
<27)<4i � [ ` & | f L Vol.27, No.4

2007_11� JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION Nov., 2007Zf0;: 1000-341X(2007)04-0755-07 Z\1VJ� ARAkiFM=4oTrpq
(t�S(Z��ZC�t� G� 445000)

(E-mail: zhanjianming@hotmail.com)e a: � K.Atanassov r"s���+Xs�7~)��\'Ds���+Xs %y7Bn�3xDk*��a�_%D
9s���+Xs y73%N��N9?-�3
�(KDs���+Xs %y{s���+Xs%y7eC�:B5:  y
s���+Xs %y
3%
s���+Xs%y�
MSC(2000): 20N20; 20N25mY7H: O159

1 d `�*Wr�6V`�w�Æ?℄Y� K.Atanassovy 1986^�,+&��q�j�|zj"Y�ÆEj}�:J�vj�suNR�+CoF^,�j�� K.Atanassovm G.Gargov[3]+&C�*WrM�6:J5�	 H.Bustince m P.Burillo[4,5] !e�+&C�*WrdB�Wr.6:J��^$Cjzr��Wr�6ABmr�	 C.Dogan[8] [&C�*Wr6g4�6Am��^$C#6e
6g�`>,	<Ob8 [10−12] �WrxNR,C.BHD�6^,��R^,AgC� K.Atanassov ^,6J	m
X�2zd9RTWr�Y:J�j�ZF}�6fMsu�AC}(� 1990 ^� T.Vougiouklis �; 5 � AHA |o�+&C��`6V`�~Æ�x��x��℄x��y��W8 [13−15]; Davvaz 8 [6,7,9] ^$C��8�x6�`zW��2wCeBE�J�4Ym9�� z�xd�*Wr�6:JNR�suNR6^$^,xo.!	��t5CeRsu"k�1'j:JHb�zG5o�7��vj�z�YZYQ��6Kv	5mAB�zvK:Jf(�K.Atanassov y 1989^+&Cr���*Wr� [2], 1℄��6/�:J^$^,�:	.��='����^,6}(��-H[&Cr���*Wr�x6V`�̂ $C�8�x62$M��M8>,�
H'JCjze
r���*WrxI�6AB�
2 >/8O�QF{leR}�V`�6b 2.1
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(ii) ∀a ∈ H, a · H = H · a = H .� x ∈ H , A, B ⊆ H . u A · B, A · x, x · B Q���

A · B =
⋃

x∈A,y∈B

x · y, A · x = A · {x} m x · b = {x} · B.6b 2.2
[6] eY�x H 6eYWr$� µ !9 H 6eYWr�$x���#N'

(i) ∀x, y ∈ H, min{µ(x), µ(y)} ≤ infα∈x·y µ(α);

(ii) ∀x, a ∈ H, ∃y ∈ H � x ∈ a · y p min{µ(a), µ(x)} ≤ µ(y);

(iii) ∀x, a ∈ H, ∃z ∈ H � x ∈ z · a p min{µ(a), µ(x)} ≤ µ(z).Ea:�x6b 2.3 eY�x H 6eYWr$� µ !9 H 6eYLWr�$x���#N'
(i) ∀x, y ∈ H, max{µ(x), µ(y)} ≥ supα∈x·y µ(α);

(ii) ∀x, a ∈ H, ∃y ∈ H � x ∈ a · y p max{µ(a), µ(x)} ≥ µ(y);

(iii) ∀x, a ∈ H, ∃z ∈ H � x ∈ z · a p max{µ(a), µ(x)} ≥ µ(z).6b 2.4
[2] ! â = [a−, a+] 9r���j� 0 ≤ a− ≤ a+ ≤ 1. H D[0, 1] ��!xr��`"6�n�� D[0, 1] = {[a−, a+]|0 ≤ a− ≤ a+ ≤ 1} �j� D[0, 1] 6��!9 D[0, 1] 6r���� a ∈ [0, 1], gA a = [a, a], �Gz a ∈ D[0, 1], �k;#r���h1�67
�6b 2.5
[2] � âi ∈ D[0, 1], j� âi = [a−

i , a+
i ], ∀i ∈ I, �> I �����Am

inf âi = [
∧

i∈I

a−

i ,
∧

i∈I

a+
i ]; sup âi = [

∨

i∈I

a−

i ,
∨

i∈I

a+
i ].)�:�� â1, â2 ∈ D[0, 1], â1 = [a−, a+], â2 = [b−, b+]. gA

(1) â1 ≤ â2 ⇔ a− ≤ b−, a+ ≤ b+;

