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∞∑

n=0

∞∑

m=0

ambn

m + n + 1
< π

{ ∞∑

n=0

a2
n

∞∑

n=0

b2
n

}1/2
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, (1.2)��� J�- π
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]p ∞∑
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n, (1.3)��� J�- [ π

sin(π/p) ]
p 3D0e#�h.�+ p = q = 2 >��0A (1.2) [℄ (1.1). (1.2) A� Hardy-Hilbert �0A+"�R�Dbt&}.
� [5].u����l	�,dJ ω1(r, n) (n ∈ N0, r > 1) .4f�0A�
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774 K u x y � " � 27~{�# [6] J&� (1.2) A.4fg'A�
∞∑

n=0

∞∑

m=0

ambn

m + n + 1
<

{
∞∑
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1
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, (1.5)��� ln 2− γ = 0.1159315+ (γ = 0.57721567+ D Euler J). \� (1.5) A���p'7.Æ� (1.2) .g'A [7].�	5�J λ b β XJ.*qf�{�#0 [4] J& (1.1) A.�HZRA�6 2−min{p, q} < λ ≤ 2, 0 <
∑

∞

n=0(n + 1
2 )1−λap

n < ∞ b 0 <
∑

∞

n=0(n + 1
2 )1−λbq
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q , (1.6)��� J�- kλ(p) = B(p+λ−2

p , q+λ−2
q ) D0e#� (B(u, v) D β XJ). + λ = 1 >��0A (1.6) �℄ (1.2).�_.*}�.DXWOP4f6�.,dJ�
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1

2

)λ(1− 1
r
) ∞∑
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(m + 1/2)
λ
r
−1
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(n ∈ N0, r > 1, 0 < λ ≤ r), (1.7),&�dA&dJ∑∞

n=0

∑
∞
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�����ZRA.0iqA���_.�nTHrV%���; . Hardy-Hilbert �0Ab%0iA�℄(�gs:6E	��
2 U=fLFg�s: β XJ.4fMA [8]:

B(u, v) =

∫
∞

0

1

(1 + t)u+v
t−1+udt = B(v, u) (u, v > 0), (2.1)bdJ.4fO#�0A [4,9]:6 f (4) ∈ C[0,∞),

∫
∞

0
f(x)dx < ∞, b (−1)nf (n)(x) > 0, f (n)(∞) = 0 (n = 0, 1, 2, 3, 4), �
∞∑

m=0

f(m) <

∫
∞

0

f(x)dx +
1

2
f(0) −

1

12
f ′(0). (2.2)eK 2.1 6 n ∈ N0 = N ∪ {0}, r > 1, 0 < λ ≤ r, 6� Rλ(r, n) ℄
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2
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r
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·

1
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−

λ
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. (2.3)



4$ |�$��I<!/ Hardy-Hilbert �1B 775� Rλ(r, n) > 0.kO D�aD-
∫ 0

−
1
2

1

(x + n + 1)λ
(x +

1

2
)

λ
r
−1dx =
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1
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−
1
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=
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1
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+
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r
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>
r
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+
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2(λ + r)(n + 1)λ+12λ/r
. (2.4)� (2.3) A�� r > 1 b 0 < λ ≤ r, 

Rλ(r, n) >

[
r

λ
−
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1
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+
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−

λ

6

]
1
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=
(r − λ)(3r − λ)

3rλ(n + 1)λ2λ/r
+

3r2 − λr − λ2

6(λ + r)(n + 1)λ+12λ/r
> 0. (2.5)eK 2.2 6 n ∈ N0, r > 1, 0 < λ ≤ r, ωλ(r, n) � (1.7) AQ6���4f�0A�

ωλ(r, n) < B

(
λ

r
, λ(1 −

1

r
)

)
. (2.6)kO Q6 n. <XJ

f(x) =
1

(x + n + 1)λ
(x +

1

2
)

λ
r
−1, x ∈ (−

1

2
,∞).� (2.2) A�

∞∑
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1
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∫
∞
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+

