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 G K # f Y F 27)}q N =
⋃∞

k=0 Nk , 6i� N � Sλ 6Q_$��^$ N �jU=_z�n�A�OJ�;��OJQ_ÆmrBQ_:�
 

0S

 
 

 
 

1S

 
 
  1u U ( R

n 6V2}�S |U | �\�"�u E ( R
n 6V2}� δ > 0, {Ui} ( R

n60A�y_9�}��lj E ⊂ ⋃
i Ui, �^ |Ui| ≤ δ , 1L# {Ui} ( E 6Q_ δ- Z℄�u E ⊂ R

n, s ≥ 0, δ > 0, C
Hs

δ (E) = inf
∞∑

i=1

|Ui|s, Hs(E) = lim
δ→0

Hs
δ (E),\� inf ��J E 6�_6 δ- Z℄5g��t# Hs(E) ( E 6 s- * Hausdorff �G�u E ⊂ R

n, F ( E 6Q_$��u s ≥ 0, δ > 0, C
Hs

F (E) = lim
δ→0

inf

∞∑

i=1

|Ui|s,\� inf ��J E 6�_6℄$ F �l�d$6 δ- Z℄5g��t# Hs
F (E) ( E hb$

F 6 s- * Hausdorff �G�sM�1L��� s = − lg 3
lg λ

= − log3
λ, Hs(Sλ) ( Sλ 6 s- * Hausdorff �G�Hs

N (Sλ) (
Sλ hb$ N 6 s- * Hausdorff �G�
2 ,'J4I3 1 u ∆ABC ��! (�") ( d 6zn�A�WM>} U Æmr ∆ABC ��^e
∆ABC 6n�;��t U 6�" |U | ≥ d

2 .N7 l� 2. X� U e ∆ABC 6n�6�> D, E, F , m U e ∆ABC 6Q�6�>LbQ>�tj\�~Q�6i |U | ≥ |∆DEF |. W ∆DEF �T�bzn�A ∆ABC 6�}�℄. [8] ~P� 1.3 }�n�A ∆DEF 6�" |∆DEF | ≥ d
2 , g |U | ≥ d

2 . X84{�
 

U

C

A

F

E

D
B

  2I3 2 u f(λ) = (1−p(λ))s, λ ∈ (0, 1
3 ], \� p(λ) ( λ 6z3	L=��̂ p(λ) < 1, λ ∈

(0, 1
3 ], s = s(λ) = − log3

λ, t f(λ) ≥ 1 − p(1
3 ), λ ∈ (0, 1

3 ].



4[ #Ot	R6 Sierpinski �7 Hausdorff �H 797N7 W s′ = s′(λ) = ln 3
λ(ln λ)2 > 0, λ ∈ (0, 1

3 ], .M
f ′(λ) = (1 − p(λ))s[s′(λ) ln(1 − p(λ)) + s(λ)

−p′(λ)

1 − p(λ)
] < 0, λ ∈ (0,

1

3
],g f(λ) r (0, 1

3 ] p0B�r�.M f(λ) ≥ f(1
3 ) = 1 − p(1

3 ), λ ∈ (0, 1
3 ]. X84{�I3 3 Hs(Sλ) ≤ 1.℄b Sλ 0S� 3k _�!��"�( λk 6 k �z�n�AZ℄�b' Hausdorff �G6DV��U3 λs = 1

3 , kT,'X8 3 $<�I3 4 u ∆k (jQ k �z�n�A�tJjQzy	 m(m > k), _
|∆k|s =

∑

∆m⊂∆k

|∆m|s.N7 . Sk 6ds0S,'�_ 3k _ k �z�n�A�3m _ m�z�n�A�.MjQ k �z�n�A�*Æm 3m

3k = 3m−k _ m(m > k) �z�n�A�M |∆k| = λk, |∆m| = λm,g ∑
∆m⊂∆k

|∆m|s = 3m−k(λm)s = 3−k = |∆k|s . X84{�
3 Sierpinski  � Hausdorff �#"3 1 u α = {Ui} � Sλ 6jQ℄z�n�Ad$6Z℄�\�KQ_z�n�A�ÆmrBQ_z�n�AT�t ∑

