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dx

dt
= rx(1 − x) −

b1x

1 + a1x
y1,

dy1

dt
= y1(−d1 − y1 +

c1b1x

1 + a1x
−

b2y2

1 + a2y1
),

dy2

dt
= y2(−d2 +

c2b2y1

1 + a2y1
).

(1)�09U x(0) ≥ 0, y1(0) ≥ 0, y2(0) ≥ 0. }A x(t), y1(t), y2(t) b�<�$XD����$D�Æ�$D�F
T� 1 − x U$XD� x F*&Z� b1x/(1 + a1x) } b2y1/(1 + a2y1) (U
Holling-IIson℄�y1�b��*��$D� y1 U$XD� xF�$nK}�$D� y2 U��$D� y1 F�$nK� r �*$XD� x FmP*&Z� c1, d1 } c2, d2 b��* y1, y2Fo|Z}8PZ� r, a1, a2, c1, c2, d1, d2 =U1$1�"�Pvb_F_[~0�AaN$Fv>,�j�aAG�Wg [2] Lvr' Liapunovy1F_[~0U��D�N)F//hsF$F
5v>�D1Uf//aN
5YPF.bI��Wg [3] ~0U"��-
 Chemostat AQ�℄Mxu�>$℄Ohs��>E.9b~PGDBUhsq7E{$7%FI��"� Crandall-RabinowitzPG4gU>D�b~$F5 YPv�Wg [4] ~0U9�iv
T=�mF�$ - ��$hs��JUaN$F�)uU�"17�Fta�Wg [5]�$Qb_+FPvG[b_U�E�o|ZF>$℄Oh�f��: 2006-11-07; p���: 2007-03-23ms�|: Ts!!�KiJ}q?}�3nj (2005078).



820 2 { � 1 � y \ 27;s�~0UQ�℄q7��-"17�Fta�Wg [6] F19��Z�CF>$℄Ohs�C[UaN$F�)uU��WUaN (1)(uPvb_�DBUaN$F�&vÆ1w�N7%S�F.bI��I��<�
[C[U1w�NF5 �)YPv��Lvr' Liapunovy1_[DBU1w�N
5�)YPF#[�
2 lTqh�hsF&��℄
��
d[b:%	� R3

+ = {(x, y1, y2)|x ≥ 0, y1 ≥ 0, y2 ≥ 0} �C[aN (1).�x 2.1 � t .b:"aN (1) F��6 R3
+ 1ZF$,�&F��{ �aN (1) FL�j_+5 dx

dt
≤ rx(1 − x), >	U ∀ε > 0, � t .b:"��

x(t) ≤ 1 + ε. �
U
(c1x + y1 +

y2

c2
)′ ≤ c1rx − d1y1 −

d2y2

c2
≤ c1rx − min{d1, d2}(y1 +

y2

c2
)

≤ ξ − min{d1, d2}(c1x + y1 +
y2

c2
),}A ξ = c1(r + min{d1, d2})(1 + ε). >	� t .b:"�� c1x + y1 + y2

c2

≤ ξ

min{d1,d2} + ε. �aN (1) F��6 R3
+ 1ZF$,�&F� 2fÆG�g��$XD�}��$D�-
T=�"�?bF
T(C
-�h1�e�n�
F�$+D�F
T��,�hF��fÆG5$X x F�-�lRU 1.�x 2.2 �u c1b1 − a1d1 ≤ 0, ) limt→∞ y1(t) = 0, �, limt→∞ y2(t) = 0. �u