(2) â1 = â2 ⇔ a− = b−, a+ = b+;

(3) â1 < â2 ⇔ â1 ≤ â2 p â1 6= â2;

(4) kâ = [ka−, ka+], j� 0 ≤ k ≤ 1.Gz� (D[0, 1],≤,∨,∧) `"eY7�X�px*Q� 0 = [0, 1] m*.� 1 = [1, 1].6b 2.6
[2] � G�h1x�t� µ̂ : G → D[0, 1]9x G6eYr��Wr��� µ̂(x) =

[µ−(x), µ+(x)], j� µ−(x) ≤ µ+(x), ∀x ∈ G.6b 2.7
[1] � X �eP4#?�n�V~ A = {(x, αA(x), βA(x))|0 ≤ αA(x) + βA(x) ≤

1, ∀x ∈ X} 6� )!9 X 6�*Wr��j� αA : X → [0, 1] z βA : X → [0, 1] ,9 X �6h1Wr�� αA(x) z βA(x) Q��� X ��� x �y A 6��DzP��D�9N�l��1���*Wr� A = {(x, αA(x), βA(x))|0 ≤ αA(x) + βA(x) ≤ 1, ∀x ∈ X}�	9 A = {(x, αA(x), βA(x))|x ∈ X}.6b 2.8
[1] ! A = {(x, M̂A(x), N̂A(x))|x ∈ X}9 X �6r���*Wr��j� [0, 0] ≤

M̂A(x)+ ≤ N̂A(x) ≤ [1, 1], ∀x ∈ X . �	9 A = (M̂A, N̂A).



4i ��U�s���+Xs %y 757�r��Wr�:J�gA�∀a ∈ [0, 1], [a, a] = a, y��*Wr��r���*Wr�6e�)�q6�
3 Q�jhEL<3nS6b 3.1 � H ��x�� H 6r���*Wr� A = (M̂A, N̂A) !9r���*Wr�$x���#N'~E/��

(1) min{M̂A(x), M̂A(y)} ≤ infα∈x·y M̂A(α)pmax{N̂A(x), N̂A(y)} ≥ supα∈x·y N̂A(α), ∀x, y ∈

H ;

(2) ∀x, a ∈ H, ∃y ∈ H � x ∈ a·ypmin{M̂A(x), M̂A(a)} ≤ M̂A(y)zmax{N̂A(x), N̂A(a)} ≥

N̂A(y);

(3) ∀x, a ∈ H, ∃z ∈ H � x ∈ z·apmin{M̂A(x), M̂A(a)} ≤ M̂A(z)zmax{N̂A(x), N̂A(a)} ≥

N̂A(z).6b 3.2 � X �P4�n� A = (M̂A, N̂A) 9 X 6r���*Wr$��Am
U(M̂A; [t, s]) = {x ∈ X |M̂A(x) ≥ [t, s]}; L(N̂A; [t, s]) = {x ∈ X |N̂A(x) ≤ [t, s]}.6I 3.3 � H ��x�� A = (M̂A, N̂A) 9 H 6r���*Wr�$x6%
/��Ey ∀t, s ∈ [0, 1], t ≤ s, U(M̂A; [t, s]) z L(N̂A; [t, s]) � H 6�$x�gK �A = (M̂A, N̂A)�H 6r���* (SH , TH)-Wr�$x�Ey ∀x, y ∈ U(M̂A; [t, s]),� M̂A(x) ≥ [t, s] p M̂A(y) ≥ [t, s]. pH min{M̂A(x), M̂A(y)} ≥ min{[t, s], [t, s]} = [t, s], �

infα∈x·y M̂A(α) ≥ [t, s]. bEy α ∈ x · y, x α ∈ U(M̂A; [t, s]). y� x · y ⊆ U(M̂A; [t, s]). p+�Ey ∀a ∈ U(M̂A; [t, s]), x a · U(M̂A; [t, s]) ⊆ U(M̂A; [t, s]). � x, a ∈ U(M̂A; [t, s]), � y ∈ H �
x ∈ a · y p min{M̂A(x), M̂A(a)} ≤ M̂A(y). p x, a ∈ U(M̂A; [t, s]), � min{M̂A(x), M̂A(a)} ≥

[t, s]. y� M̂A(y) ≥ [t, s], � y ∈ U(M̂A; [t, s]), �'�T U(M̂A; [t, s]) ⊆ a · U(M̂A; [t, s]). pH
a ·U(M̂A; [t, s]) = U(M̂A; [t, s]) = U(M̂A; [t, s]) · a. b U(M̂A; [t, s]) � H 6eY�$x�8�1� L(N̂A; [t, s]) � H 6�$x�L��� [t, s] ∈ D[0, 1], U(M̂A; [t, s])(6= ∅) � H 6�$x� ∀x, y ∈ H , H [t0, s0] =

min{M̂A(x), M̂A(y)}, � x, y ∈ U(M̂A; [t0, s0]). y� x · y ⊆ U(M̂A; [t0, s0]), [OEy α ∈ x · y,x α ∈ U(M̂A; [t0, s0]), ��T infα∈x·y M̂A(α) ≥ TH(M̂A(x), M̂A(y)). H� a, x ∈ H , H
[t1, s1] = min{M̂A(a), M̂A(x)}, � a · x ∈ U(M̂A; [t1, s1]), pH ∃y ∈ U(M̂A; [t1, s1]) � x ∈ a · yp M̂A(y) ≥ [t1, s1]. [O M̂A(y) ≥ min{M̂A(a), M̂A(x)}. 8�1�Ey ∀a, x ∈ H, ∃z ∈ H �
x ∈ z · a p M̂A(z) ≥ min{M̂A(a), M̂A(x)}. b M̂A �r��Wr�$x�2:1� N̂A �r��LWr�$x�-H A = (M̂A, N̂A) �r���*Wr�$x� 26b 3.4 � f ��n X 4 Y 6t��p A = (M̂A, N̂A), B = (M̂B, N̂B) Q�� X m Y6r���*Wr��� A = (M̂A, N̂A) 6M f [A] = (f(M̂A), f(N̂A)) � Y 6r���*Wr��gAEyeo y ∈ Y ,

f(M̂A)(y) =





sup

z∈f−1(y)

M̂A(z), � f−1(y) 6= ∅,

[0,0], S�,
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f(N̂A)(y) =

{
inf

z∈f−1(y)
N̂A(z), � f−1(y) 6= ∅,

[1,1], S�.

B = (M̂B, N̂B) 6�M f−1(B) = (M̂f−1(B), N̂f−1(B)) � X 6r���*Wr$��gAEyeo x ∈ X , M̂f−1(B)(x) = M̂B(f(x)); N̂f−1(B)(x) = N̂B(f(x)).�Æ���+Am�Gz ∀x ∈ X , f(M̂A)(x)+ f(N̂A)(x) ≥ [0, 0]. 2��E}k
A x ∈ X .eNR�� f−1(x) 6= ∅, �
f(M̂A)(x) + f(N̂A)(x) = sup

z∈f−1(x)

M̂A(z) + inf
z∈f−1(x)

N̂A(z)

≤ sup
z∈f−1(x)

M̂A(z) + sup
z∈f−1(x)

N̂A(z) = sup
z∈f−1(x)