Ui∈α

|Ui|s = |Sλ|s = 1. (1)N7 u n ( α ��_z�n�A6�	�6�?w� m ( α ��_z�n�A6���$	}6pg��6i m ≥ n, yw m = +∞.m m = n, W α � Sλ 6Z℄�t α QD℄�_ n �z�n�A�$�� α = Nn, g
∑

Ui∈α

|Ui|s =
∑

Ui∈Nn

|Ui|s = 3n(λn)s = 1.m n < m < +∞, u α �_ lk _ k �z�n�A ∆k, k = n, n + 1, . . . , m. ℄bK_ ∆kÆm 3m−k _ m �z�n�A�WM α �Æm ln3m−n + ln+13
m−n−1 + · · · + lm _ m �z�n�A�W( α � Sλ 6Z℄�g_

ln3m−n + ln+13
m−n−1 + · · · + lm = 3m.℄X8 4, _

∑

Ui∈α

|Ui|s = ln|∆n|s + ln+1|∆n+1|s + · · · + lm|∆m|s

= ln3m−n|∆m|s + ln+13
m−n−1|∆m|s + · · · + lm|∆m|s

= (ln3m−n + ln+13
m−n−1 + · · · + lm)|∆m|s = 3m(λm)s = 1.m m = +∞, u α �_ lk _ k �z�n�A ∆k, k = n, n + 1, . . ., t

∑

Ui∈α

|Ui|s =

+∞∑

k=n

lk|∆k|s. (2)
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 G K # f Y F 27)[ mp ��Æmr α�jo q (q < p+1)�z�n�A�6�_6 p+1�z�n�A6_	�b'_A n < m < +∞, Jjo p (p ≥ n) , _
p∑

k=n

lk|∆k|s + mp|∆p+1|s = 1, (3)0S{N
lim

p→∞
mp|∆p+1|s = 0.�~p�m limp→∞ mp|∆p+1|s 6= 0, t/r ε0 > 0, JjoÆi	 P , F/r p0 > P , �4

mp0
|∆p0+1|s ≥ ε0, .M/rÆi	629} Nε0

, 2 p ∈ Nε0
{�F_ mp|∆p+1|s ≥ ε0. 7JKQ p ∈ Nε0

, [ Mp ��Æmr α �6jo q (q < p + 1) �z�n�A�6�_6 p + 1�z�n�A6�}�6i� Mp (V2�}�^ Mj ⊃ Mi, i > j. WM ⋂
p∈Nε0

Mp 6= ∅,^ ⋂
p∈Nε0

Mp ⊂ Sλ. BQSM�' Mp 6DV�T} (
⋃

Ui∈α Ui) ∩ (
⋂

p∈Nε0

Mp) = ∅, xe
∅ 6= ⋂

p∈Nε0

Mp ⊂ Sλ ⊂ ⋃
Ui∈α Ui IK�WM limp→∞ mp|∆p+1|s = 0. ℄-�℄ (3) �43

∑+∞
k=n lk|∆k|s = 1, �M℄ (2) �43 ∑

Ui∈α |Ui|s = 1. D84{��5 1 Hs
N (Sλ) = |Sλ|s = 1.N7 '$�G6DV�EO-D℄ Sλ 6$ N �6z�n�A�d$6 Sλ 6�_Z℄�1℄b$�GDV�5g�6og��EO-D\�xN6Z℄��6KQ_z�n�A�ÆmrBQ_z�n�AT�.Mb'D8 1, �}!E 1 $<�"3 2 u U (WM�6+}� NU ( U Æm6�_z�n�A ∆σ 6}q�\�KQ_z�n�A�ÆmrBQ_z�n�AT�t

∑

∆σ∈NU

|∆σ|s ≤ |U |s. (4)N7 'D8 1, 6i∑
∆σ∈NU

|∆σ|s ≤ 1, WM2 |U | ≥ 1 {�D8�EÆi$<�5M�*u |U | < 1, tQD/ry	 k ≥ 0, �4 λk+1 ≤ |U | < λk . ℄b λ ≤ 1
3 , T}+} U �L0SnQ_ k �z�n�A;���- k �z�n�A( ∆, 6i U �UÆm ∆.℄b∆Æm 3_ k+1�z�n�A�5MXn�_3{N�(F�S��X�[∆l

m , ∆r
m, ∆u

m� ∆ ��5��a5��C�6 m (m > k) �z�n�A�
1). m U e ∆ �Q_ k + 1 �z�n�A;��RJ

∑

∆σ∈NU

|∆σ|s ≤ |∆k+1|s = (λk+1)s.M |U | ≥ λk+1, g (4) �$<�
2). m U e ∆ �=_ k + 1 �z�n�A;���Uu U e ∆l

k+1, ∆
r
k+1 ;� (�� 3).W U �+}� |U | = |U | < λk, U, U *�U�{Æm ∆ 6�5�C> A na5�C> B, (-�X=�_3{N�

