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1 � ;v G )[>gF�� r(G) �' G �8SO��'A�k>+�<~\}%8SO��A�k>+ r(G) ≤ 1 'gF� G .

(1) r(G) = 0 ⇐⇒G 9SO��
(2) r(G) = 1 ⇐⇒G 9�SO��2�SO��gB*���5C'kL [1]:

(I) G ∼= Zp × Zp ;

(II) G 9 8 ℄.o+� Q8 ;

(III) G = 〈a, b〉, g�BFA�
ap = 1, bqm

= 1, b−1ab = ar, � r 6≡ 1(mod p), rq ≡ 1(mod p). Æ�� p, q 9Na/+�
m, r 9{z+�Æ:1ws r(G) = 2 'gF��&$�B-m�I<�' �gF� G '8SO��A�k>+ r(G) = 2, u

(I) " G 9 p- �% (p 9/+), G 9B*r��i~[�
i). G 9 (p2, p) L[Q�� G = 〈a, b〉 g-`FA� ap2

= bp = 1, [a, b] = 1;

ii). p 6= 2, G = 〈a, b〉 g-`FA� ap2

= bp = 1, b−1ab = a1+p.

(II) " G �)/+�℄�%� G 9B*��i~[�
i). G ∼= Zp × Zp × Zq , p, q 9Na/+�
ii). G ∼= Q8 × Zp , p 9�/+�
iii). G ∼= G = 〈a, b| ap2

= bqm

= 1, b−1ab = ar〉, � r 6≡ 1(mod p2), rq ≡ 1(mod p2), p, q 9Na/+�� p > q, m, r 9{z+�
iv). G ∼= H × Zr, Æ�� H = 〈a, b| ap = bqm

= 1, b−1ab = at〉, � t 6≡ 1(mod p), tq ≡

1(mod p), p, q, r 9Na/+� m, t 9{z+�
v). G ∼= [Z2

p ]Zq, [Z2
p , Zq] = Z2

p , p, q 9Na/+�� q|p + 1, q ∤ p − 1;

vi). G ∼= [Q8]Z3, [Q8, Z3] = Q8;0�.,: 2005-08-08; #1.,: 2006-07-16
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vii). G ∼= G = 〈a, b| ap = bqm+1

= 1, b−1ab = ar〉, � rq 6≡ 1(mod p), rq2

≡ 1(mod p), p, q9Na/+� m, r 9{z+�
2 C��(?' 2.1 ��s�g 2 >T���' p−��F* 5|4�# p−� G �gr>T��� M1, M2, g | G : Mi |= p, i = 1, 2. u | G |= p | M1 |,

M1 ∪ M2 < G, E ∀x ∈ G \ M1 ∪ M2, g 〈x〉 = G, xX G �g[>T����{1�?' 2.2
[1] # |G| = pn (p 9/+), G g pn−1 ℄SO�� 〈a〉, u G �gB*�kL�

(I) pn ℄SO�� G = 〈a〉, apn

= 1, n ≥ 1 ;

(II) (pn−1, p) L[Q�� G = 〈a, b〉, apn−1

= bp = 1, [a, b] = 1, n ≥ 2 ;

(III) p 6= 2, n ≥ 3, G = 〈a, b〉, g-`FA�
apn−1

= 1, bp = 1, b−1ab = a1+pn−2

;

(IV) G`.o+�� p = 2, n ≥ 3, G = 〈a, b〉, g-`FA�
a2n−1

= 1, b2 = a2n−2

, b−1ab = a−1;

(V) 3�3�� p = 2, n ≥ 3, G = 〈a, b〉, g-`FA�
a2n−1

= 1, b2 = 1, b−1ab = a−1;

(VI) p = 2, n ≥ 4, G = 〈a, b〉, g-`FA�
a2n−1

= 1, b2 = 1, b−1ab = a1+2n−2

;