c2b2 − a2d2 ≤ 0, ) limt→∞ y2(t) = 0.�{ �aN (1) FLYj_+grU
dy1

dt
=

y1

(1 + a1x)(1 + a2y1)
{−a2(1 + a1x)y2

1 − [(a1 − a2(c1b1 − a1d1))x + (a2d1 + 1)]y1−

b2(1 + a1x)y2 + ((c1b1 − a1d1)x − d1)}. (2)� c1b1−a1d1 ≤ 0"�� (2))D dy1

dt
≤ 0,
5 limt→∞ y1(t) = 0;(W�L�j_+5 dy2

dt
≤ 0,�, limt→∞ y2(t) = 0.�aN (1) FL�j_+grU

dy2

dt
=

y2

1 + a2y1
((c2b2 − a2d2)y1 − d2). (3)� c2b2 − a2d2 ≤ 0 "��) (3) D dy2

dt
≤ 0, �, limt→∞ y2(t) = 0. 2fÆG�g�� c1b1 − a1d1 ≤ 0, ) y1 D�f<�6WA; y2 D�f<�,�I��{HfU>$℄OhsFEN�� c2b2 − a2d2 ≤ 0, ) dy2

dt
≤ 0, �, y2 D�f<�,� y1 7
�d\t��fÆG5�U'�$D�D	7
�%	�FC[A[b=�� cibi − aidi > 0,

i = 1, 2.aN (1) e��w�N O(0, 0, 0), E0(1, 0, 0). }A O(0, 0, 0) ,�j4

N��YP�w�N E0(1, 0, 0) FYPv�
dÆGDB�
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c1b1−a1d1

< 1 ,)w�N E0(1, 0, 0),4

N��YP��u d1

c1b1−a1d1

> 1,)w�N E0(1, 0, 0) ,5 �)YPF��% R3
+ �,
5�)YPF��{ ,�;�aN (1) %w�N E0(1, 0, 0) 3F Jacobi 7-U

J(E0) =





−r − b1
1+a1

0

0 −d1 + c1b1
1+a1

0

0 0 −d2



 ,}E.9U λ1 = −r < 0, λ2 = −d2 < 0, λ3 = −d1 + c1b1
1+a1

. � d1

c1b1−a1d1

< 1 "� λ3 > 0, 5"w�N E0 �YP�W� d1

c1b1−a1d1

> 1 "� λ3 < 0, 5"w�N E0 ,5 �)YPF�r' Liapunov y1 V (x, y1, y2) = x − 1 − lnx + c(c2y1 + y2), }A c ,=PF1$1��
0 < x ≤ 1, y1 ≥ 0, y2 ≥ 0 "��

dV

dt
≤ −r(1 − x)2 +

b1 + cc2(c1b1 − a1d1)x − cc2d1

1 + a1x
y1 + cy2(−d2)

≤ −r(1 − x)2 +
b1 − cc2(d1 − (c1b1 − a1d1))

1 + a1x
y1 − cd2y2.� c > b1

c2(d1−(c1b1−a1d1))
, )��) dV

dt
≤ 0; �� dV

dt
= 0 ��'� x = 1, y1 = 0, y2 = 0. 
5w�N E0(1, 0, 0) % R3

+ �,
5�)YPF� 2,�>�;5�� d1

c1b1−a1d1

< 1 "�aN (1) �w�N E1(x1, w1, 0), x1 < 1. }A x1, w1b�_M
r

b1
(1 − x)(1 + a1x) −

c1b1x

1 + a1x
+ d1 = 0,

w1 =
r

b1
(1 − x1)(1 + a1x1) = −d1 +

c1b1x1

1 + a1x1
.t�w�N E1(x1, w1, 0) FYPv�
dÆGm1��x 2.4 � w1 < d2

c2b2−a2d2

. � a1 ≤ 1, k`7%�j11 u0, 'D� x1 < u0 "�w�N E1(x1, w1, 0) ,�YPF�� x1 > u0 "�w�N E1(x1, w1, 0) ,5 �)YPF�5"?% R3
+ �,
5�)YPF��{ aN (1) %w�N E1(x1, w1, 0) 3F Jacobi 7-U

J(E1) =







r − 2rx1 −
b1w1

(1+a1x1)2
− b1x1

1+a1x1

0
c1b1w1

(1+a1x1)2 −w1 − b2w1

1+a2w1

0 0 −d2 + c2b2w1

1+a2w1






,}E._+U (λ − (−d2 + c2b2w1

1+a2w1

))(λ2 − A1λ + B1) = 0. ,H A1 = f(x1)
1+a1x1

, W
f(x) = −2ra1x

2 + (r(a1 − 1) − (c1b1 − a1d1))x + d1, (4)