2.1). m A, B *�mb U T�tQD/rzy	 n, m, �4
U ∩ ∆l

k+n 6= ∅, U ∩ ∆l
k+n+1 = ∅; U ∩ ∆r

k+m 6= ∅, U ∩ ∆r
k+m+1 = ∅.
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A B

C

E F

1c 2c

1
l
k +∆ 1

r
k +∆

  3

2.1.1). m n, m �e( 1. T} |U | ≥ |∆| − |∆l
k+n| − |∆r

k+m| = (1 − λn − λm)λk , M ∆l
k+1Æm 3n _ k + n + 1 �z�n�A� ∆r

k+1 Æm 3m _ k + m + 1 �z�n�A�WM
∑

∆σ∈NU

|∆σ|s ≤ (3n − 1)|∆k+n+1|s + (3m − 1)|∆k+m+1|s = (
2

3
− 1

3n+1
− 1

3m+1
)(λk)s.C f(λ) = (1 − λn − λm)s, ℄X8�} f(λ) ≥ 1 − 1

3n − 1
3m , λ ∈ (0, 1

3 ], 2 n, m �e( 1 {�_
1 − 1

3n − 1
3m > 2

3 − 1
3n+1 − 1

3m+1 , �S (1 − λn − λm)s(λk)s ≥ (2
3 − 1

3n+1 − 1
3m+1 )(λk)s, g (4) �$<�

2.1.2). m n = m = 1. �+�b ∆ :�6�: c1, c2, �\e U 6��;��^ U r c1, c2~�� c1 e ∆l
k+1 a5�C> E 6(7( a, c2 e ∆r

k+1 �5�C> F 6(7( b (�� 3),t |U | = (|∆| − |∆l
k+1| − |∆r

k+1|) + a + b = (λk − 2λk+1) + a + b.m 0 < a ≤ 1
2 (λk+1 − λk+2), 0 < b ≤ 1

2 (λk+1 − λk+2), t |U | > λk − 2λk+1 = (1 − 2λ)λk,M U X��e ∆l
k+1, ∆

r
k+1 �Q_ ∆k+2 ;��.M ∑

∆σ∈NU
|∆σ|s ≤ 2|∆k+2|s = 2

9 (λk)s. C
f(λ) = (1 − 2λ)s, ℄X8�T} f(λ) > 2

9 , .M (4) �$<�m 0 < a ≤ 1
2 (λk+1−λk+2), b > 1

2 (λk+1−λk+2),t |U | > (1− 3
2λ− 1

2λ2)λk,M∑
∆σ∈NU

|∆σ|s ≤
3|∆k+2|s = 1

3 (λk)s. C f(λ) = (1 − 3
2λ − 1

2λ2)s, ℄X8 2 T} f(λ) > 1
3 , .M (4) �$<�m a > 1

2 (λk+1 − λk+2), b > 1
2 (λk+1 − λk+2), t |U | > (1 − λ − λ2)λk, M ∑

∆σ∈NU
|∆σ|s ≤

4|∆k+2|s = 4
9 (λk)s. C f(λ) = (1 − λ − λ2)s, ℄X8 2 T} f(λ) > 4

9 , .M (4) �$<�
2.2). m A, B ~Qmb U T��Uu A /∈ U, B ∈ U ,tQD/rzy	 n,�4 U ∩∆l

k+n 6=
∅, U ∩ ∆l

k+n+1 = ∅. T} |U | ≥ |∆| − |∆l
k+n| = (1 − λn)λk, ^

∑

∆σ∈NU

|∆σ|s ≤ (3n − 1)|∆k+n+1|s + |∆r
k+1|s = (

2

3
− 1

3n+1
)(λk)s.C f(λ) = (1 − λn)s, ℄X8�T} f(λ) > 2

3 − 1
3n+1 , .M (4) �$<�

3). m U e ∆ �n_ k + 1 �z�n�A;� (�� 4). W |U | = |U | < λk, U, U *�U�{Æm ∆ 6�5�C> A, a5�C> B npC> C �6=_�(-�X=�_3{N�
3.1). m A, B, C *�mb U T�tQD/rzy	 n, m, l, �4

