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1 f�rjqsun�Q4<i-4��hsu_!9��4&V#EY� Cogburn 4 Orey 6W�M&
"9�1���311&�3	℄�i8e�ÆE 6W=,1Uw<i-���14K�[4O7zC`m4�P�)zUZvK�4+����=&t%^//THe�Zv����Q4mL��&�x9UZv4zC�z�&��`2�m���� (X, A) aX&���� (Θ, B), {p(θ), θ ∈ Θ} h (X, A) ^4&Y(�B_��X+W=4 x, y ∈ X, P (θ)(x, y) h θ 4[3 σ .m B4L��`m�� Z �Gmy�` {Zn, n ≥ 0} 4 −→
ξ = (ξn)n∈Z L�RL3 X 4 ΘZ 4su�3�\ Zn a ξn >^

P (Zn+1 = y|Z0, . . . , Zn;
−→
ξ ) = P (ξn; Zn, y),?� {Zn, n ≥ 0}hsun� −→

ξ Q4<i-�� X �Zv���Θ�n����̀ Θn : Θz → Θ�a�`m (n ∈ Z). =, Bl
k = σ(θn, k − 1 < n < l + 1). ` T : ΘZ → ΘZ ��(q\�|�Xb −→

θ = (θn, n ∈ Z), T (
−→
θ ) =

−→
θ′ , θ′n = θn+1(∀n ∈ Z), � P (θm, . . . , θn−1) =

P (θm) · · ·P (θn−1), (−∞ < m ≤ n < ∞). ` π h���� (ΘZ , BZ) ^4X&O7�?�O>^ π · T−1 = π. � E = X × ΘZ , Σ = A × Bz , µ = κ × π MQ κ � X ^4~m�?�h� {Zn, n ≥ 0} hsun� −→
ξ Q4<i-�? {(Xn, T n−→ξ ), n ≥ 0} ���2&�Y(O7� P (x,

−→
θ ; F ) =

∑
y∈X P (θ0; x, y)I(F )y(

−→
θ ) 4Uw<i-��y F ∈ Σ. � (F )x = {

−→
θ ∈ ΘZ : (x,

−→
θ ) ∈ F}, =,

P̂ (x,
−→
θ ; F ) =

∑

y∈X

P (θ0; x, y)I(F )y
(
−→
θ ), P̂n(x,

−→
θ ; F ) =

∑

y∈X

P (θ0, . . . , θn−1; x, y)I(F )y
(T

−→
θ ).

τF hk'1+y F 4b��5
[E]x = {x} × ΘZ , L(x,

−→
θ ; F ) = P

x,
−→
θ

(

∞⋃

n=1

{(Xn, T n−→θ ) ∈ F});�k��: 2005-05-18; w	��: 2006-07-03
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Q(x,
−→
θ ; F ) = P

x,
−→
θ

(

∞⋂

k=1

∞⋃

n=k

{(Xn, T n−→θ ) ∈ F})

G(x,
−→
θ ; F ) =

∞∑

n=1

∑

y∈X

P (θ0, · · · , θn−1; x, y)I(F )y
(T n−→θ );

Fn(x,
−→
θ ; F ) = P

x,
−→
θ

(τF = n).

2 ��xnt��h� 1 �Zv x hN�E4�\ π(
−→
θ : Q(x,

−→
θ ; [E]x) = 1) = 1. �Zv x h℄�E4�\ π(

−→
θ : G(x,

−→
θ ; [E]x) = ∞) = 1.h� 2 �Zv x hN>64�\ π(

−→
θ : G(x,

−→
θ ; [E]x) < ∞) = 1. �Zv x h℄>64�\ π(

−→
θ : G(x,

−→
θ ; [E]x) < ∞) > 0.h� 3 �Zv xh�P4�\ µ((y,

−→
θ ) : Q(y,

−→
θ ; [E])x) > 0) > 0. �Zv xhJ�P4�\ π(

−→
θ : Q(x,

−→
θ ; [E])x) = 0) = 1. �Zv x hJH?�P4�\ [E]x h�Py�O ∃Bn ∈ BZd3 [E]x =

⋃∞
n=1({x}×Bn) >^ ∀y ∈ X, π(

−→
θ : Q(y,

−→
θ ; {x}×Bn) = 0) = 1. �Zv x hH?�P4�\ [E]x h�Py�O�*=�mSJ�Py�dMa� [E]x.� 1 (^l=,�JZv x hN�E4&=h℄�E4�Zv x hN>64&=h℄>64�=h84�?y4}���Zv x �h℄�E4�h℄>64��h�P4�hJ�P4�h� 4 �Zv x �+Z y, \ π(

