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Abstract: The structure and some properties of *7, are discussed in the nonstandard -
saturated model in this paper. First, a sufficient and necessary condition of a internal set in
*75 is given. Then, in k-saturation, some properties of *7, are proved. Finally, the approach
theorem is easily obtained.
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1. Introduction and preliminaries

Let (X,7) be an infinite topological space. For any x € X, 7, denotes the system of
neighborhoods of point . As we all known, the structure of 7, is clear [1]. By transfer principle,
*T, is obtained. What is in *7, and what are the properties of *7,7 In this paper, we devote to
solve these problems.

First of all, some concepts in nonstandard analysis must be recalled.

Definition 1 Let r be a relation in superstructure V(S). r is called concurrent if whenever

ai,as,...,a, € dom(r), there is an element b € ran(r) such that (a;,b) € r fori =1,2,...,n.

Definition 2 Nonstandard model V (*S) is called the k-saturated model of V'(S) if an internal
relation r in V(*S) is concurrent on a subset A of its domain and if card(A) < k implies the
existence of an element y in range of v such that (x,y) holds for all z € A.

In this paper, S denotes a infinite individual set and X C S. Let V(*S) be a k-saturation
of V(S) with k > card(r).

Definition 3 Let (X, 7) be a topological space. For any point x € X, the set u(x) = N{*G :
G € 7.} is called the monad of point .

Definition 4 Let (X, 7) be a topological space, A C *X. The set u,({A}) =n{*Q:Q C 7 and
A € *Q} is called T-monad of A.
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Definition 5 Let A C P(*X). Then °A = {A € P(X):*A € A}.
2. The structure of *r,

In this section, a sufficient and necessary condition for a internal set in *7, is obtained.
Let (X,7) be a topological space. If A is a nonempty subset of *X, let 743 = {Q: Q C
7, A € *Q}. It is obvious that u.({A}) = N{*Q: Q€ 743}

Lemma Let (X, 7) be a topological space. If A is a nonempty internal subset of * X, then there
is an element E € *7y 4y such that E C p,({A}).

Proof Let r = {(G,H) : G € "1(ay,H € *1143,H C G}. Clearly, r is a internal relation,
and T4y C dom(r) = *Tra3- We shall show that r is concurrent on “774y. To see that
r is concurrent, let G1,G2,...,Gy € “7r4y. Then G; = *B; for each i = 1,2,...,n where
B; € T{ay. Let H = Ny Gi = Niey *Bi = (N, Bi) € 77ay € *Tqay. Thus H C G; for
all i = 1,2,...,n, that is, there exists H € *1(4y such that (G;, H) € r for each i = 1,2,...,n.
Hence r is concurrent and card(?7¢4y) = card(r{4} < card(r) < k. Because V(*S) is the x-
saturation of V(5), there is E' € 714y such that (G, E) € r for each G € 7743, that is, E C G
for each G € “7(43. So ECN{G : G € “1yay} = pur({A}). O

Theorem 1 Let (X, 1) be a topological space and A be a nonempty internal set of *X. Then
there exists a point x € X such that A € *7,, if and only if for every *-finite subset A C pu.({A})
we have N{B : B € A} # 0.

Proof Let A be internal and A € *7, for some x € X. By the definition, u.({A4}) C *7,.
Since 7, has the finite intersection property, *7, has the x-finite intersection property. So for
every x-finite subset A C u.({A} C *1,, A also has the x-finite intersection property, that is
N{B:BeA}#0.

Conversely, from the lemma it follows that there is an element E € *7(4y such that E C
- ({A}). By the hypothesis, the family E of internal sets has the #-finite intersection property,
that is, there is & € *7{ 4y and E has the *-finite intersection property. By the transfer principle,
there exists an element (2 € 7y 4} such that € has the finite intersection property. From € 7( 43
it follows that A € *Q2, and so A is an element of the extension of the 7, for some z € X generated

by €. This completes the proof of the theorem.
3. Some properties of *7,

In this section, some properties of *7, are discussed.
) prop

Theorem 2 Let (X,7) be a topological space. Then for each point x € X, if A is an internal
subset of *r,, such that T, =° A, then there exists an element E € A such that E C u(z).

Proof Letr ={(A,B): A€ A,B € A,B C A}. Clearly, r is a internal relation, and 7, C
dom(r) = A. We show that r is concurrent on “7,. To this end, let Ay, As,..., A, € °7,. Then
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A; =*G; for each i = 1,2,...,n where G; € 7. Let B=\_; A, = (-, *Gi = *(Ni=, Gi) €
97, CA. Thus B C A; for alli =1,2,...,n, that is, there exists B € A such that (A;, B) € r for

each i = 1,2,...,n. Hence r is concurrent. And card(?7,) = card(r,) < card(r) < k. Because
V(*S) is the s-saturation of V(5), there is E € A such that (A, E) € r for each A € 7, that
is, EC Aforeach A€ ?7;. So ECN{A:Aer,}=p). O

Corollary 1 Let (X,7) be a topological space. For each point x € X, if ) is an internal subset
of *7,, such that E € *1, and E C u(z) implies E € Q, then there exists an element G € T, such
that *G € .

Proof Suppose that *G ¢ Q for any G € 7,,. Then let A = *7, — Q. It is obvious that A is an
internal subset of *7, and *G € A for every G € 7., that is, A satisfies the conditions of Theorem
2. Hence there exists an element E € A such that £ C u(z). This contradicts E € Q. O

The following corollary is a famous conclusion—Approach Principle in [2]. However, it can

be easily obtained in this paper.
Corollary 2 For each x € X there is an internal set D € *7, such that D C u(x).

Proof We only need to let A in Theorem 2 be *7,.
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