U ∩ ∆l
k+n 6= ∅, U ∩ ∆l

k+n+1 = ∅; U ∩ ∆r
k+m 6= ∅, U ∩ ∆r

k+m+1 = ∅;

U ∩ ∆u
k+l 6= ∅, U ∩ ∆u

k+l+1 = ∅.�WCb ∆ n�6�:��\e U 6��;��^ U r\�D6zn�AbiT��-zn�Abi'( V (�� 4), \�" (�!) ( |V |, ℄X8�} |U | ≥ |V |
2 .
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 G K # f Y F 27)
A B

C

V

1
l
k +∆

1
r
k +∆

1
u
k +∆

  4�U3 V 6K�℄n�X�$�kT,'
|V | ≥ (λk − λk+n − λk+m) + λk+m + (λk − λk+m − λk+l) = 2λk − (λk+n + λk+m + λk+l). (5)5M�X��_3�E�

3.1.1). m U X��e ∆l
k+n, ∆r

k+m, ∆u
k+l �Q_ ∆k+n+1, ∆k+m+1, ∆k+l+1 ;��RJ

∑

∆σ∈NU

|∆σ|s ≤ (3n − 2)|∆k+n+1|s + (3m − 2)|∆k+m+1|s + (3l − 2)|∆k+l+1|s

= (1 − 2

3n+1
− 2

3m+1
− 2

3l+1
)(λk)s,M |U | ≥ |V |

2 ≥ (1 − 1
2 (λn + λm + λl))λk. C f(λ) = (1 − 1

2 (λn + λm + λl))s, ℄X8�T}
f(λ) > 1 − 2

3n+1 − 2
3m+1 − 2

3l+1 , .M (4) �$<�
3.1.2). m U e∆l

k+n�=_∆k+n+1 ;��̂ X��e∆r
k+m , ∆u

k+l�Q_∆k+m+1 , ∆k+l+1;��J-�X=�_3�E�m/ry	 t ≥ 2, �4 U e-b ∆l
k+n C�na5�6=_ k + n + 1 �z�n�A6�5�6=_ k + n + t �z�n�A�;��2i�ljxN6 t /r�tjoy	 t′(t′ > t) *H�p����1L\��?6�( t. RJ U �reH�p���6=_ k + n + t − 1 �z�n�A�6Q_;��WM

|V | ≥ 2λk − (λk+n + λk+m + λk+l) + (|∆k+n+1| − |∆k+n+t−1|),

|U | ≥ |V |
2

≥ λk − 1

2
(λk+n + λk+m + λk+l) +

1

2
(|∆k+n+1| − |∆k+n+t−1|)

= (1 − 1

2
(λn + λm + λl) +

1

2
(λn+1 − λn+t−1))λk,M-{_

∑

∆σ∈NU

|∆σ|s ≤ (3n − 1)|∆k+n+1|s − 2|∆k+n+t|s + (3m − 2)|∆k+m+1|s + (3l − 2)|∆k+l+1|s

= (1 − 1

3n+1
− 2

3m+1
− 2

3l+1
− 2

3n+t
)(λk)s.C f(λ) = (1 − 1

2 (λn + λm + λl) + 1
2 (λn+1 − λn+t−1))s, eX8�5{NT} f(λ) ≥ f(1

3 ) >

1 − 1
3n+1 − 2

3m+1 − 2
3l+1 − 2

3n+t , .M (4) �$<�mp� t �/r�t_ |V | ≥ 2λk − (λk+n + λk+m + λk+l) + |∆k+n+1|, .M
|U | ≥ |V |