(M̂A(z) + N̂A(z)) ≤ [1, 1].GeNR�� f−1(x) = ∅, �
f(M̂A)(x) + f(N̂A)(x) = [0, 0] + [1, 1] = [1, 1],p+�px� [0, 0] ≤ M̂A(x)+ ≤ N̂A(x) ≤ [1, 1], ∀x ∈ X . b f [A] = (f(M̂A), f(N̂A)) � Y 6r���*Wr�� ∀x ∈ X , Gz� M̂f−1(B)(x) + N̂f−1(B)(x) ≥ [0, 0], Hp

M̂f−1(B)(x) + N̂f−1(B)(x) = M̂B(f(x)) + N̂B(f(x)) ≤ [1, 1],b f−1(B) = (M̂f−1(B), N̂f−1(B)) � X 6r���*Wr$��6b 3.5
[6] �H1zH2��x��t� f : H1 → H2N' x, y ∈ H1, f(x·y)∩f(x)·f(y) 6= ∅9�2$	� f N' x, y ∈ H1, f(x · y) = f(x) · f(y) 9n2$	�n2$ f �N�6��! f�N2$�
I 3.6
[15] � H1 z H2 ��x�t� f : H1 → H2 �N2$�� K � H1 6�$x�� f(K) � H2 6�$x�6I 3.7 � H1 z H2 ��x� f � H1 4 H2 6N2$��

(i) � A = (M̂A, N̂A) � H1 6r���*Wr�$x�� A 6M f [A] � H2 6r���*Wr�$x	
(ii) � B = (M̂B, N̂B) � H2 6r���*Wr�$x�� B 6�M f−1(B) � H1 6r���*Wr�$x�gK (i) � A = (M̂A, N̂A) � H1 6r���*Wr�$x�wA: 3.3 �� ∀[t, s] ∈

D[0, 1], U(M̂A; [t, s])z L(N̂A; [t, s])�H16�$x�wq: 3.6� f(U(M̂A; [t, s])z f(L(N̂A; [t, s]))� H2 6�$x�w=I [7]V, 3.6��U(f(M̂A); [t, s]) = f(U(M̂A; [t, s]))p L(f(N̂A); [t, s]) =

f(L(N̂A; [t, s])),� U(f(M̂A); [t, s])z L(f(N̂A); [t, s])� H2 6�$x�-HwA: 3.3��f [A]� H2 6r���*Wr�$x�
(ii) Ey ∀x, y ∈ H, α ∈ x · y, �

M̂f−1(B)(α) = M̂B(f(α)) ≥ min{M̂B(f(x)), M̂B(f(y))} = min{M̂f−1(B)(x), M̂f−1(B)(y)},� infα∈x·y M̂f−1(B)(α) ≥ min{M̂f−1(B)(x), M̂f−1(B)(y)}.



4i ��U�s���+Xs %y 7592:1�T supα∈x·y N̂f−1(B)(α) ≤ max{N̂f−1(B)(x), N̂f−1(B)(y)}.E�A:N'Am 3.1(2), � x, a ∈ H , � ∃y ∈ H � x ∈ a · y, �x f(x) ∈ f(a) · f(y) p
min{M̂f−1(B)(x), M̂f−1(B)(a)} = min{M̂B(f(x)), M̂B(f(a))} ≤ M̂B(f(y)) = M̂f−1(B)(y).8�1� max{N̂f−1(B)(x), N̂f−1(B)(a)} ≥ N̂f−1(B)(y). dyA:N'Am 3.1(3) 8�y���T�b f−1(B) � H1 6r���*Wr�$x� 2� (H, ·) ��x�H U ��x H 6��6!xxJ�6�n�� H �Am β ~E�

xβy ⇐⇒ {x, y} ⊆ u, u ∈ U .� β̂ � β 6*=���� H/β̂ �eYx�� H/β̂ �AmE�1����
β̂(a) ⊙ β̂(b) = {β̂(c)| for all c ∈ β̂(a) · β̂(b)}, ∀a, b ∈ H.