1
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+
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=

∫
∞
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1
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[∫ 0

−
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−

λ

6(n + 1)λ+12λ/r

]
. (2.7)2�^ u = (x + 1

2 )/(n + 1
2 ), � (2.1) A��-

∫
∞

−
1
2

1

(x + n + 1)λ
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x +

1

2

)λ
r
−1

dx =

(
n +

1

2

)λ( 1
r
−1) ∫ ∞

0
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=
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n +

1

2

)λ( 1
r
−1)
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λ

r
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1

r
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ωλ(r, n) < B

(
λ

r
, λ(1 −

1

r
)

)
−

(
n +

1

2

)λ(1− 1
r
)

Rλ(r, n).��	� 2.1, �- (2.6) A� 2eK 2.3 6 p > 1, 1
p + 1

q = 1, 0 < λ ≤ min{p, q}, b 0 < ε < λ, �
I : =

∞∑

n=0

∞∑

m=0

1

(m + n + 1)λ

(
m +

1

2

)λ−p−ε
p

(
n +

1

2

)λ−q−ε
q

>
2ε

ε
B
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q
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λ

p
+

ε

q

)
−

2εq2
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. (2.9)kO �Wk� λ−r−ε
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2 )/(x + 1
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∫
∞
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[∫
∞
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=

∫
∞
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∞
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∫
∞
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[∫
∞

0
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q
−1
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∫ 1
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0

u
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>
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∫
∞
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∫
∞
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1
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+
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−
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3 mGADgh:K 3.1 6 an, bn ≥ 0, p > 1, 1
p + 1

q = 1, 0 < λ ≤ min{p, q}, b
0 <

∞∑

n=0

(n +
1

2
)p−1−λap

n < ∞, 0 <

∞∑

n=0

(n +
1

2
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n < ∞,�
∞∑

n=0

∞∑

m=0
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(m + n + 1)λ
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λ

p
,
λ
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){ ∞∑
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∞∑

n=0

(n +
1

2
)q−1−λbq

n

} 1
q

, (3.1)��� J�- B
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λ
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∞∑
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∞∑

m=0
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∞∑
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∞∑
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, (3.2)
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∞∑

n=0

∞∑

m=0
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(m + n + 1)λ
=

∞∑

n=0

∞∑
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[
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·
(m + 1/2)(p−λ)/pq

(n + 1/2)(q−λ)/pq

]
×

[
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(m + n + 1)λ/q
·

(n + 1/2)(q−λ)/pq

(m + 1/2)(p−λ)/pq

]

≤

{
∞∑

m=0

∞∑

n=0

ap
m

(m + n + 1)λ
·
(m + 1

2 )
p−λ

q

(n + 1
2 )

q−λ

q

} 1
p

×

{
∞∑

n=0

∞∑

m=0

bq
n

(m + n + 1)λ
·

(n + 1
2 )

q−λ

p

(m + 1
2 )

p−λ

p

} 1
q

=

{
∞∑

m=0

ωλ(q, m)(m +
1

2
)p−1−λap

m

} 1
p
{

∞∑

n=0

ωλ(p, n)(n +
1

2
)q−1−λbq

n

} 1
q

. (3.3)��� (2.6) A���� ωλ(r, n) < B(λ/p, λ/q) (r = p, q),  (3.1) A�;� 0 < ε < λ, $ ãm, b̃n ℄�
ãm =

