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0 R LM 20 �e�4�_pT? z ← zα + c(α = 2) b�qJ M )JK(xD98Q�
� �D&���*JD� [1−5]. p:#7=� Lakhtakia� Gujar 8Qx α ∈ R J�N M )��#^ R\D�kQm5x-Q4C [6,7]; Glynnn�x α > 0J�NM)J_.=� [8];�v<k�=K(x8Q�m5x�N M )J"jw�n�Vk�|�=�����Ix Lakhtakia,

Gujar � Glynn J4C [9,10]. :x� Pickover, Hooper � Philip un�m5x ε ~<d�$'d�*dnFd�=\nFd�8Qx M )l�G*dJn&D� [11−13]; Lakhtakiam5x℄� Julia )J�q_d [14]; �vv�xd�Jhd�8Qx�N M )l�G*d�℄��N M)Jn&D� [15,16]. ��:=VT?v�} z ← eiφ(z̄)α + c{α < 0, φ ∈ [0, 2π)}, �8QxYv��JT?b�qJ�N M )Jn&D��|�=����
1 ;<1)(pT? f : z ← eiφ(z̄)α + c (α ∈ R) J~GQ z0 OK FBFW}�JQ�:C z =

reiθ, s f(z) = eiφrαe−iαθ + c, f ′(z) = eiφ(αrα−1r′e−iαθ − iαrαe−iαθθ′), � f J~GQR	�
eiφ(αrα−1r′e−iαθ− iαrαe−iαθθ′) = 0,, eiφαrα−1e−iαθ(r′− irθ′) = 0. : α 6= 0, Y r′− irθ′ 6= 0,bI











α < 1, ~GQ}z →∞,

α = 1, �~GQ,

α > 1, ~GQ}z = 0.

(1)YpT? f �q�N M )�R< f J~GQ℄LUC�bE α > 1 H�:, z0 = 0, s
z1 = c, z2 = eiφ(c̄)α + c, . . . ; E α < 0 H�:, z0 =∞, s z1 = c, z2 = eiφ(c̄)α + c, . . .. Q:}E,A�: 2005-08-1026K?: 	2�2a6$I (60573172); w�F?fovM6 a6/U;T�� (20040081).
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0_%P5�M (1) 1,UC4LQ} z0 = c, wKIW0_%�q5MI�W α ∈ R #
α /∈ [0, 1] J�N M )J'�IGxrF��I�MJH�E α ∈ [0, 1] H�7W z0 = c �}4LQUC�IGJt��Ox~J M )�wOQ}� α = 1 H�Q}�~GQ�bKDUg�=~GQJ�H� 0 ≤ α < 1 H�~GQ} ∞, ∞ J�H=�[$W c, bK< c ℄LUCJt��OJ M )�'P 1 C f : z ← eiφ(z̄)α + c (α < 0 " α > 1) }j
' Ĉ =JpT?� Mf �N C �
c QJ�H[GJpW c J)��,�
Mf = {c ∈ C : {fk(c)}∞k=1[G} = {c ∈ C : c, eiφ(c̄)α + c, eiφ[eiφ(c̄)α + c]α + c, . . . 6→ ∞, k →∞}s. Mf }�R^ f J�N M )�VN 1 OnWhLH5_d�� Mf J0_%t�Jk�#7 [4,5]. 1,hL
P R =

20 �hLH5�� N = 200, φ = π/2, nWhLH5_d�v��x α < 0 J Mf . t��<C��V* Mf , �<C���V* Mf . : α �N} α = −(η + ε),  � η O~|W� ε }~�W, 0 < ε < 1, {Xn&tJD�kQ�bntÆ%de8Q Mf .

