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1 n i1��l�uZ[��X��%�m76/>fX_-P��+�7 ��l�8W�[KRaFw"dqt [1,2]. �L�1��ltz “NX�(A0” >_-	WW�a' [3]. NX�(A0�1�W_-�fX�V}�>P��+gw�m>_-F��%d�<v1�>�>���K (g �+��aE�) >NX(+ [4]. +�m��℄6�h!	>�O(+72NX(+�_- “�O�(A0”[5]. ��qt1��l��DD%4M�X�NXj�O�(A0���1��G��H'
1��l��DD��rZ+#R��l��DD>�Xqt���I-x��(1��:�>�O(+�	�-6℄h����_���pR>�NX(+><v�2r�C℄qt�31��l��DD<vM���3���
w>�NX(+�� D �fX-x� F �fX�� D
∗ � F

∗ V�
 D � F >UO�'��h Mm×n(D)
 D � m× n 1���; m = n y�
= Mm(D). h AT � rank (A) V�
1� A >(�����e F �1� A [0 AT = −A y A >I�N��'|= 0, 	% A =�31���
F � m "�31��n
= Km(F). ���zh GLn(D) 
 D �> n "f
NX~��*w> n ":l�
5">1�'O℄&>~� Eij DnB i WB j N�'� 1 u+�'� 0 >1��u" 7�G�:��yh In 
 n "9?��; i < j �h Dij 
1� Eij − Eji.�e A,B ∈Mm×n(D) y rank (A−B) = 1, 	% A | B 
w�o= Km(F) �1�>�=o �*h� A,B ∈ Km(F) y rank (A −B) = 2, 	% A | B � Km(F) �
w�� ϕ �1 Mm×n(D) (~ Km(F)) <-�>sÆ��ev A | B 
w:9+ ϕ(A) | ϕ(B) 
w�	% ϕ �
w��G>DD 1.1 �DD 1.2 V�=vuZ[�<ÆH� [2,6] �b>#R1��l��DD�h�vSeA [7] �b>�31��l��DD�?U 1.1

[2,6] � m,n =5z 1 >� � ϕ �1 Mm×n(D) <-�>#Æ��e ϕ | ϕ−1F�
w�	; m 6= n �� ϕ �=�GV)
ϕ([aij ]) = P [f(aij)]Q+R, ∀ [aij ] ∈Mm×n(D),^C\[: 2005-12-05; P_\[: 2006-08-26KQhZ: d�/�9^�( (10671026); pV�� �49
Qg (11521217).



698 ! \ ` . } r X 273u� P ∈ GLm(D), Q ∈ GLn(D), R ∈ Mm×n(D), f = D >fX-6℄�; m = n ��-M�aV):� ϕ z:kwhGV)
ϕ([aij ]) = P [g(aij)]

TQ+R, ∀ [aij ] ∈Mm×n(D),u� P , Q, R >ln6��g = D >fXQ-6℄�Q����V�> ϕ 5�#Æy ϕ� ϕ−15�
w�?U 1.2
[7] � m =5z 3 >� � ϕ �1 Km(F) <-�>#Æ��e ϕ | ϕ−1 F�
w�	; n > 4 �� ϕ �=hGV)>�{

ϕ([aij ]) = αPT[f(aij)]P +R, ∀ [aij ] ∈ Km(F),u� α ∈ F
∗, P ∈ GLm(F), R ∈ Km(F), f � F >fX-6℄�; m = 4 �� ϕ �=hGV)

ϕ([aij ]) = αPTf([aij ]
∗)P +R, ∀ [aij ] ∈ Km(F),u�u� α, P , R, f >ln6�� [aij ] 7−→ [aij ]

