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1 �fRK� V M�U n apwÆt� G M m )E!6 Sm 9�U=6� χ M G �)���Z(�� "�Æt ⊗mV =�B	
T (G, χ)(v1 ⊗ · · · ⊗ vm) =

1

|G|

∑

σ∈G

χ(σ)vσ−1(1) ⊗ · · · ⊗ vσ−1(m).�+ T (G, χ) M ⊗mV =9�UpwU=�X���kw1 [1]:

(1) T (G, χ)2 = T (G, χ);

(2) T (G, χ)∗ = T (G, χ).*�_;(�9#! T (G, χ)(v1 ⊗ · · · ⊗ vm) _E!h=�r_ v1 ∗ v2 ∗ · · · ∗ vm. H! ⊗mV 9=Æt V m
χ (G) = T (G, χ)(⊗mV ) _ V =9"�E!��E�:��UD� V =9pwU= T , !, <^�D� V m

χ (G) =9�2pwU=
K(T ) H

K(T )v1 ∗ · · · ∗ vm = Tv1 ∗ · · · ∗ Tvm.� Mn(C) M n {Q�&od� A ∈ Mn(C), |d"�E!��h#!
d

χ
G(A) =

∑

σ∈G

χ(σ)

n∏

i=1

ai,σ(i)_[	�&`R�pVlk: 2005-06-01; [qlk: 2007-03-22Y\{j: f�Cx6���s( (2004X157).



768 S | ~ � � . � 27�r
Γm,n = {α|α = (α(1), α(2), · · · , α(m)), 1 ≤ α(i) ≤ n, i = 1, 2, · · · , m}.E r = 1, 2, · · · , n b α ∈ Γm,n, 8 mr(α) �K)R r %n α =9)R�E� α ∈ Γm,n, od

Γα = {ασ|σ ∈ G} !_ Γm,n 2�_ α 9 G ℄6k℄n�Y α, β P�\�℄613~1, 
σ ∈ G H α = βσ. m7�U℄6k$4dk$�rv��( Γm,n �O}_<SUg�rv9℄69�o�n h#�"U℄62�?A,�9>�'[%�B#�Uod�y℄6.�o�r_ △.h#�B	

△ = {ω : ω ∈ △, v(ω) =
∑

σ∈Gω

χ(σ) 6= 0}.%� Gω M ω 9�UgB=6�q Gω = {σ : σ ∈ G, 3 ωσ = ω}.zk�
 K(T ) 9�&�K� �e2�h#�s� e1, e2, . . . , en M V 9�;*vl�h#��+&�1 χ(e) = 1 F�q χ _6 G 99Z(�� Ẽ∗ = {
√

|G|
|Gα|e

∗
α : α ∈ △} M V m

χ (G)9�;*vl�12 e∗α = eα(1)
∗ eα(2)

∗ · · · ∗ eα(m)
. (F�2pwU= K(T )  Ẽ∗ 9�&!_�2�&�r_ K(A). m7 K(A) M |△| × |△| �&�3!A [2]

K(A)x1 ∗ x2 ∗ · · · ∗ xm = Ax1 ∗ Ax2 ∗ · · · ∗ Axm.

2 _�r�E℄�aUr�E℄h#��eo [2] 9R+�� A ∈ Mn(C), ! W (A) = {(Ax, x) : (x, x) = 1, x ∈ Cn} _�& A 9R/��H!
r(A) = max{|η| : η ∈ W (A)} _�& A 9R/Æ�����=�! Wχ(A) = {(K(A)x∗, x∗) : x∗M�U�O}90d"� } _�& A 9�O}R/��H! rχ(A) = max{|η| : η ∈ Wχ(A)} _�& A 9�O}R/Æ��7W8,�=QR+� '+R{�Æ�R{274�[M9Æ��E��2�&K(A),���O}0d"�M V m

χ (G)290d"��W��Wχ(A) ⊆ W (K(A)).�( rχ(A) ≤ r(K(A)).h#iz�k%R+�� x ∈ Cn, A ∈ Mn(C),h#O�! ‖x‖p = (
∑n

i=1 |xi|
p)

1
p � ‖A‖p = max {‖Ax‖p : ‖x‖p = 1}_t� x ��& A 9 lp- KR�12 1 ≤ p ≤ +∞.