2 CMT5/
2.1 α = −ηt 1 } α ,r|WHJ�N M )�b8n&t} η − 1 x�$0�3�A($J$0D����V* Mf "^�V* Mf ���
(a) α = −2 (b) α = −5 (c) α = −6 (d) u a i
+eKW!kBu 1 s}XCK�O M *': 1 YpT? f : z ← eiφ(z̄)α + c(α = −η) �q�N M )�[
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, k = 1, 2, 3, . . . , N ; j = 0, 1, 2, . . . , η − 2.W> nWW3��d�Q}
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2πj
η−1 ) = eiφ(cei

2πj
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2πj
η−1 ) = fk−1[f(cei

2πj
η−1 )] = fk−1[ei

2πj
η−1 (eiφ(c̄)−η + c)], � f1(c) = eiφ(c̄)−η + c = c′,s fk(cei 2πj

η−1 ) = fk−1(c′ei 2πj
η−1 ). a fk(c) = fk−1[f1(c)] = fk−1(c′), YM (2) � ∥
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.Vk\� α = −η J�N M )J�"}hQ#Y[ η − 1 ;J0�_.*�': 2 pT? f : z ← eiφ(z̄)α + c (α < 0) b*EJ�N M )J�A($}KhQ}i"�
P} R1/α JM^i�W> Y α < 0, b�: ‖x‖ ≪ 1, s[ ∥

∥f1(x)
∥

∥ ≥ R. ℄YVk 1 �hQ}($�"��b6}�A($=5MQ c (‖c‖ < 1) [	� ∥

∥f1(c)
∥

∥ ≥ R. f1(c) = eiφ(c̄)α + c, :� c = ‖c‖ eiϕ,s
f1(c) = ‖c‖α ei(φ−αϕ) + ‖c‖ eiϕ. (3)

α < 0, ‖c‖ < 1, ‖c‖α >> ‖c‖. Y (3) MI ∥

∥f1(c)
∥

∥ ∼= ‖c‖α.
∥

∥f1(c)
∥

∥ ≥ R, ‖c‖α ≥ R, �bvI
‖c‖ ≤ R1/α. (4)_ (3) M(�J�h�[

∥

∥f1(c)
∥

∥

2
= ‖c‖2α

+ 2 ‖c‖α+1
cos[(α + 1)ϕ− φ] + ‖c‖2 . (5)Y (5) Mb� ‖c‖ } ϕ J�W�{X (4) Mb: ‖c‖ !0

‖c‖ = R1/α[1− δ(ϕ)], (6)wm δ(ϕ)≪ 1. : (6) MC9 (5) M�#^ ∥

∥f1(z)
∥

∥

2 ≥ R2 �,FBM^�bI
δ (ϕ) ∼= cos[(α + 1)ϕ− φ]

αR1−1/α
. (7)b8�A($aiJ�)Y[ |α + 1| ;J0�_.*�#�A�)
Ep

ϕ = (2kπ + φ)/(α + 1) (k }|W�# 0 ≤ k ≤ |α + 1| − 1).Vk 2 J������V α ,r|W��Vk 2 JD�DPW^ α ,r�WHJ%d��A($=J5MQ c 	� ∥

∥f1(c)
∥

∥ ≥ R, bW B1 �Ne�:��$=J5MQ c 	�
∥

∥fk(c)
∥

∥ ≥ R # ∥

∥fk−1(c)
∥

∥ < R, sW Bk �Nt�$�
∀c ∈ B2, ∃f1(c) ∈ B1 � ∥

∥f2(c)
∥

∥ ≥ R. C B2 J�"} c2, B1 �"} c1, s c1 = 0 (hQ)O c2 J���[ eiφ(c̄2)
α + c2 = 0, s
c2 = ei

φ−(2m+1)π
α+1 , m = 0, 1, . . . , |α + 1| − 1, (8)Y (8) Mb� B2 JxW} |α + 1|. Yt 1 b8 B2 ,}�$0��AJ�$�{X (8) M��C�$ B2 J�"�^
P} 1 Ji�=�℄YVk 2, α k���A($ B1 J
P R1/α kA�)^ 1, , B1 kAM B2, Q: B2 �[7���bI5 B1 J3>CA^ B2. Kabv5

Bk J3>a� k JtAa�9;N�Yt 1(d) �b^G�C�$�{�3���$���$�{℄�3�|��$ · · · , wÆD�p�qZ�="j5���N M )J|naV jAt(}�^�n�x��J��^*�
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Æi�uB��$ Bk (3 ≤ k ≤ N) : ∀c ∈ Bk, ∃f1(c) ∈ Bk−1. C Bk J�"} ck, Bk−1 J�"} ck−1, s f1(ck) = ck−1. SÆ_� B3, B2 J�"O B3 J�" c3 J��,
eiφ(c̄3)

α + c3 = c2. (9): (8) MC9 (9) M�,b(5 c3. }x/V B3 JxW����_�8
kT%d� α = −2,

φ = π/2, #� c3 = ‖c3‖ eiγ , s (9) M�}
‖c3‖−2

ei(π/2−2γ) + ‖c3‖ eiγ = eiπ/2. (10)Y (10) Mt�I �- _R�L�[
{

‖c3‖−2
cos 2γ + ‖c3‖ sin γ = 1,

‖c3‖−2
sin 2γ + ‖c3‖ cos γ = 0.