(VII) p = 2, n ≥ 4, G = 〈a, b〉, g-`FA�
a2n−1

= 1, b2 = 1, b−1ab = a−1+2n−2

.?' 2.3 8SO��A�k>+ r(G) ≤ 2 'gF� G h_�F* � r(G) < 2, D� G h_�Eh# r(G) = 2. f r(G) = 2, � G 'T���/SO�6� G 'y��/SO�&$ r(G) ≤ 1, {1�E G ��!g[>T���8SO�8SOT���\A���gF� G '�3T���/s G �A��u G 9SO��{1�E
G ��!g[>T��� M SO�� M �G, u G/M 9/+℄��j) G/M , M fh_�E
G h_�� M 6 �G, u MG = ∩Mg < M, g ∈ G. �J MG 6= 1, u G/MG Zz�-m4Z�W
r(G/MG) ≤ 2, fTH℄5p4}� G/MG h_�2 MG SO�6� G h_�Eh# MG = 1.<~h|M 9 G' Hall���b9�∀p

∣

∣

∣
| M |, Mp ∈ Sylp(M), ∃P ∈ Sylp(G), &&Mp ≤ P,� Mp < P u NP (Mp) > Mp , 2 NP (Mp) ≤ NG(Mp) = M , & NP (Mp) ∈ Sylp(M), {1�E�� Mp = P , W M 9 G ' Hall ���xX�f M 'T�N& NG(Mp) = M = CG(Mp), f
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Burnside -m [1, p74, -m 5.4], & G 9 p−�u�W G = [H ]Mp , � [H, Mp] = H , H 9{I
p−��2 H 9SOR�SO�0℄ H h_�i G/H ∼= Mp h_�6� G h_�
3 J>�(�G+�' 3.1 �gF p−� G (p 9/+) '8SO��A�k>+ r(G) = 2, u G 9B*r��i~[�

i). G 9 (p2, p) L[Q�� G = 〈a, b〉 g-`FA� ap2

= bp = 1, [a, b] = 1;

ii). p 6= 2, G = 〈a, b〉 g-`FA� ap2

= bp = 1, b−1ab = a1+p.F* # G 9 p−�� r(G) = 2. fj p−�'T���\{I��5'T���
��5'A�k�E G�8SOT����g[>�� G��g[>SOT����u G�gr>T����!fm 2.1 }����i�h��E�xX G �!gr>SOT����# M1, M29 G '�_r>SOT����Æ℄f9 pn−1, ug M1

⋂

M2 = Z(G), & | Z(G) |= pn−2,

| G/Z(G) |= p2, � G/Z(G) 9 (p, p) L[Q��6� c(G) ≤ 2. 2m 2.2 e-sgSOT���'gF p−��f℄�:>}�z� r(G) = 2 'gF p−� G ��sm 2.2 ��&�m 2.2 �'kL (I) 9SO���=M4Z�2f [2, p145, -m 5.7] }kL (IV), (V),

(VII) 9 2n ℄	�k 2-��Wg c(G) = n − 1, Eg n − 1 ≤ 2, �� n = 3. E (VII) �=M4Z�b9 (VII) L�Y� n ≥ 4. " n = 3 %�kL (IV) � G 9.o+� Q8, ! Q8 9�SO�� r(G) = 1, �=M4Z�" n = 3 %�kL (V) �' G 93�3� D8, ! D8 'T���g�>A�k���g[>SOT����& r(G) = 3, ^�=M4Z�kL (II), (III) L (VI) � G fg (pn−2, p) L[QT����f r(G) = 2, &$ n − 2 = 1,E n = 3. xXz� r(G) = 2 ' p−� G (p 9/+) ��)�
(1) (p2, p) L[Q�� G = 〈a, b〉, ap2

= bp = 1, [a, b] = 1 ;

(2) p 6= 2, G = 〈a, b〉, g-`FA� ap2

= 1, bp = 1, b−1ab = a1+p .5~���' (1), (2) L p- � G �z� r(G) = 2. 2�' 3.2 �gF� G '8SO��A�k>+ r(G) = 2, � G �)/+�℄��u G 9B*��i~[�
i). G ∼= Zp × Zp × Zq , p, q 9Na/+�
ii). G ∼= Q8 × Zp , p 9�/+�
iii). G ∼= G = 〈a, b| ap2

= bqm

= 1, b−1ab = ar〉, � r 6≡ 1(mod p2), rp ≡ 1(mod p2) , p, q9Na/+�� p > q, m, r 9{z+�
iv). G ∼= H×Zr,Æ��H = 〈a, b| ap = bqm