B1 = −x1w1(−r +
a1b1w1

(1 + a1x1)2
) +

c1b
2
1x1w1

(1 + a1x1)3

=
rx1w1

(1 + a1x1)3
(2a3

1x
3
1 + a2

1(5 − a1)x
2
1 + 2a1(2 − a1)x1 + (1 − a1 +

c1b
2
1

r
)). (5)� (5) )�� a1 ≤ 1 "�U�� x1 > 0, w1 > 0 =� B1 > 0. � (4) )�U�� x > 0, =�

f ′(x) < 0, >	'7%�j11 u0, 'D f(u0) = 0, �U ∀x < u0, f(x) < 0; ∀x > u0, f(x) > 0.



822 2 { � 1 � y \ 27;�,� x1 < u0 "� A1 > 0, >	E.9 λ2, λ3 F& :�W��Wg [7] 5�5"w�N E1,�YPF�W� x1 > u0 "�A1 < 0, �,E.9 λ2, λ3 F& p�W��
UE._+�E.n λ1 = −d2 + c2b2w1

1+a2w1

, �� w1 < d2

c2b2−a2d2

"� λ1 < 0. 
5w�N E1 ,5 �)YPF�
d4g E1 F
5�)YPv�X s1 = 1
(1+a1x)(1+a1x1)

, e� s1 < 1. r' Liapunov y1�

V (x, y1, y2) = (x − x1 − x1 ln

x

x1
) + n1(y1 − w1 − w1 ln

y1

w1
) + n2y2, (6)}A n1, n2 U=PF1$1� (6) )t� t �AD dV

dt
= P1 + Q1 + R1, }A

P1 = (x − x1)
2(−r + s1a1b1w1) − s1b1(1 + a1x1)(x − x1)(y1 − w1),

Q1 = −n1(y1 − w1)
2 + n1s1c1b1(x − x1)(y1 − w1) − n1s2b2(1 + a2w1)(y1 − w1)y2,

R1 = n2s2c2b2(y1 − w1)y2.� n1 = 1
c1

(1 + a1x1), n2 = 1
c1c2

(1 + a1x1)(1 + a2w1), )
dV

dt
= (x − x1)

2(−r + s1a1b1w1) − n1(y1 − w1)
2 ≤ (x − x1)

2(−r + s1a1b1w1).� s1 < 1, a1 ≤ 1 Æ w1 = r
b1

(1 − x1)(1 + a1x1), � s1a1b1w1 ≤ r(1 − x1)(1 + a1x1). �
U (1 − x1)(1 + a1x1) < 1, >	� s1a1b1w1 < r, �, dV
dt

< 0 �� dV
dt

= 0 ��'� x = x1,

y1 = w1, y2 = 0. 
5aN (1) Fw�N E1 % R3
+ �,
5�)YPF� 2

3 �}j^\Z��n
`�d�_x 3.1 � a1 ≤ 1 � d2

c2b2−a2d2

< min{ r
b1

,
(c1b1−a1d1)(∆−r(1−a1))−2ra1d1

a1(c1b1−a1d1)((∆+ra1)2−r2) }, )aN (1) 7%S�F1w�N E∗(x∗, y∗
1 , y∗

2), }A ∆ =
√

r2(1 − a1)2 − 4ra1(
b1d2

c2b2−a2d2

− r) > 0.�{ �aN (1) FL�j_+D y∗
1 = d2

c2b2−a2d2

, �}<�aN (1)FL�j_+0G�D
ra1x

2 + r(1 − a1)x +
b1d2

c2b2 − a2d2
− r = 0.X y(x) = ra1x

2 + r(1 − a1)x + b1d2

c2b2−a2d2

− r, )� a1 ≤ 1 "�U�� x > 0, � y′(x) > 0; ��
d2

c2b2−a2d2

< r
b1
"� y(x) � x G�S�1 N x∗ = r(a1−1)+

√
∆

2ra1

< 1. }A
∆ =

√

r2(1 − a1)2 − 4ra1(
b1d2

c2b2 − a2d2
− r) > 0.e� ∆ > r(1 − a1).
d� x∗, y∗

1 <�aN (1) FLYj_+�D
y2 = (−d1−

d2

c2b2 − a2d2
+

c1b1(∆ − r(1 − a1))