2
≥ (1 − 1

2
(λn + λm + λl) +

1

2
λn+1)λk,



4[ #Ot	R6 Sierpinski �7 Hausdorff �H 801M-{_
∑

∆σ∈NU

|∆σ|s ≤ (3n − 1)|∆k+n+1|s + (3m − 2)|∆k+m+1|s + (3l − 2)|∆k+l+1|s

= (1 − 1

3n+1
− 2

3m+1
− 2

3l+1
)(λk)s.C f(λ) = (1 − 1

2 (λn + λm + λl) + 1
2λn+1)s, eX8 2 5{NT} f(λ) ≥ f(1

3 ) > 1 − 1
3n+1 −

2
3m+1 − 2

3l+1 , .M (4) �$<�
3.1.3). m U X�e ∆l

k+n, ∆r
k+m �=_ ∆k+n+1, ∆k+m+1 ;���e ∆u

k+l �Q_ ∆k+l+1;��
3.1.4). m U X�e ∆l

k+n, ∆r
k+m, ∆u

k+l �=_ ∆k+n+1, ∆k+m+1, ∆k+l+1 ;��℄b ∆l
k+1, ∆

r
k+1, ∆

u
k+1 6J#D�℄ 3.1.2) 6{N0S,'� 3.1.3) n 3.1.4) "e5

3.1.2) 0S{N (4) �$<�
3.2). m A, B, C ~QÆmr U T��Uu C ∈ U , tQD/rzy	 n, m, �4

U ∩ ∆l
k+n 6= ∅, U ∩ ∆l

k+n+1 = ∅; U ∩ ∆r
k+m 6= ∅, U ∩ ∆r

k+m+1 = ∅.rx�_35 |V | ≥ 2λk − (λk+n + λk+m), \aI� (5) �aIu� λk+l, .M |U | ≥ |V |
2 ≥

(1 − 1
2 (λn + λm))λk aI� 3.1) 6_Au� λk+l

2 , M-{ ∑
∆σ∈NU

|∆σ|s � 3.1) 6_A�Lu� |∆u
k+l+1|s = (λk)s

3l+1 . �U3 1
2

1
3l > 1

3l+1 , 3.2) "e5 3.1) 0S{N (4) �$<�5M���.6�O�j�"3 3 Hs(Sλ) = Hs
N (Sλ) = 1.N7 ℄X8 3 n!E 1, 6i Hs(Sλ) ≤ Hs

N (Sλ) = 1. (?{N;R6�8��EO-D Sλ 6�_ δ- Z℄�1℄b�_}d$65�e+}5�℄8�6 [3], WM�-D+}5&�e?�u Ω = {Ui} � Sλ 6jQ δ- +Z℄�JjQ+} Ui ∈ Ω, [ NUi
� Ui Æm6�_z�n�A ∆σ 6}q�\�K_z�n�A�ÆmrBQ_z�n�AT�'D8 2, _

|Ui|s ≥ ∑
∆σ∈NUi

|∆σ|s, .M
∑

Ui∈Ω

|Ui|s ≥
∑

Ui∈Ω

∑

∆σ∈NUi

|∆σ|s. (6)W( Sλ ��6�0S�4 Sλ ⊂ ⋃
Ui∈Ω

⋃
∆σ∈NUi

∆σ. ' Hausdorff �Gn$�G6DV�℄
(6) �T} Hs(Sλ) ≥ Hs

N (Sλ). D84{�.8 [9] �'?hb Hausdorff �G g�6�_+0��\�<Q_+0���C> 1 r}J��5�/r E 6Z℄ α = {Ui}, �4 Hs(E) =
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The Hausdorff Measure of a Class of Sierpinski Gaskets

WANG Ming-hua
(Department of Mathematics and Computer Science, Chongqing University of Arts and Sciences,

Chongqing 402168, China )

Abstract: Let Sλ be a class of Sierpinski gaskets with compression ratio λ (λ ≤
1

3
), s = − log3

λ
be the

Hausdorff dimension of Sλ, and N be the set of all the basic triangles to produce Sλ. In the paper, by
the method of net measure, the exact value of the Hausdorff measure of Sλ, H

s(Sλ) = 1, is obtained,
the fact that the Hausdorff measure of Sλ can be determined by net measure H

s

N (Sλ) is shown, and the
best coverings of Sλ that are nontrivial are obtained.

Key words: self-similar set; Sierpinski gasket; Hausdorff measure.