∗ ~=q�sÆ~=hGsÆ








0 a12 a13 a14

−a12 0 a23 a24

−a13 −a23 0 a34

−a14 −a24 −a34 0









7−→









0 a12 a13 a23

−a12 0 a14 a24

−a13 −a14 0 a34

−a23 −a24 −a34 0









.Q����V�>sÆ5�#Æy ϕ � ϕ−1 5�
w�
2 9AvLHJ5�V=LDoq� ϕ �1 Mm×n(D) <-�>sÆ��eI*w> A,B ∈ Mm×n(D) Fw ϕ(A + B) =

ϕ(A) + ϕ(B), 	% ϕ = Mm×n(D) >�O(+�y�ev rank (A+B) = rank (A) + rank (B):9+ rank (ϕ(A) +ϕ(B)) = rank (ϕ(A)) + rank (ϕ(B)), 	% ϕ =��:�>�C&:Dn��:�>(+�?U 2.1 � m,n =5z 1 >� �	 ϕ = Mm×n(D) >��:�>:l�O(+>*d3�� ϕ �1Mm×n(D) <-�>#Æ�ϕ(0) = 0, �y ϕ| ϕ−1 F�
w�o0�Mm×n(D)>��:�>:l�O(+�=DD 1.1 �>V��:u� R = 0.xY vDD 1.1 *VX�I�>�G��dX��T�D m ≤ n. v ϕ ��O(+�
ϕ(0) = 0. =qtDD 1.1, �Z� ϕ � ϕ−1 5�
w�� ϕ � ϕ−1 5�� 1. =0�Z� ϕ ��l������� M ∈ Mm×n(D) y rank (M) = k 6= 0, 	2� P ∈ GLm(D) �
Q ∈ GLn(D) � M = P

(

Ik 0
0 0

)

Q. R Ai = PEiiQ ∈ Mm×n(D), i = 1, . . . ,m. I�w
rank (

∑m

i=1Ai) =
∑m

i=1 rank (Ai). v ϕ ��:�X:=
m ≥ rank (

m
∑

i=1

ϕ(Ai)) = rank (ϕ(A1)) + · · · + rank (ϕ(Am)) ≥ m.u���xG����v ϕ =9Æ1L ϕ(Ai) 6= 0=<��9+ rank (ϕ(Ai)) = 1, i = 1, . . . ,m.'l< rank (M) = rank (A1) + · · · + rank (Ak) � ϕ ��:�X�w
rank (ϕ(M)) =

k
∑

i=1

rank (ϕ(Ai)) = k.



4t !#
�A�2��m��)B1 ?�Yru 699{ 1 �L [8] _-M� F �1�>� Mn(F) ���:�>NX(+�� |F | > n >3�G=<��DD 2.1 >.G (m = n y f �q�-6℄). K�C℄I���lM�>-x�>#R�=<MPq$e��y�NX(+�	=�O(+�W�yP;�#�GaC℄_- Mm(D) >	�-6℄��H|m�-6℄ [2]. �e ϕ =1 Mm(D) <-�>�O#Æ�yI�l> A,B ∈Mm(D) [0 ϕ(ABA) = ϕ(A)ϕ(B)ϕ(A) � ϕ(Im) = Im, 	%
ϕ = Mm(D) >�-6℄�K�C℄Dn	�-6℄�?l 1 � ϕ =1Mm(D) <-�>�O#Æ��I�l> A ∈Mm(D) �[0 XAX = X>�l X , Fw ϕ(AXA) = ϕ(A)ϕ(X)ϕ(A) � ϕ(X) = ϕ(X)ϕ(A)ϕ(X), 	% ϕ = Mm(D) >	�-6℄�j��-6℄fD�	�-6℄�=<v Mm(D) �	�-6℄>$℄�C℄Zd�G>JXpD�mU 2.2 � A,B ∈ Mm(D), 	 rank (A − B) = rank (A) − rank (B) >*d3��2�
X ∈Mm(D) � XAX = X y B = AXA.xY |��. v rank (A−B) = rank (A) − rank (B),  
�L [9] > 117 e 27 0�C℄�2� P,Q ∈ GLm(D) �=