(
m +

1

2

)λ−p−ε
p

, b̃n =

(
n +

1

2

)λ−q−ε
q

, m, n ∈ N0.�
{

∞∑

n=0

(n +
1

2
)p−1−λãp

n

} 1
p
{

∞∑

n=0

(n +
1

2
)q−1−λb̃q

n

} 1
q

=

∞∑

n=0

(
n +

1

2

)
−1−ε

= 21+ε +

∞∑

n=1

(
n +

1

2

)
−1−ε

< 21+ε +

∫
∞

0

(
x +

1

2

)
−1−ε

dx = 21+ε +
2ε

ε
. (3.4)6)� .�J λ(≤ min{p, q}), �-�0A (3.1) . J�-�D0e#�� J K <

B
(

λ
p , λ

q

)
, �+ B

(
λ
p , λ

q

) ^# K >� (3.1) A3#	�T�
εI = ε

∞∑

n=0

∞∑

m=0

ãmb̃n

(m + n + 1)λ
< εk

{
∞∑

n=0

(n +
1

2
)p−1−λãp

n

} 1
p
{

∞∑

n=0

(n +
1

2
)q−1−λ b̃q

n

} 1
q

. (3.5)� (2.9) b (3.4) A��-
2εB

(
λ − ε

q
,
λ

p
+

ε

q

)
− ε

2εq2

(λ − ε)(λ − ε + qε)
< K(ε21+ε + 2ε).�8A%� ε → 0+, �- B

(
λ
p , λ

q

)
< K. �� K < B

(
λ
p , λ

q

) N#�>��� (3.1) A. J�- B
(

λ
p , λ

q

) ;1Z .�J λ(≤ min{p, q}) 9D0e#� 2
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2). �� (3.2) � (1.2) A.WkbqA�Y�h. (3.1) �D (1.2) A.ZR�
3). � (3.3) A�+ λ = 1 >�
∞∑

n=0

∞∑

m=0

ambn

m + n + 1
≤

{
∞∑

m=0

ω1(q, m)(m +
1

2
)p−2ap

m

} 1
p
{

∞∑

n=0

ω1(p, n)(n +
1

2
)q−2bq

n

} 1
q

.��� (1.4) A�4f (3.2) A.g'A�[M 3.3 6 an, bn ≥ 0, p > 1, 1
p + 1

q = 1, γ = 0.57721567+ D Euler J� 0 <
∑

∞

n=0(n +
1
2 )p−2ap

n < ∞, 0 <
∑

∞

n=0(n + 1
2 )q−2bq

n < ∞, �
∞∑

n=0

∞∑

m=0

ambn

m + n + 1
<

{
∞∑

n=0

[
π

sin(π
p )

−
ln 2 − γ

(2n + 1)1+
1
p

](
n +

1

2

)p−2

ap
n

} 1
p

×

{
∞∑

n=0

[
π

sin(π
p )

−
ln 2 − γ

(2n + 1)1+
1
q

](
n +

1

2

)q−2

bq
n

} 1
q

. (3.6):K 3.4 6 an ≥ 0, p > 1, 1
p + 1

q = 1, 0 < λ ≤ min{p, q}, b 0 <
∑

∞

n=0

(
n + 1

2

)p−1−λ
ap

n <

∞, �
∞∑

n=0

(n +
1

2
)λ(p−1)−1

[
∞∑

m=0

am

(m + n + 1)λ

]p

<

[
B

(
λ

p
,
λ

q

)]p ∞∑

n=0

(n +
1

2
)p−1−λap

n, (3.7)��� J�- [
B
(

λ
p , λ

q

)]p D0e#��0A (3.7) 0i� (3.1). T�2�+ λ = 1 >�
∞∑

n=0

(
n +

1

2

)p−2
(

∞∑

m=0

am

m + n + 1

)p

<

[
π

sin(π
p )

]p
∞∑

n=0

(
n +

1

2

)p−2

ap
n, (3.8)��� J�- [ π

sin(π/p) ]
p 3D0e#�kO � 0 <

∑
∞

n=0(n + 1
2 )p−1−λap

n < ∞, P k0 ∈ N0, ;1� k ≥ k0, #	 0 <
∑k

n=0(n + 1
2 )p−1−λap

n < ∞. $
bn(k) :=

(
n +

1

2

)λ(p−1)−1
[

k∑

m=0

am

(m + n + 1)λ

]p−1

, k ≥ k0,�� (3.1) A+-
0 <

k∑

n=0

(
n +

1

2

)q−1−λ

bq
n(k)