Vougiouklis �=I [15] �TC2 a m b wA�� β̂(a) ⊙ β̂(b)  leY������TC
⊙ 6n:W�-H�Q1i���AmU9�

β̂(a) ⊙ β̂(b) = β̂(c), ∀c ∈ β̂(a) · β̂(b)dB β∗ �� H/β∗ `"x H �6*Q8�dB�! β∗ � H �6}�8�dB [15].6I 3.8
[15] }�8�dB β∗ � β 6*=���� β∗ = β̂ .6b 3.9 � (H, ·) ��x�p A = (M̂A, N̂A) � H 6r���*Wr$���r���*Wr$� A/β∗ = (M̂Aβ∗, N̂Aβ∗) Am~E�

M̂Aβ∗ :
H/β∗ → D[0, 1]

M̂Aβ∗(β
∗(x)) = sup

a∈β∗(x)

M̂A(a),

N̂Aβ∗ :
H/β∗ → D[0, 1]

N̂Aβ∗(β
∗(x)) = inf

a∈β∗(x)
N̂A(a).E�Ey ∀β∗(x) ∈ H/β∗, [0, 0] ≤ M̂Aβ∗(β

∗(x)) + N̂Aβ∗(β
∗(x)) ≤ [1, 1].�Æ��∀β∗(x) ∈ H/β∗ ,Gz�M̂Aβ∗(β

∗(x))+N̂Aβ∗(β
∗(x)) ≥ [0, 0],GeNR�∀a ∈ β∗(x),

M̂A(a) + N̂A(a) ≤ [1, 1], � M̂A(a) ≤ [1, 1]− N̂A(a). pH�
M̂Aβ∗(β

∗(x)) = sup
a∈β∗(x)

M̂A(a) ≤ sup
a∈β∗(x)

M̂A{[1, 1]− N̂A(a)}

= [1, 1]− inf
a∈β∗(x)

N̂A(a)} = [1, 1] − N̂Aβ∗(β
∗(x)),� M̂Aβ∗(β

∗(x)) + N̂Aβ∗(β
∗(x)) ≤ [1, 1]. b��Am�n:6� 26b 3.10 � (G, ∗) �h1x�p A = (M̂A, N̂A) 9 H 6r���*Wr���! A =

(M̂A, N̂A) 9 G 6r���*Wr$x���#N'
(i) ∀x, y ∈ G, min{M̂A(x), M̂A(y)} ≤ M̂A(x ∗ y) p max{N̂A(x), N̂A(y)} ≥ N̂A(x ∗ y);

(ii) ∀x ∈ G, M̂A(x) ≤ M̂A(x−1) p N̂A(x) ≥ N̂A(x−1).



760 � Z _ % { e K 27)6I 3.11 � A = (M̂A, N̂A)��x H 6r���*Wr�$x�� A/β∗ �x H/β∗ 6r���*Wr$x�gK j�PYx��x�p+�F/I H/β∗ ,9eY�x�Am ϕ : H → H/β∗ 9
ϕ(a) = β∗(a), ∀a ∈ H , � ϕ �N2$�-HwA: 3.7 �� A/β∗ � H/β∗ 6r���*Wr�$x��

(i) ∀β∗(x), β∗(y) ∈ H/β∗, x
min{M̂Aβ∗(β

∗(x)), M̂Aβ∗(β
∗(y))} ≤ inf

β∗(α)∈β∗(x)⊙β∗(y)
M̂Aβ∗(β

∗(α))p max{N̂Aβ∗(β
∗(x)), N̂Aβ∗(β

∗(y))} ≥ sup
β∗(α)∈β∗(x)⊙β∗(y)

N̂Aβ∗(β
∗(α));

(ii) ∀β∗(x), β∗(a) ∈ H/β∗, ∃β∗(y) ∈ H/β∗ � β∗(x) = β∗(a) ⊙ β∗(y) p
min{M̂Aβ∗(β

∗(x)), M̂Aβ∗(β
∗(a))} ≤ M̂Aβ∗(β

∗(y)),

max{N̂Aβ∗(β
∗(x)), N̂Aβ∗(β

∗(a))} ≥ N̂Aβ∗(β
∗(y)).E�A:N'Am 3.10(i). w (i) �� ∀β∗(x), β∗(y) ∈ H/β∗, x

min{M̂Aβ∗(β
∗(x)), M̂Aβ∗(β

∗(y))} ≤ inf
β∗(α)∈β∗(x)⊙β∗(y)