3 _�IPo W%9�|^-2�h#z�;k���e 3.1
[3] (1) < xi ∈ Cn, i = 1, 2, . . . , s, ! ‖x1 ⊗ · · · ⊗ xs‖p =

∏s
i=1 ‖xi‖p;

(2) < Ai ∈ Mn(C), i = 1, 2, . . . , s, ! ‖A1 ⊗ · · · ⊗ As‖p =
∏s

i=1 ‖Ai‖p.�e 3.2
[1] � χ M6 G 9:�Z(��!E�:� σ ∈ G, � |χ(σ)| ≤ χ(e).



40 �yB�#�F"�>�3qxV>:S0�� 769�e 3.3 � Ai ∈ Mn(C), xi ∈ Cn 3 ‖xi‖p = 1, i = 1, 2, . . . , m, !
‖A1x1 ∗ · · · ∗ Amxm‖p ≤

m∏

i=1

‖Aixi‖p ≤

m∏

i=1

‖Ai‖.�i �B	
A1x1 ∗ · · · ∗ Amxm =

1

|G|

∑

σ∈G

χ(σ)Aσ−1(1)xσ−1(1) ⊗ · · · ⊗ Aσ−1(m)xσ−1(m).%� G M m )E!6 Sm 9�U=6� χ M�)���Z(���(
‖A1x1 ∗ · · · ∗ Amxm‖p =

1

|G|
‖

∑

σ∈G

χ(σ)Aσ−1(1)xσ−1(1) ⊗ · · · ⊗ Aσ−1(m)xσ−1(m)‖p

≤
1

|G|

∑

σ∈G

|χ(σ)|
∥∥Aσ−1(1)xσ−1(1) ⊗ · · · ⊗ Aσ−1(m)xσ−1(m)

∥∥
p

≤
1

|G|

∑

σ∈G

∥∥Aσ−1(1)xσ−1(1) ⊗ · · · ⊗ Aσ−1(m)xσ−1(m)

∥∥
p

=
1

|G|

∑

σ∈G

m∏

i=1

∥∥Aσ−1(i)xσ−1(i)

∥∥
p

=
m∏

i=1

‖Aixi‖p ≤
m∏

i=1

‖Ai‖p .�e 3.4
[4] � A ∈ Mn(C), ! 1

2‖A‖2 ≤ r(A) ≤ ‖A‖2._�N�D$�h#W%�� 3.4 9+&��i l+�Æ��;I��B	p Schwarz �;I�7
r(A) = max{|(Ax, x)| : ‖x‖2 = 1} ≤ max{‖Ax‖2‖x‖2 : ‖x‖2 = 1} = ‖A‖2.�+CÆ��;I��_

4(Ax, y) = (A(x + y), x + y) − (A(x − y), x − y) + i(A(x + iy), x + iy) − i(A(x − iy), x − iy),3
‖x + y‖2

2 + ‖x − y‖2
2 = 2‖x‖2

2 + 2‖y‖2
2,���

r(A) = max{|(Ax, x)| : ‖x‖2 = 1} = max{|(A
v

‖v‖2
,

v

‖v‖2
)| : v ∈ C} ≥

1

‖v‖2
|(Av, v)|,W�

4|(Ax, y)| ≤ r(A)(‖x + y‖2
2 + ‖x − y‖2

2 + ‖x + iy‖2
2 + ‖x − iy‖2

2)

≤ 4r(A)(‖x‖2
2 + ‖y‖2

2),�(
max{|(Ax, y)| : ‖x‖2 = ‖y‖2 = 1} ≤ 2r(A).
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‖Ax‖2

Ax, ! ‖y‖2 = 1. (F� |(Ax, y)| = ‖Ax‖2. Y ‖A‖2 ≤ 2r(A). q r(A) ≥ 1
2‖A‖2.�e 3.5 � e1, e2, . . . , en M n apwÆt V 9�;*vl�� x1 =