−→
θ : L(x,

−→
θ ; [E]y) > 0) = 1; �Zv x &O�+Zv y,\ ∃ε > 0, d π(

−→
θ : L(x,

−→
θ ; [E]y) > ε) = 1; �Zv x �;�+Zv y, ∀

−→
θ ∈ Θz, ∃

−→
θ′ ∈ Θz, 2

L(x,
−→
θ′ ; (y,

−→
θ )) > 0.�| 1
[1] \Zv x hN�E4�?h�P4�\Zv x hN>64�?hJ�P4�h| 1 \Zv x �N�E4�O x �;�+ y, ? L(y,

−→
θ ; [E]x) = 1.π − a.s.�� x�N�E4�π{

−→
θ : Q(x,

−→
θ ; [E]x) = 1} = 1,-� L(x,

−→
θ ; [E]x) ≥ Q(x,

−→
θ ; [E]x).π−

a.s. u) π{
−→
θ : L(x,

−→
θ ; [E]x) = 1} = 1.∀

−→
θ , 13 x �;�+ y, ��℄ x #CS31+ y, BOQ���_ x 4O7,34�-&��*= N ≥ 1, d℄ x #C3; N �b"'1+ y, BOQ���_ x 4O7 FN (x, T−N−→

θ ; (y,
−→
θ )) > 0.\` L(y,

−→
θ ; [E]x) < 1, ?℄ x #C�r1 x 4O7N_� FN (x, T−N−→

θ ; (y,
−→
θ ))(1 −

L(y,
−→
θ ; [E]x)) > 0. 1 −→

θ 4X+��&4 x �N�E4?A�Z L(y,
−→
θ ; [E]x) = 1.π − a.s.�~ 1 \Zv x�N�E4�O x�;�+ y, ? xa y &Ol+�O y $�N�E4��� Zv x �N�E4� x �+ y, (/=" 1 �J� L(y,

−→
θ ; [E]x) = 1.π − a.s. ? y &O�+ x, O y �N�E4�<(/=" 1 �J� x &O�+ y. | x a y &Ol+��~ 2 \Zv x �N�E4� ∀y ∈ X \ x �;�+ y, ?

(1) L(x,
−→
θ ; [E]y) = 1.π − a.s.

(2) L(y,
−→
θ ; [E]x) = 1.π − a.s.

(3) Q(x,
−→
θ ; [E]y) = 1.π − a.s.

(4) Q(y,
−→
θ ; [E]x) = 1.π − a.s.
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 [2] B|
2.6 J Q(x,

−→
θ ; [E]y) = 1.π − a.s.�~ 3 \Zv x �N�E4� ∀y ∈ X 2 x �;�+ y, ? Xn �&O��94�B E���L�4�h| 2 \Zv x �JH?�P4s�J�P4�? limn→∞ P (θ0, . . . , θn; y, x) = 0.�� \Zv x �J�P4� π{

−→
θ : Q(y,

−→
θ ; [E]x) = 0} = 1. (y,

−→
θ ) �Q'1+ [E]x 4O7�4� ∃N, P (θ0, · · · , θN ; y, x) ≥ 0, π − a.s.∀n ≥ N, P (θ0, · · · , θn; y, x) = 0.\Zv x �JH?�P4� ∃Bk ↑ Θz, {x} × Bk �J�Py� ∀n, Q(x,

−→
θ ; {x} × Bk) =

0.µ − a.s.

P (θ0, . . . , θn; y, x)IBk
(T n+1−→θ ) → 0, ∀y ∈ X, π − a.s.