a1(∆ + r(1 + a1))
)

c2

c2b2 − a2d2
=

M − N

a1(∆ + r(1 + a1))(c2b2 − a2d2)2
,}A

M = c2(∆ − r(1 − a1))(c1b1 − a1d1)(c2b2 − a2d2),
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N = 2ra1c2d1(c2b2 − a2d2) + a1c2d2(c1b1 − a1d1)((∆ + ra1)
2 − r2).� M > N , � d2

c2b2−a2d2

<
(c1b1−a1d1)(∆−r(1−a1))−2ra1d1

a1(c1b1−a1d1)((∆+ra1)2−r2) "�7% y∗
2 = y2 > 0.L�>0�� a1 ≤ 1 � d2

c2b2−a2d2

< min{ r
b1

,
(c1b1−a1d1)(∆−r(1−a1))−2ra1d1

a1(c1b1−a1d1)((∆+ra1)2−r2) } "�aN (1) 7%S�F1w�N E∗(x∗, y∗
1 , y

∗
2). 2fPG�g�D�>$℄OaN%-�-
:=�F�B
��aN"1_M�PI�F"��D��nq7�! 1w�NF7%I�,�8"�;DBF��}I�

d2

c2b2 − a2d2
< min{

r

b1
,
(c1b1 − a1d1)(∆ − r(1 − a1)) − 2ra1d1

a1(c1b1 − a1d1)((∆ + ra1)2 − r2)
}	
4Uw�N E1(x1, w1, 0) F7%�
d[bI��<�
[ [8] C[ E∗ F5 YPv��aN (1) F1w�NU E∗(A, B, C), O�
 x = Ax, y1 = By1, y2 = Cy2, DB
dFaN































dx

dt
= rx − rx2 −

b1x

1 + a1x
y1,

dy1

dt
= y1(−d1 − By1 +

c1b1x

1 + a1x
−

b2y2

1 + a2y1

),

dy2

dt
= y2(−d2 +

c2b2y1

1 + a2y1

).

(7)}A r = rA, a1 = a1A, a2 = a2B, b1 = b1B, b2 = b2C, c1b1 = c1b1A, c2b2 = c2b2B. �,aN
(7) �1w�N E

∗
(1, 1, 1) � r > r._x 3.2 � a1 ≤ 1, d2

c2b2−a2d2

< r
b1
� a2b2y

∗
2 < 1, )1w�N E∗(x∗, y∗

1 , y
∗
2) ,5 �)YPF�?% R3

+ �,
5�)YPF��{ �X b1

(1+a1)2
= m1,

b2
(1+a2)2

= m2, )aN (7) % E
∗
(1, 1, 1) 3F Jacobi 7-U

J(E
∗
) =





a1m1 − r r − r 0
c1m1 a2m2 − B −m2(1 + a2)

0 c2m2 0



 ,}U�FE._+U p0λ
3 + p1λ

2 + p2λ + p3 = 0. }A
p0 = 1, p1 = −(a1m1 − r + a2m2 − B),

p2 = (a1m1 − r)(a2m2 − B) + c2m
2
2(1 + a2) + c1m1(r − r), p3 = −c2m

2
2(1 + a2)(a1m1 − r).� a1m1 − r < 0 � a2m2 − B < 0 "���0F�9)5 p1 > 0, (W p3 > 0, �,

p1p2 − p3 = ((r − a1m1) + (B − a2m2))((r − a1m1)(B − a2m2) + c1m1(r − r)) > 0.n8 Hurwitz t�H) [7], E._+Fn=9�e& �WI� a1m1 − r < 0 H�� a1 ≤ 1,
d2

c2b2−a2d2

< r
b1

,�+1,1w�N E∗(x∗, y∗
1 , y∗

2)7%FI��W a2m2−B < 0H�� a2b2y
∗
2 <

1, �,PGF�� bD4�
d[bLvr' Liapunov y1F_[ [9] 4g E∗(x∗, y∗
1 , y∗

2) F
5�)YPv�
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(1+a1x)(1+a1x∗) , s2 = 1