√
|G|e1, x2 =

e2, . . . , xn = en, r x∗ = x1 ∗ · · · ∗ xn, ! ‖x∗‖2
2 = (x∗, x∗) = 1.�i �)m9B	��

‖x∗‖2
2 = (x∗, x∗) =

1

|G|

∑

σ∈G

∑

ρ∈G

χ(σ)χ(ρ)(eσ−1(1) ⊗ · · · ⊗ eσ−1(n), eρ−1(1) ⊗ · · · ⊗ eρ−1(n))

=
1

|G|

∑

σ∈G

∑

ρ∈G

χ(σ)χ(ρ)

m∏

i=1

(eσ−1(i), eρ−1(i))

=
1

|G|

∑

σ∈G

χ(σ)χ(σ)

m∏

i=1

(eσ−1(i), eσ−1(i))

=
1

|G|

∑

σ∈G

χ(σ)χ(σ−1) = 1.�e 3.6
[5] � Ak = (ak

ij)mk×nk
, Bk = (bk

ij)pk×qk
, k = 1, 2, . . . , s, !

(A1B1) ⊗ (A2B2) ⊗ · · · ⊗ (AsBs) = (A1 ⊗ A2 ⊗ · · · ⊗ As)(B1 ⊗ B2 ⊗ · · · ⊗ Bs).Qe 3.1 � A ∈ Mn(C). !
1

2
| det(A)|

m
n ≤ r(K(A)) ≤

∑

α∈△

√
|G|

|Gα|
‖A‖m

p .12 1 ≤ p ≤ 2.�i l+CÆ��;I���� 3.4, �
r(K(A)) ≥

1

2
‖K(A)‖2 ≥

1

2
ρ(K(A)) =

1

2
ρ(A)m

≥
1

2
|λ1 · λ2 · · · · · λn|

m
n =

1

2
| det(A)|

m
n .12 λ1, λ2, . . . , λn _�& A 95 Z(/��+�Æ��;I��_

r(K(A)) ≤ ‖K(A)‖2 = max{‖K(A)x‖2 : ‖x‖2 = 1, x ∈ V m
χ (G)},m7, x0 ∈ V m

χ (G) �3 ‖x0‖2 = 1, H
max{‖K(A)x‖2 : ‖x‖2 = 1, x ∈ V m

χ (G)} = ‖K(A)x0‖2,� x0 =
∑

α∈△ Cα

√
|G|
|Gα|e

∗
α, 12 √∑

α∈△ C2
α = 1, !

r(K(A)) ≤ ‖K(A)‖2 ≤ ‖K(A)x0‖2 = ‖K(A)
∑

α∈△

Cα

√
|G|

|Gα|
e∗α‖2
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≤
∑

α∈△

‖Cα

√
|G|

|Gα|
K(A)e∗α‖2 ≤

∑

α∈△

|Cα|

√
|G|

|Gα|
‖A‖

m
2

≤
∑

α∈△

√
|G|

|Gα|
‖A‖

m
2 ≤

∑

α∈△

√
|G|

|Gα|
‖A‖

m
p ,12 1 ≤ p ≤ 2.Qe 3.2 � A ∈ Mn(C),  V m

χ (G) 24 m = n, ! |dG
χ (A)| ≤ rχ(A) ≤ ‖A‖n

p , 12
1 ≤ p ≤ 2.�i >��+&� rχ(A) ≤ ‖A‖n

p , %� 1 ≤ p ≤ 2.LG=��B	p Schwarz �;I�7
rχ(A) = max{|η| : η ∈ Wχ(A)} = max{|(K(A)x∗, x∗)| : ‖x∗‖2 = 1}