= 1, b−1ab = at〉. t 6≡ 1(mod p), tq ≡ 1(mod p),

p, q, r 9Na/+�
v). G ∼= [Z2

p ]Zq, [Z2
p , Zq] = Z2

p , p, q 9Na/+�� q
∣

∣

∣
p + 1, q ∤ p − 1;

vi). G ∼= [Q8]Z3, [Q8, Z3] = Q8;

vii). G ∼= G = 〈a, b| ap = bqm+1

= 1, b−1ab = ar〉, � rq 6≡ 1(mod p), rq2

≡ 1(mod p), p, q9Na/+� m, r 9{z+�F* f r(G) = 2 }� G '8SOT���\A�� G �!g[>SOT�����8SOT���\9�SO��fm 2.3 }� G h_6� G �g[>{I'T����
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I. G g[>SOT��� M ){I'�#M = 〈a〉, |M | = m ,u G/M ∼= Zp, p9/+��% G)USO��9 m℄SO�M =

〈a〉  p ℄SO�'jv��s[> p−o b && G = M〈b〉, bp ∈ M . # |M | = pn1

1 pn2

2 · · · pns

s ,

pi 9�5'/+� i = 1, . . . , s. � M ' Sylow :_�
M = 〈a1〉 × · · · × 〈as〉, o(ai) = pni

i , �g 〈ai〉 � G, i = 1, . . . , s.MN 1. 0}> i, [ai, b] = 1, i = 1, . . . , s. u G [Q� G hJ� Sylow ��'�S��J� (p, pi) = 1, i = 1, · · · , s, u G 9SO��{1j r(G) = 2. E�7# p = p1, u
G = 〈a1, b〉 × · · · × 〈ai〉 × · · · × 〈as〉, f r(G) = 2 }� H := 〈a1, b〉 9 G '8SO[QT�����9�SO��f�SO�^C�H := 〈a1, b〉 ∼= Zp ×Zp, xX�G ∼= Zp ×Zp ×Zp2

. &$^w i).MN 2. �!g[> i, i ∈ {1, . . . , s}, && [ai, b] 6= 1, �7Y# [a1, b] 6= 1, & H := 〈a1, b〉8[Q� [ai, b] = 1, i ≥ 2, � 〈ai, b〉 9SO���J p = p1, u H 9 Q8, x%� G ∼= Q8 × Zq, q 9�/+�&$^w ii).�J (p, pi) = 1, i = 1, . . . , s, �|g H = 〈a1, b〉, 〈a1〉� G, 〈b〉 6 �G, � o(a1) = pn1

1 , o(b) =

qm, n1 ≥ 1, m ≥ 1. H 98 p- �u�g q < p1, u b �9 〈a1〉 '[>�5Cs 〈a1〉 �=�.,�# B = 〈a
p

n1−1

1

1 , b〉≤ H , u | B |= p1q
m, B 8[Q�� r(B) = 1. � n ≥ 2, u B < H , &

| H : B |= p1, � B 9 G 'T������ G = H , | G |= p2
1q

m, g-`FA�
G = 〈a1, b | a

p2
1

1 = bqm

= 1, b−1a1b = ar
1, r 6≡ 1(mod p2

1), rq ≡ 1(mod p2
1)〉, p1, q 9Na/+� m, r 9{z+�&$^w iii).� n = 1,u B = H < G,6� G = H×Zp2

,xo�H = 〈a1, b| a
p1

1 = bqm

= 1, b−1a1b = at
1〉,

t 6≡ 1(mod p1), tq ≡ 1(mod p1), p1, p2, q 9Na/+� m, t 9{z+�&$^w iv).

II. G g[>8SOT���){I'��SOT���\�{I�x6� G �g[>8SOT��� N , N {I� N 9�SO��f�SO�'^C�O1w���M�
i). N ∼= Zp × Zp %�
G 8 p- ��<~g N < G, � G ∼= NZq, q 9�)j p '/+� Zq

∼= G/N = G/CG(N)5Cj Aut(N) = Aut(Z2
p) '[>���2 | Aut(Z2

p) |= (p2 − 1)(p2 − p) &$ q|(p − 1)(p + 1).�J q|p− 1, u N �K[>{Ij G ' p ℄���X9 N1. xX N = N1 ×N2, N2 Z) p ℄
G -����� B1 = N1Zq l B2 = N2Zq 9 G ' 2 >y���b9 G �8SOy���g[>�u B1, B1 \SO�6& Zq ≤ CG(N), g G = N × Zq, �2 G �gSOT��� B1, {1�E q|p + 1 � q ∤ p − 1. &$^w v).