(1+a2y1)(1+a2y∗

1
)). e� s1 < 1, s2 < 1. �aN (1) H�FaNU















dx

dt
= x(r((1 − x) − (1 − x∗)) − (

b1y1

1 + a1x
−

b1y
∗
1

1 + a1x∗ )),

dy1

dt
= y1(−(y1 − y∗

1) + c1b1x
1+a1x

− c1b1x∗

1+a1x∗
− b2y2

1+a2y1

+
b2y∗

2

1+a2y∗

1

),
dy2

dt
= y2(

c2b2y1

1+a2y1

− c2b2y1∗
1+a2y1∗ ).

(8)r' Liapunov y1�
V (x, y1, y2) = (x − x∗ − x∗ ln

x

x∗ ) + m1(y1 − y∗
1 − y∗

1 ln
y1

y∗
1

) + m2(y2 − y∗
2 − y∗

2 ln
y2

y∗
2

),}A m1, m2 U=PF1$1�U�)�A�X
P = (x − x∗)2(−r + s1a1b1y

∗
1) − s1b1(1 + a1x

∗)(x − x∗)(y1 − y∗
1),

Q = −m1(y1 − y∗
1)2(1 − s2a2b2y

∗
2) + m1s1c1b1(x − x∗)(y1 − y∗

1)−

m1s2b2(1 + a2y
∗
1)(y1 − y∗

1)(y2 − y∗
2),

R = m2s2c2b2(y1 − y∗
1)(y2 − y∗

2).) dV
dt

= P + Q + R. � m1 = 1
c1

(1 + a1x
∗), m2 = 1

c1c2

(1 + a1x
∗)(1 + a2y

∗
1), �

dV

dt
= (x − x∗)2(−r + s1a1b1y

∗
1) − m1(y1 − y∗

1)2(1 − s2a2b2y
∗
2).� a1 ≤ 1, a2b2y

∗
2 < 1, ) dV

dt
< (x − x∗)2(−r + s1a1b1y

∗
1). $� d2

c2b2−a2d2

< r
b1

, � dV
dt

< 0. �� dV
dt

= 0 ��'� x = x∗, y1 = y∗
1 , y2 = y∗

2 . 
5aN (1) F1w�N E∗(x∗, y∗
1 , y

∗
2) % R3

+�
5�)YP� 2

4 q y[bC[U�EQb_+aN1w�$F7%v�
5YPv�faNhpF,$XD�}��$D�FkU*&Z
�-F��-B�l (9�iv
T=�m) F>$℄Ohs�~0U�D�q7��-"17�Fta�DBUaN%1w�N3
5�)YPF.bI��fI��g��u1w�N,5 �)YPF�k`?�,
5�)YPF�aN1w�NF
5�(YPv�
4U�.b:	��D�F
T�")�1w�NV<��4,5,j�AaNAlD��&{�7
����A;�~�D�Ff<�Wu	��
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Existence and Global Stability of Positive Equilibrium Point to a

System of Differential Equations

LIU Jing, MA Yan
(Department of Mathematics, Dalian Maritime University, Liaoning 116026, China )

Abstract: This paper deals with an autonomous nonlinear system of differential equations. We obtain
the existence-uniqueness of positive equilibrium point to the problem, and then establish the local sta-
bility and the global asymptotic stability of the positive equilibrium point by means of the stretching
method and the Liapunove function method, respectively.

Key words: food chain model; positive steady-state; stretching; Liapunov function; global asymptotical
stability.