≤ max{‖K(A)x∗‖2‖x
∗‖2 : ‖x∗‖2 = 1}

= max{‖K(A)x∗‖2 : ‖x∗‖2 = 1}.m7, u∗ = x1 ∗ · · · ∗ xn = 1
|G|

∑
σ∈G χ(σ)(xσ−1(1) ⊗ · · · ⊗ xσ−1(n)), 3

‖u∗‖2 = ‖
1

|G|

∑

σ∈G

χ(σ)(xσ−1(1) ⊗ · · · ⊗ xσ−1(n))‖2 = 1,H rχ(A) = max{‖K(A)x∗‖2 : ‖x∗‖2 = 1} = ‖K(A)u∗‖2. �M
rχ(A) ≤ max{‖K(A)x∗‖2 : ‖x∗‖2 = 1}

= ‖K(A)u∗‖2 = ‖Ax1 ∗ · · · ∗ Axn‖2

= ‖
1

|G|

∑

σ∈G

χ(σ)(Axσ−1(1) ⊗ · · · ⊗ Axσ−1(n))‖2

= ‖
1

|G|

∑

σ∈G

χ(σ)(⊗nA)(xσ−1(1) ⊗ · · · ⊗ xσ−1(n))‖2

= ‖(⊗nA)
1

|G|

∑

σ∈G

χ(σ)(xσ−1(1) ⊗ · · · ⊗ xσ−1(n))‖2

≤ ‖ ⊗n A‖2‖
1

|G|

∑

σ∈G

χ(σ)(xσ−1(1) ⊗ · · · ⊗ xσ−1(n))‖2

= ‖A‖n
2 ≤ ‖A‖n

p ,%� 1 ≤ p ≤ 2.>I�+&� |dG
χ (A)| ≤ rχ(K(A)).4 y∗ =

√
|G|e1 ∗ e2 ∗ · · · ∗ en, ��� 3.5 , ‖y∗‖2 = 1. �M

rχ(A) = max{|η| : η ∈ Wχ(A)} = max{|(K(A)x∗, x∗)| : ‖x∗‖2 = 1}

≥ |(K(A)y∗, y∗)| = |(K(A)
√
|G|e1 ∗ e2 ∗ · · · ∗ en,

√
|G|e1 ∗ e2 ∗ · · · ∗ en)|

= |(
√

|G|e1 ∗ e2 ∗ · · · ∗ en, K(A)
√
|G|e1 ∗ e2 ∗ · · · ∗ en)|
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= ||G|(e1 ∗ e2 ∗ · · · ∗ en, Ae1 ∗ Ae2 ∗ · · · ∗ Aen)|

= |G||(e1 ⊗ e2 ⊗ · · · ⊗ en,
1

|G|

∑

σ∈G

χ(σ)Aeσ−1(1) ⊗ · · · ⊗ Aeσ−1(n))|

= |
∑

σ∈G

χ(σ)(e1 ⊗ e2 ⊗ · · · ⊗ en, Aeσ−1(1) ⊗ · · · ⊗ Aeσ−1(n))|

= |
∑

σ∈G

χ(σ−1)

n∏

i=1

(ei, Aeσ−1(i))| = |
∑

σ∈G

χ(σ)

n∏

i=1

(ei, Aeσ(i))|

= |
∑

σ∈G

χ(σ)
n∏

i=1

(A∗ei, eσ(i))| = |
∑

σ∈G

χ(σ)
n∏

i=1

(A∗)σ(i),i |

= |dG
χ (A)|.W�B�7+� 2
| D$E LI. C K wO9�:�K3vTu�J`wy�
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Numerical Radius of Induced Operators on Symmetry Classes of

Tensors

LIU Xiu-sheng
(School of Mathematics and Physics, Huangshi College of Technology, Hubei 435003, China )

Abstract: Let V be an n-dimensional linear space and V m
χ (G) be a subspace of ⊗mV , called the

symmetry class of tensors over V associated with G and χ. Suppose A is a matrix of the linear operator
T acting on V and K(A) is a matrix of the induced operator K(T ) acting on V m

χ (G). Form definition
of the numerical radius r(K(A)) and decomposable numerical radius rχ(A), two matrix inequalities
involving the numerical radius r(K(A)), the decomposable numerical radius rχ(A), the norm ‖A‖2 and
the generalized matrix function dG

χ (A) are obtained.

Key words: symmetry class of tensors; induced operator; numerical radius.