P (θ0, . . . , θn; y, x) ≤ P (θ0, . . . , θn; y, x)IBk
(T n+1) + IBc

k
(T n+1), ∀ε > 0.� Bk, πBc

k < ε, lim supn→∞ π{
−→
θ : P (θ0, . . . , θn; y, x) > ε} < ε.ZZv x �JH?�P4s�J�P4�2 limn→∞ P (θ0, . . . , θn; y, x) = 0.�~ 4 \Zv�� X 2��? X �FM2JH?�PZv�s�FM2J�PZv��� ∀x ∈ X ,`� xJH?�P4�sJ�P�1 =

∑
x∈X P (n)((y,

−→
θ ), [E]x) 5 n → ∞.1^l="J� 1=0, ?A�Z X �FM2JH?�PZv�s�FM2J�PZv�h� 5 �Zv x 2WK t, \HGmy (n : π{

−→
θ : P̂n(x,

−→
θ ; [E]x) > 0)} = 1) 4`,Y9m� t. ~��\ t > 1, � x �WK4�\ t = 1 � x �JWK4� µx =

∑∞
n=1 nFn. �� x 4H�rYb��)��= π −−a.s. +,�x9��| 2 `HGmy (n : π{

−→
θ : Fn(x,

−→
θ ; [E]x) > 0)} = 1) 4`,Y9m� d. ? d = t.�� 1�
 [2] QB| 2.2

P̂n(x,
−→
θ ; [E]x) = Fn(x,

−→
θ ; [E]x) +

n−1∑

k=1

F k(x,
−→
θ ; [E]x)P̂n−k(x, T k−→θ ; [E]x) (1)J P̂n(x,

−→
θ ; [E]x) ≥ Fn(x,

−→
θ ; [E]x) Z (n : Fn(x,

−→
θ ; [E]x) > 0) ⊂ (n : P̂n(x,

−→
θ ; [E]x) > 0), (B d ≥ t. Z℄ d = 1, ?	9	T *�Z℄ d > 1, ?��S r = 1, . . . , t − 1. (/ (1) e3

P̂ r(x,
−→
θ ; [E]x) = F 1(x,

−→
θ ; [E]x)P̂ r−1(x, T

−→
θ ; [E]x) + · · · + F r(x,

−→
θ ; [E]x), (2)/1 d4=,�J F 1(x,

−→
θ ; [E]x) = F 2(x,

−→
θ ; [E]x) = · · · = F r(x,

−→
θ ; [E]x) = 0,Z P r(x,

−→
θ ; [E]x) =

0. M' n = d + r, / (1) e�"2 P̂ d+r(x,
−→
θ ; [E]x) = F d(x,

−→
θ ; [E]x)P̂ r(x,

−→
θ ; [E]x) = 0. &
:�2̂

P kd+r(x,
−→
θ ; [E]x) =F d(x,

−→
θ ; [E]x)P̂ (k−1)d+r(x, T

−→
θ ; [E]x)+

F 2d(x,
−→
θ ; [E]x)P̂ (k−2)d+r(x, T 2−→θ ; [E]x) + · · · + F kd(x,

−→
θ ; [E]x).(/\DD��� P̂ kd+r(x,

−→
θ ; [E]x) = 0, p�K�Z n J d 4Gm�? P̂n(x,

−→
θ ; [E]x) = 0.(B (n : P̂n(x,

−→
θ ; [E]x) > 0) Q4m>�Æ d G$�Z t ≥ d, 3h t = d.
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x = t/µx.�� � n ≥ 0, 5 rn(x,

−→
θ ; [E]x) =

∑∞
v=n+1 F v(x,

−→
θ ; [E]x), 3h

∞∑

n=0

rn(x,
−→
θ ; [E]x) =

∞∑

n=1

nFn(x,
−→
θ ; [E]x) = µx, (3)) F v(x,

−→
θ ; [E]x) = rv−1(x,

−→
θ ;[E]x) − rv(x,

−→
θ ; [E]x) .[ (1) e���

F v
x = F v(x,

−→
θ ; [E]x), P̂ v

x = P̂ v(x,
−→
θ ; [E]x), rv

x = rv(x,
−→
θ ; [E]x).3 P̂n

x = −
∑n

v=1(r
v
x − rv−1

x )Pn−v
x , | ∑n

v=0 rv
xP̂n−v

x =
∑n

v=0 rv
xP̂n−1−v

x . &� ∑n

v=0 rv
xP̂n−v

x KL4 n �[��T r0
x = 1, r0

xP̂ 0
x = 1 3

n∑

v=0

rv
xP̂n−v

x = 1 (n ≥ 0), (4)` λ = limn→∞P̂nt
x , -0 k J t 4mb� P̂ k

x = 0, Z
λ = lim

n→∞
P̂nt

x = lim
n→∞

P̂ k
x . (5)�*=\3 {nm}, nm → ∞, d λ = lim

m→∞
P̂nmt

x , X+R s d F s
x > 0 1." 2 J t �G$ s, (/ (1) ezZv x �N�E4 L(x,

−→
θ ; [E]x) = 1a.s. 3

λ =limm→∞P̂nmt
x = limm→∞(F s

x P̂nmt−s(x, T s−→θ ; [E]x) +

nmt∑

v=1,v 6=s

F v
x P̂nmt−vv)(x, T v−→θ ; [E]x)