ii). N ∼= Q8 %�
G ∼= Q8Zq, q 9�/+�Q8 � G. �J G = Q8 ×Zq, u G �g 4q ℄{ISOT����{1�E G ∼= [Q8]Zq � [Q8, Zq] = Q8, i Zq 5Cj Aut(Q8) '���2 Aut(Q8) ∼= S4 ℄9

24, E q = 3 W G ∼= [Q8]Z3. &$^w vi).

iii). N ∼= X = 〈a, b〉, X g-`FA� ap = 1, bqm

= 1, b−1ab = ar, � r 6≡ 1(mod p), rq ≡

1(mod p). Æ�� p, q 9Na/+� m, r 9{z+�b9 N �g p ℄{I�� A = 〈a〉, A charN � G , u A � G, h& CG(A) � G, 0 A e
N-C -m�& G/CG(A) 5Cj Aut A ∼= Zp−1 '[>���f N 8[Q�g CG(A) 6= G,� | G/CG(A) | �!K 2 >�5'/+��|g/+ s(6= q), s| | G/CG(A) |, �[> s- o
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c 6= 1, c ∈ G ! c 6∈ CG(A), &$ 〈a, c〉 �[Q���l N A��{1j r(G) = 2. E G/CG(A))[>SO q- ��f r(G) = 2 h} CG(A) 9SO�<u� CG(A) l N A��{1j N 6⊆ CG(A).b9 G/CG(A))[>SO q-��℄z� p−1,fY#�SOT���\�{I�2 CG(A)SO�{I�E CG(A)�)T��Eg | G/CG(A) |= qt, t ≥ 2. b9 [bq, a] = 1,u bq ∈ CG(A),2 o(bq) = qm−1, E qm−1| | CG(A) |, 6& | G | ��9 pqm+1, � | G/CG(A) |= q2.b9 G/CG(A)) q2 ℄SO��vG/CG(A) = 〈yCG(A)〉u yq2

∈ CG(A). # A = 〈a〉 = 〈x〉9 p℄{I���〈x〉�G,g y−1xy = xw, w 9{z+�b9 [yq2

, x] = 1 ,0℄ wq2

≡ 1(mod p),i yq 6∈ CG(A), 0℄ wq 6≡ 1(mod p). E G g�B-`FA�
G = 〈x, y|xp = 1 = yqm+1

, y−1xy = xw , wq2

≡ 1(mod p), wq 6≡ 1(mod p)〉, p, q 9Na/+� m, w 9{z+�&$^w vii). 2I<�'�F* f-m 3.1 V-m 3.2 q&��$57�
[1] P�Æ�hG�#d ( ) [M]. �`�gQ�
"� 2001.

XU Ming-yao. Introduction of Finite Groups (upper part) [M]. Beijing: Science Press, 2001. (in Chinese)

[2] P�Æ�hG�#d (C) [M]. �`�gQ�
"� 2001.
XU Ming-yao. Introduction of Finite Groups (next part) [M]. Beijing: Science Press, 2001. (in Chinese)

[3] wp��hG�Dt [M]. �`�gQ�
"� 1982.
ZHANG Yuan-da. Construction of Finite Groups [M]. Beijing: Science Press, 1982.

[4] MILLER G A, MORENO H C. Non-abelian groups in which every subgroup is abelian [J]. Trans. Amer.
Math. Soc., 1903, 4(4): 398–404.

[5] BASMAJI B G. On the ismorphisms of two metacyclic groups [J]. Proc. Amer. Math. Soc., 1969, 22:
175–182.

[6] �����7 -
∑

- �mUI9 ∑

- � [M]. ���?�$6 Q�
"� 1988.
CHEN Chong-mu. Inside and Outside-

∑

Groups and Minimal non-
∑

-Groups [M]. Chongqing: Southwest
Normal University Press, 1988. (in Chinese)

Finite Groups with the Number of Conjugate Classes of Non-Cyclic

Subgroups Less Than or Equal to 2

LI Shi-rong, ZHAO Xu-bo
(Department of Mathatics, Guangxi University, Guangxi 530004, China )

Abstract: This paper discusses the finite groups with the number of conjugate classes of acyclic subgoups
less than or equal to 2, and gives the complete classification of the groups.

Key words: finite group; cyclic subgroup; structure of group.