(11)Y (11) MJObMFI γ1 = π/2, γ2 = −π/2, sin γ = −‖c3‖3
/

2. : γ1 = π/2 C9 (11) JOFM�I
‖c3‖3 − ‖c3‖2 − 1 = 0. (12)Y;;h1FJ�M�h1 (12) J~I{}

‖c3‖ =
1

3
(

3

√

29 +
√

837

2
+

3

√

29−
√

837

2
+ 1), (13)=M ‖c3‖ > 1, b�t B3 �^hQG B2 (Y (8) Mb� B2 �^~ y �=) �"r�J<,�=�K:hvp<,�=H;�[ B4, B5, . . . , BN . : γ2 = −π/2 C9 (11) MJOFM�I

‖c3‖3 + ‖c3‖2 + 1 = 0, (14)h1 (14) �~I{�� γ2 = −π/2 >.�o: sinγ = −‖c3‖3
/

2 C9 (11) MJOFM�bI
‖c3‖6 + ‖c3‖2 − 1 = 0. (15)� ‖c3‖2 = y, s=Mb�};;h1�F5t;;h1J~I{�,b(I

‖c3‖ =
√
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1

2
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1
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3
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3

√

1

2
− 1

6

√
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3
)
1
2 , (16)=M ‖c3‖ < 1, : C9 sin γ = −‖c3‖3

/

2 ��b(I
γ = ± arcsin[−1

2
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1

2
+

1
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3
+
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√

1

2
− 1

6

√
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3
)
3
2 ]. (17)Y (17) M�b��[�^~ y �_.p B2 m( (� B2 |`MhQ) Jtx B3, , B2 [ 3 xh� B3. w\� α = −2 J�N M )[ |α + 1| = 1 x B2, |α− 1| = 3 x B3.H (9) Mhv�b� Bk J�" �}

eiφ(c̄k)α + ck = ck−1. (18)



4� z%g�GiqU� z ← eiφ(z̄)α + c (α < 0) K�O M * 747Y=Vn�bvI α = −ηJ�NM)J B1xW} 1, Bk xW} ∣

∣(α − 1)(α + 1)k−2
∣

∣ (k =

2, 3, . . . , N). w�� N → ∞ H�,k�MN=Jr|WBJ�N J )Y[�&"jJ��^-�D��
2.2 α = −(η + ε)t 2 } α ,r�WHJ�N M )�e} η + 1 x�$0+Fx�$0�f�3�A($J�_.$0D���a ε JtA��$0�f�℄E,a=�0}y|�$0�wF��bFQ}YpT?

z ← eiφ(z̄)α + c, α < 0 (19)�q�N M )�_ (z̄)α J0_�#Wx DeMoivre k�
(z̄)α = rα(cos αθ − i sinαθ), (20)wUA+G�= θ ��f{J1,��v1, θ Jf{}K
℄Æ%d�[0, 2π), [−π, π), [−3π/2, π/2)� [−π/2, 3π/2). E α = −η H�:��S� (20) MJKW�Q