M̂Aβ∗(β
∗(α))

≤ sup
β∗(α)∈β∗(x)⊙β∗(y)

M̂Aβ∗(β
∗(α)) = M̂Aβ∗(β

∗(x) ⊙ β∗(y))� min{M̂Aβ∗(β
∗(x)), M̂Aβ∗(β

∗(y))} ≤ M̂Aβ∗(β
∗(x) ⊙ β∗(y)), 8�1�

max{N̂Aβ∗(β
∗(x)), N̂Aβ∗(β

∗(y))} ≥ N̂Aβ∗(β
∗(x) ⊙ β∗(y)).E�A:N'Am 3.10(ii), �Ey ∀β∗(x) ∈ H/β∗,

M̂Aβ∗(β
∗(x)) ≤ M̂Aβ∗(β

∗(x)−1), N̂Aβ∗(β
∗(x)) ≥ N̂Aβ∗(β

∗(x)−1).p9 β∗(x) ∈ H/β∗, �O� β∗(a) = β∗(x), �w (ii) � ∃β∗(y1) ∈ H/β∗, � β∗(x) =

β∗(x) ⊙ β∗(y1), p
min{M̂Aβ∗(β

∗(x)), M̂Aβ∗(β
∗(x))} ≤ M̂Aβ∗(β

∗(y1)),

max{N̂Aβ∗(β
∗(x)), N̂Aβ∗(β

∗(x))} ≥ N̂Aβ∗(β
∗(y1)),p9 β∗(x) = β∗(x) ⊙ β∗(y1), � ωH = β∗(y1), j� ωH �� H/β∗ 60<��-H

(I) M̂Aβ∗(β
∗(x)) ≤ M̂Aβ∗(β

∗(ωH)) z N̂Aβ∗(β
∗(x)) ≥ N̂Aβ∗(β

∗(ωH)).� β∗(x), ωH ∈ H/β∗. w (ii) �� ∃β∗(y2) ∈ H/β∗ � ωH = β∗(x) ⊙ β∗(y2), p
min{M̂Aβ∗(ωH), M̂Aβ∗(β

∗(x))} ≤ M̂Aβ∗(β
∗(y2)),

max{N̂Aβ∗(ωH), N̂Aβ∗(β
∗(x))} ≥ N̂Aβ∗(β

∗(y2)),p9 ωH = β∗(x) ⊙ β∗(y2), � β∗(y2) = β∗(x)−1. y�
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(II)

min{M̂Aβ∗(ωH), M̂Aβ∗(β
∗(x))} ≤ M̂Aβ∗(β

∗(x)−1),

max{N̂Aβ∗(ωH), N̂Aβ∗(β
∗(x))} ≥ N̂Aβ∗(β

∗(x)−1).w (I) z (II) 15 M̂Aβ∗(β
∗(x)) ≤ M̂Aβ∗(β

∗(x)−1), N̂Aβ∗(β
∗(x)) ≥ N̂Aβ∗(β

∗(x)−1). b A/β∗ �x H/β∗ 6r���*Wr$x� 2l_ �=54-�d��m&h���\TD�6�3m�"��+���T:WS�2G[℄�
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Interval Valued Intuitionistic Fuzzy Hv-Subgroups

ZHAN Jian-ming
(Department of Mathematics, Hubei Institute for Nationalitices, Hubei 445000, China )

Abstract: On the basis of the concept of the interval valued intuitionistic fuzzy sets introduced by
K.Atanassov, the notion of interval valued intuitionistic fuzzy Hv-subgroups is given and the charac-
teristic properties are described. The homomorphic image and the inverse image are investigated. In
particular, the connections between interval valued intuitionistic fuzzy Hv-subgroups and interval valued
intuitionistic fuzzy subgroups are discussed.

Key words: Hv-group; interval valued intuitionistic fuzzy Hv-subgroup; homomorphism; interval valued
intuitionistic fuzzy subgroup.