≤F s
x limm→∞P̂nmt−s(x, T s−→θ ; [E]x) +

nmt∑

v=1,v 6=s

F v
x lim

m→∞
P̂nmt−s(x, T s−→θ ; [E]x)

=F s
x limm→∞P̂nmt−s(x, T s−→θ ; [E]x) + (1 − F s

x)λ.3h limm→∞P̂nmt−s
x ≥ λ Z1 (5) e limm→∞ P̂nmt−s

x = λ. A��&Sd F s
x 4 s, z�&Sd limm→∞ P̂nmt−s

x = λ. 4\3 {nm} HS�-&�13 s h t 4m�3 limm→∞ P̂nmt−2s
x =

limm→∞ P̂
(nmt−s)−s
x = λ, . . ., �&g,�/\P'g�� limm→∞ P̂nmt−u

x = λ. �X+�Z u =
∑l

i=1 citi 4 u HS�A$ ci z ti >hHGm�d F ti
x > 0, i = 1, . . . , l. �T t $h (n : Fn(x,

−→
θ ; [E]x) > 0) 4`,Y9m����*=>^ F ti

x > 0 4 ti, i = 1, . . . , l, d
t1, t2, . . . , tl 4`,Y9m� t, *= k0, 0 k ≥ k0 b��2HGm ci d kt =

∑l

i=1 citi, A"��IA1���S k ≥ k0 2 limm→∞ P̂
(nmt−k)t
x = λ.�= (3) eQ5 n = (nm − k0)t, �X+� v J t 4HGmb� P̂ v

x = 0 �2
nm−k0∑

v=0

rvt
x P̂ (nm−k0−v)t

x = 1.5 m → ∞, *� λ
∞∑

v=0
rvt
x = 1. M# ∑∞

v=0 rvt
x < ∞, N? λ = 0. =X&P��>2 λ =

1/
∞∑

v=0
rvt
x , /-0 v J t 4HGmb� F v

x = 0. Z1 rv
x 4=,*� rvt

x = 1
t

∑vt+t−1
j=vt rj

x (B1 (2) e ∑∞
v=0 rvt

x = 1
t

∑∞
v=0 rv

x. 3hIA1 λ = t
µx

,  p:�I limm→∞P̂nt
x = t

µx
.
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f r(x,

−→
θ ; [E]y) =

∞∑

m=0

Fmt+r(x,
−→
θ ; [E]y) (r = 1, . . . , t, y ∈ X)-& f r(x,

−→
θ ; [E]y) �℄ x #C=C n � (n = r(mod t)) ^"'1+ y 4O7�Z

t∑

r=1

f r(x,
−→
θ ; [E]y) = L(x,

−→
θ ; [E]y).h| 3 `Zv x 4WK� t 4N�E4�?�X+ y ∈ X , 2

lim
n→∞

Pnt+r(y,
−→
θ ; [E]y) = f r(y,

−→
θ ; [E]x)t/µx.�� 1 (2) e��X+ P r(x,

−→
θ ; [E]x) = 0, l 6= 0 (mod t). � N ≤ n 2

N∑

m=0

Fmt+r(y,
−→
θ ; [E]x)P (n−m)t(x,

−→
θ ; [E]x) ≤ Pnt+r(y,

−→
θ ; [E]x)

≤

∞∑

m=N+1

Fmt+r(y,
−→
θ ; [E]x) +

N∑

m=0

Fmt+r(y,
−→
θ ; [E]x)P (n−m)t(x,

−→
θ ; [E]x),3&eQ5 n → ∞, �(/." 3, <5 N → ∞, 1 f r(y,

−→
θ ; [E]x) 4=,�|3u7I�dz��
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Some Results for Skew Product Markov Chains
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Abstract: In this paper, we discuss the classification of states on skew product Markov chains, and the
ergodic results. We divide the space of states in two ways.
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