=

k∑

n=0

(
n +

1

2

)λ(p−1)−1
[

k∑

m=0

am

(m + n + 1)λ

]p

=

k∑

n=0

k∑

m=0

ambn(k)

(m + n + 1)λ
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< B

(
λ

p
,
λ

q

){ k∑

n=0

(n +
1

2
)p−1−λap

n

} 1
p
{

k∑

n=0

(n +
1

2
)q−1−λbq

n(k)

} 1
q

. (3.9)��
[

k∑

n=0

(n +
1

2
)q−1−λbq

n(k)

] 1
p

< B

(
λ

p
,
λ

q

) k∑

n=0

(n +
1

2
)p−1−λap

n. (3.10)�N� 0 <
∑

∞

n=0 (n + 1
2 )q−1−λbq

n(∞) < ∞. P+ k → ∞ >�3� (3.1) A�" (3.9) A℄�	
(3.10) A�.����0A (3.7) #	�a��� (3.1) AZ!& (3.7) A�℄!0is�f�� (3.7) AZ! (3.1) A�� Hölder′ �0A�

∞∑

n=0

∞∑

m=0

ambn

(m + n + 1)λ
=

∞∑

n=0

[
(n +

1

2
)(λ+1−q)/q

∞∑

m=0

am

(m + n + 1)λ

][
(n +

1

2
)(q−1−λ)/qbn

]

≤

{
∞∑

n=0

(n +
1

2
)λ(p−1)−1

[
∞∑

m=0

am

(m + n + 1)λ

]p} 1
p
{

∞∑

n=0

(n +
1

2
)q−1−λbq

n

} 1
q

. (3.11)�� (3.7) A��- (3.1) A�6 (3.7) A. J�-�D0e.��� (3.11) A��" (3.1) A. J�-~�D0e.��H�>N� (3.7) A. J�-D0e.� 2Rn 3.5 i). �0A (3.2)h.~D (1.1)A.�O� Hardy-Hilbert�0A (1.2). (p, q)-�JqA.0eZR�" (3.2) A℄ (1.2) A.; �0A�+.�0i2���" (3.8) A℄
(1.3) A.; �0A�

ii). _�;��; s.2?�R,��k�!��9�".Mip�0A.; qA��4����"4f Hardy-Hilbert aD�0Ab%0iA [1]:
∫

∞

0

∫
∞

0

f(x)g(y)

x + y
dxdy <

π

sin(π
p )

{∫ ∞

0

fp(x)dx
} 1

p
{∫ ∞

0

gq(x)dx
} 1

q ; (3.12)

∫
∞

0

( ∫ ∞

0

f(x)

x + y
dx
)p

dy <
[ π

sin(π
p )

]p
∫

∞

0

fp(x)dx. (3.13)���_VL.qAbCBZ!-%j
.; �0AD�
∫

∞

0

∫
∞

0

f(x)g(y)

x + y
dxdy <

π

sin(π
p )

{∫ ∞

0

xp−2fp(x)dx
} 1

p
{∫ ∞

0

xq−2gq(x)dx
} 1

q ; (3.14)

∫
∞

0

yp−2
( ∫ ∞

0

f(x)

x + y
dx
)p

dy <
[ π

sin(π
p )

]p
∫

∞

0

xp−2fp(x)dx, (3.15))�8�0A. J�-9D0e#�+.�; �0A.Wk&��6%:.�[�
iii). �=; s.*}��
D β XJ.;"s�6I℄_�
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A Dual Hardy-Hilbert’s Inequality and Generalizations

YANG Bi-cheng
(Department of Mathematics, Guangdong Institute of Education, Guangdong 510303, China)

Abstract: This paper gives a dual Hardy-Hilbert’s inequality with a best constant factor, which is a
new extension of Hilbert’s inequality with (p, q)-parameter form. We also consider its more extended
form and an equivalent inequality with a single parameter.

Key words: Hardy-Hilbert’s inequality; dual; weight coefficient; Hölder’s inequality; β function.