{

cos(αθ) = cos(αθ + 2πα),
sin(αθ) = sin(αθ + 2πα),

(21)D α = −(η + ε)H�s (21)M�0q�� θ f{J�q1,:F��N M)J�q=���xpKW (20) MH�: αθ -5=V℄Æ��f{�UCK αθ 3"7 2π J|W�eK(T|�wUF��N M )5�x?Y�℄|�*Ex n�$0�_^r�WJ α ��YM (8) b�Fxy|J�C�$ B2 J�"J�=} (φ− π)/(α + 1). : θ+ � θ− n��NÆt B2 �$0Jb[Q�J�A����=�s θ± = (φ− π)/(α + 1) ± π/|α + 1|. ℄{XVk 1, bnWt�y|J�$0p�
[Hy"�Hyh�0� |α + 1| − 1 �J 2π/|α + 1| �\e!I�N
M )J `�$0�a=V�= θ J1,p~ x �~ y �r x "r y �8J�r/*�:�m.t�$0p�~ x �~ y �r x "r y ��wUF�9� x " y � (ptxh�=) J�$0 n�G�5�x n�$0�#J5�p�= θ �r/J~ x �~ y �r x "r y �8�b8JE α ,r�WH n�$0"�5��
Æ�vK1,�= θ ∈ [0, 2π) }p�eVu\�wF���E�F�y|J�$09�~ x �H�8
[~|W m+ � m− 	�

1). θ+ + 2πm+/|α + 1| > 2π > θ− + 2πm+/|α + 1|;
2). θ− − 2πm−/|α + 1| < 0 < θ+ − 2πm−/|α + 1|.s:F� n�$0J5��_^%d (1),  n�$05�p~ x�
hG�=} (θ−+2πm+/|α + 1|)8�_^%d (2),  n�$05�p~ x�=hG�=} (θ+−2πm−/|α + 1|)8�Y α,r|WH�v_��$Ji��b�_r�WJ α �� n�$ B2 O�T? f−1 :*E��J n�$ B3, � n�$O�T? f−1 :*E|� n�$ B4 · · · , wB n�$ B2 :F�eJ��B;Jh�� n�$ Bk(k = 3, 4, . . . , N) J5��w\�r�WBJ�N J )DY[�&"jJ��^-�D� [t 2(d)]. qk��b_�=1,} θ ∈ [−3π/2, π/2), θ ∈ [−π, π)� θ ∈ [−π/2, 3π/2) J%dK(Vu+V�
3 5 <
1). ��8QxFhpT? z ← eiφ(z̄)α + c{α < 0, φ ∈ [0, 2π)} ~GQJ*
�y5xtpT?J�N M )JVN���q5F�z�N M )�nWp��Wk��0_%�t�D�
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(a) α = −5.2, θ ∈ [0, 2π) (b) α = −5.5, θ ∈ [0, 2π) (c) α = −5.8, θ ∈ [0, 2π) (d) u a i
+eKW!kB
(e) α = −5.2, θ ∈ [−3π/2, π/2) (f) α = −5.5, θ ∈ [−3π/2, π/2) (g) α = −5.8, θ ∈ [−3π/2, π/2)

(h) α = −5.2, θ ∈ [−π, π) (i) α = −5.5, θ ∈ [−π, π) (j) α = −5.8, θ ∈ [−π, π)

(k) α = −5.2, θ ∈ [−π/2, 3π/2) (l) α = −5.5, θ ∈ [−π/2, 3π/2) (m) α = −5.8, θ ∈ [−π/2, 3π/2)u 2 s�XCK�O M *JI?W3Jhd�_�N M )JD��=�K(x8Q�
�|WB�N M )Y[_.*�n&kz��WB�N M )5�x?Y�℄|�# =��1Hf^�=��f{J1,�
2). ��
�tpT?J�N M )J-�D�a$W α, R � φ �5=pVu���Dw
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Generalized Mandelbrot Sets from a Class of Complex Mapping

z ← e
iφ(z̄)α + c(α < 0)

WANG Xing-yuan
(School of Electronic & Information Engineering, Dalian University of Technology, Liaoning 116024, China )

Abstract: The nature of critical points from a class of complex mapping z ← eiφ(z̄)α + c{α < 0, φ ∈
[0, 2π)} was analyzed, the definition of the generalized Mandelbrot sets was given, and a series of the
generalized Mandelbrot sets for negative real index number were constructed. Using the experimental
mathematics method and the theory of analytic function of one complex variable with computer aided
drawing, the fractal features and evolution of the generalized Mandelbrot sets were studied. The results
show: 1). The geometry structure of the generalized Mandelbrot sets depends on the parameters of α,
R and the following φ; 2). The generalized Mandelbrot sets for integer index number have symmetry
and fractal feature; 3). The generalized Mandelbrot sets for decimal index number have discontinuity
and collapse, and their evolutions depend on the choice of the principal range of the phase angle.

Key words: a class of complex mapping; critical point; the generalized Mandelbrot sets; fractal; evolu-
tion.