A = P





Ir
Is

0



Q, B = P

(

Ir
0

)

Q.R X = Q−1

(

Ir
0

)

P−1, �ib� XAX = X � B = AXA &I�}~�. � A = P

(

Ir
0

)

Q, X = Q−1

(

X0 Y

Z U

)

P−1, u� X0 ∈ Mr(D). v�(:= B = P

(

X0

0

)

Q. yvX = XAX :9+X2
0 = X0,1L rank (X0)+rank (Ir−X0) = r.z�w rank (A−B) = rank (Ir −X0) = r − rank (X0) = rank (A) − rank (B). 2mU 2.3 � ϕ = Mm×n(D) >�O(+�	 ϕ ��:�;y); ϕ ��:��xY )��dX�*VX�C&>��{ A,B ∈Mm×n(D), � rank (A+B) = rank (A)+

rank (B). R C = A+ B, = rank (C −A) = rank (C) − rank (A). v ϕ =��:�>�O(+�� rank (ϕ(C −A)) = rank (C)− rank (A), � rank (ϕ(B)) = rank (ϕ(A+B))− rank (ϕ(A)),� ϕ ��:�� 2?U 2.4 ϕ = Mm(D) >	�-6℄;y); ϕ =Ga>J!V��f�
(i). ϕ([aij ]) = εQ−1[f(aij)]Q, ∀[aij ] ∈Mm(D);

(ii). ϕ([aij ]) = εQ−1[g(aij)]
TQ, ∀ [aij ] ∈Mm(D),u� Q ∈ GLm(D), ε = ±1, (i) �> f = D >fX-6℄� (ii) �> g = D >fXQ-6℄�xY *VXI��G��dX��e rank (A−B) = rank (A)−rank (B),vpD 2.2�2� X � XAX = X y B = AXA.o ϕ =	�-6℄�`w ϕ(X)ϕ(A)ϕ(X) = ϕ(X) y ϕ(B) = ϕ(A)ϕ(X)ϕ(A). �vpD 2.2� rank (ϕ(A) − ϕ(B)) = rank (ϕ(A)) − rank (ϕ(B)). o0 ϕ =��:�>�O(+��vpD 2.3 j� ϕ =��:�>�O(+�1LqtDD 2.1 :� ϕ wDD 2.1 >J!V��C℄�$bBfV�:9+�DD� (i)(vBNV�9= (ii) �C&>). ����� ϕ([aij ]) =
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P [f(aij)]Q, ∀A = [aij ] ∈ Mm(D), �e{ A = Im, v f � D >fX-6℄� ϕ(Im) = PQ.6
w ϕ(Eii) = PEiiQ. QfRa�I A = Im, { X = Eii, 	w ϕ(Eii) = ϕ(Im)ϕ(Eii)ϕ(Im),1Lw PEiiQ = PQ · PEiiQ · PQ, �

Eii = QPEiiQP, i = 1, . . . ,m.v��:= QP = diag(a1, . . . , am) y a2
i = 1, i = 1, . . . ,m. yI A = Eji, { X = Eij , 	w EijEjiEij = Eij , ∀i 6= j. z� ϕ(Eij)ϕ(Eji)ϕ(Eij) = ϕ(Eij). 'l< ϕ(Eij) = PEijQ �

ϕ(Eji) = PEjiQ, C℄w ajai = 1, ∀i 6= j. �9=$ ai 6h�*Lw (i) &I� 2bW 2.5
[2] � ϕ = Mm(D) >�-6℄�	 ϕ =DD 2.4 �>J!V���yu� ε = 1.xY v�-6℄�=	�-6℄�	 ϕ wDD 2.4 �J!V��yv ϕ(Im) = Im :9+ ε = 1. 2{ 2 9W 2.5 �Æ�Z+M Mm×n(D) >�-6℄>w�z�L [2] >U�O�$nDD

