Key words: distance-ρ preserving mapping; strongly distance-ρ preserving mapping; isometry mapping;
Aleksandrov problem.