2.4 �9W 2.5 :�� ϕ =	�-6℄;y); ϕ ~ −ϕ =�-6℄�GaC℄_-��1�_��(�pR�(>�NX(+�� F =fX.��= 2 >��
ϕ =1 Mm(F) <-�>sÆ�� A2 = A ;y); (ϕ(A))2 = ϕ(A), 	% ϕ =#R�_�>��e ϕ(X2) = (ϕ(X))2, ∀X ∈Mm(F), 	% ϕ =�pR>�mU 2.6 � M ∈ Mm(F), 	 rank (M) = 1 ;y); M = λE, u� λ ∈ F

∗, E =�= 1>_���~�2��= 1 >_�� E1, E2, E3 �= M = E1 − E2 6= 0 �y E1 + E2 = 2E3.xY |��. v rank (M) = 1 :�
M = PE11Q = P (

m
∑

i=1

aiE1i)P
−1, ai ∈ F.�e a1 6= 0, 	w M = a1P (E11 +

∑m

i=2 biE1i)P
−1, ai ∈ F. ��R λ = a1, E = P (E11 +

∑m

i=2 biE1i)P
−1 �=M = λE. �e a1 = 0,R E1 = P (E11+

∑m

i=2 aiE1i)P
−1, E2 = PE11P

−1,

E3 = P (E11 + 1
2

∑m

i=2 aiE1i)P
−1, �jb� M = E1 − E2 6= 0 y E1 + E2 = 2E3.}~�. �e M = λE, u� λ ∈ F

∗, E =�= 1 >_����I�
0&I��e2��= 1 >_�� E1, E2, E3 �= M = E1 − E2 6= 0 �y E1 + E2 = 2E3. �T� E1 = E11, v
E1 +E2 = 2E3 =� 1 1�:� E2 =

∑m

i=1 a1biE1i ~ ∑m

i=1 aib1Ei1, 0�v M = E1 −E2 6= 0I�w rank (M) = 1. 2?l 2 � ϕ =1 Mm(F) <-�>sÆ��e ϕ [0 ϕ(λA+ µB) = λσϕ(A) + µσϕ(B),

∀A,B ∈Mm(F), ∀λ, µ ∈ F, u� σ = F >fX-6℄�	% ϕ = Mm(F) >fX�NX(+�?U 2.7 � F �fX.��= 2 >��	 ϕ = Mm(F) >#R�_�>:l>�NX(+;y); ϕ wDD 2.4 �>J!V���yu� ε = 1.xY v ϕ =�NX(+y�_�j� ϕ(0) = 0 y�UO��_������� A,B =UO��_��� A2 = A,B2 = B y AB = BA = 0. 	j� (A + B)2 = A + B. v ϕ =�_�>:l>�NX(+� ϕ(A), ϕ(B) � ϕ(A+B) = ϕ(A) + ϕ(B) 5UO_��vz F >.���z 2, C℄w ϕ(A)ϕ(B) = ϕ(B)ϕ(A) = 0. �l>* ϕ �UO��_��v�L [2]> §3.5 �_����= 1 >;y);+���>��+�kT&JX��_�1�>j�o0v ϕ #R�_�:9+ ϕ �� 1 _��v0C℄yHD ϕ �� 1. ����� rank (M) = 1,	vpD 2.6 � M = λE, E =� 1 _��~2�� 1 _�� E1, E2, E3 � M = E1 − E2 �
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E1+E2 = 2E3. 1L ϕ(M) = λσϕ(E)~ ϕ(M) = ϕ(E1)−ϕ(E2) 6= 0y ϕ(E1)+ϕ(E2) = 2ϕ(E3).v ϕ(E), ϕ(E1), ϕ(E2), ϕ(E3) 5� 1 _��|pD 2.6 :� ϕ(M) �= 1. 6D:� ϕ−1 ��
1. �09+ ϕ � ϕ−1 5�
w��rqtDD 1.1 := ϕ >J!V��y R = 0. { A = Im:9= P = Q−1. z�$W=�� 2bW 2.8 � F �fX.��= 2 >��	 ϕ = Mm(F) >�pR>:l>�NX(+;y); ϕ =DD 2.7 �>J!V��xY v ϕ �pRI�1 A2 = A :9+ (ϕ(A))2 = ϕ(A). Iz�l (ϕ(X))2 = ϕ(X), v
ϕ �pR� ϕ(X2) = (ϕ(X))2, 1Lw ϕ(X2) = ϕ(X). o ϕ =9Æ�` X2 = X . ��bM ϕ#R�_��qtDD 2.7, $WI�=�� 2vzNX(+fD��NX(+�o0vDD 2.7 �9W 2.8C℄�i=<�GJX9W�bW 2.9 � F �fX.��= 2 >��	 ϕ = Mm(F) >#R�_�>:l>NX(+;y); ϕ wDD 2.7 �>J!V���yu� f �q�sÆ�bW 2.10 � F �fX.��= 2 >��	 ϕ = Mm(F) >�pR>:l>NX(+;y); ϕ =9W 2.8 �>J!V���yu� f �q�sÆ�{ 3 ��9W 2.9 �9W 2.10 V���L [10] � [11] Pq$e>U>�9�b�v0:�1��l��DD>lnj3t�
3 O<vLHJ5�V=kDoq�

J =

(

0 1
−1 0

)

, Jk =





02k−2

J

0m−2k



 ∈ Km(F), 1 ≤ k ≤ [
m

2
].���� A ∈ Km(F) y rank (A) = 2r(r ≥ 1), 	 A n6z J1 + · · · + Jr.mU 3.1 � 2 ≤ r < m, A,D ∈ Kr(F), D 6= 0, X =

(

A B

−BT C

)

∈ Km(F). �
rank X = rank

(

A+D B

−BT C

)

= 2, 	 X =

(

A B

−BT 0

)

.xY �D C 6= 0,	 rank (C) = 2,` C n6z diag(J, 0). v rank (X) = rank

(

A+D B

−BT C

)

= 2 :� X n6z diag(0r, J, 0), |06�:h�= (

A+D B

−BT C

) n6z diag(D, J, 0). �| D 6= 0 \J� 2C&zDn 2, C℄:Dn Km(F) >�NX(+��e ϕ = Km(F) >fX�NX(+�y ϕ =[Æ�	% ϕ = Km(F) >fX�NX[Æ�mU 3.2 � F �fX�� m �5z 3 >� �y ϕ � Km(F) >�
w>�NX[Æ�	2� Q ∈ GLm(F) �=
ϕ(Ji) = QTJiQ, 1 ≤ i ≤ [

m

2
].xY j� ϕ(0) = 0. v rank (Ji) = 2 � rank (ϕ(Ji)) = 2. 1L2� Pi =

(

α2i−1

α2i

)

∈
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M2×m(F) y rank (Pi) = 2, i = 1, . . . , n = [m

2 ] �=
ϕ(Ji) = PT

i JPi, i = 1, . . . , n. (1)� {αi1 , . . . , αis
} � {α1, . . . , α2n} >�5NXDa1�u� 1 = i1 ≤ i2 ≤ · · · ≤ is ≤ 2n. R

P11 =







αi1

...
αis






, 	 rank (P11) = s. j�2� Yi ∈ M2×s(F) �= Pi = YiP11, i = 1, . . . , n. I�2� P12 ∈M(m−s)×m(F) �= Q =

(

P11

P12

)

∈ GLm(F).v (1) �:�
ϕ(Ji) = QT

(

Y T
i JYi

0m−sQ

)

, i = 1, . . . , n. (2)R
Ω =

{

QT

(

X11 X12

−XT
12 0m−s

)

Q : X11 ∈ Ks(F), X12 ∈Ms×(m−s)(F)

}

⊂ Km(F).	v (2) w ϕ(Ji) ∈ Ω.�{ ϕ(Dij) ∈ Ω, i < j. �e i =o �	 Dij 6�| Jk � 0 
w�u� k = [ i
2 ]. `v

(2) |pD 3.1 � ϕ(Dij) ∈ Ω. �e i =v �y j = i+ 1, 	 Dij = Jk, u� k = [ i+1
2 ], 1L

ϕ(Dij) ∈ Ω. �e i =v �y j > i+ 1, 	 Dij 6�| Jk � 0 
w�u� k = [ i+1
2 ], `v (2)|pD 3.1 � ϕ(Dij) ∈ Ω. o0C℄w ϕ(Dij) ∈ Ω, ∀ i < j. o=�{ X ∈ Km(F), X :T&

X =
∑

i<j xijDij , z�v ϕ ��NX>� ϕ(Km(F)) ⊂ Ω. o= ϕ [Æ�` m− s ≤ 1. GaC℄VJ!zV-W�
(a). ; m = 2n+ 1 =v ��v s ≤ 2n | m− s ≤ 1 � s = 2n. 1L P11 =







P1

...
Pn






, �v (1) := ϕ(Ji) = PT

i JPi = QTJiQ, i = 1, . . . , n.

(b). ; m = 2n �o ��v m− s ≤ 1 � s = 2n ~ s = 2n− 1. � s = 2n, 	C&zzV
(a) :;&�b�� s = 2n− 1, C℄�I {α1, . . . , α2n−1} � {α1, . . . , α2n} >�5NXDa1>zVZ+�b�Lu+>zV�C&>�0��� Q =

(

P11

β

)

, β �fX 1 ×m ��v0:=
ϕ(Ji) = QTJiQ, i = 1, . . . , n− 1.� Ω >Dn�R m − s = 2 =<fXU>�n Ω1. C&z�a>�b�Iz i < j y (i, j) 6=

(m − 1,m) w ϕ(Dij) ∈ Ω1. � α2n =
∑2n−1

i=1 kiαi, u� ki ∈ F, i = 1, . . . , 2n − 1. ,�9�(j� ϕ(Jn) = PT
n JPn = −

∑2n−2
i=1 kiQ

TDi,2n−1Q ∈ Ω1. o0w ϕ(Dij) ∈ Ω1, ∀ i < j. o=�{
X ∈ Km(F), X :T& X =

∑

i<j xijDij , z�v ϕ ��NX>� ϕ(Km(F)) ⊂ Ω1, �| ϕ �[Æ\J� 2?U 3.3 � F =�l�� m �fX5z 3 >� �	 ϕ � Km(F) >�
w>�NX[Æ>*d3��� ϕ �1 Km(F) <-�>#Æ� ϕ(0) = 0, �y ϕ | ϕ−1 F�
w�o0�
Km(F) >�
w>�NX[Æ�=DD 1.2 �>V�:u� R = 0.
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�A�2��m��)B1 ?�Yru 703xY vDD 1.2 *VX�I�>�G��dX��H�b ϕ ��l���{ X ∈ Km(F)y rank (X) = 2r 6= 0, z�w P ∈ GLm(F) � X = PT(J1 + · · · + Jr)P . DnfXU>sÆ ψ : X 7→ ϕ(PTXP ), ∀X ∈ Km(F). j� ψ �= Km(F) >�
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Several Applications of Geometry of Matrices in Preserver Problem
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Abstract: By the fundamental theorems of the geometry of matrices, some semi-linear preserver op-
erators and additive preserver operators on matrix spaces are characteriged, including rank-additivety
preservers, weak semi-automorphisms of the full matrix ring, idempotence preservers, 2-potent matrices
preservers, and the adjacency preservers of altenate matrices.

Key words: geometry of matrices; linear preserver problems; semilinear operator; alternate matrix.


