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1 ���wpÆ�f-EY�+:>�R�p [1−3], - σ(f) �hnl f(z) >�� µ(f) �h f(z) >
�� λ(f), λ̄(f) Y��h f(z) >5Cj0Gl3�x5Cj0Gl��+℄&
F)�h� 1
[4] �-nl f(z) >!�F)~

σ2(f) = lim
r→∞

log log T (r, f)/ log r.h� 2
[5] �-nl f(z) >O�5Cj0Gl λ2(f) F)~

λ2(f) = lim
r→∞

log log N(r, 1/f)/ log r.

f(z) >O��x5Cj0Gl λ̄2(f) F)~
λ̄2(f) = lim

r→∞
log log N(r, 1/f)/ log r.K1�{YT&42>�T��-��\s�WAd�N����#V[=�� [7]M��3_��P0�-nl�l{YT&>�-�>����<:&
�l�h} A 	b a0, . . . , ak−1 i�-nl�=X

b = max{σ(aj), λ(1/a0)} < µ(a0) ≤ σ(a0) < +∞, j = 1, 2, . . . , k − 1.\lP0�{YT&
f (k) + ak−1f

(k−1) + · · · + a0f = 0 (1)/�-� f , R λ(1/f) < b, D?�aW5�-� f =X σ2(f) = σ(a0).�n��: 2005-10-08; u���: 2007-03-22ry��: k�UY$�z� (10161006); jHUY$�z� (04010360); ���9wSP (^�� 2007135).



4M $6����*`�Æ�|ZU'�.�?A � 827F+ Ar:3max{σ(aj), λ(1/a0)} < µ(a0) ≤ σ(a0) < +∞>S��NM j = 1, 2, . . . , k−1.Æ�='S>v�
�&r:�d�3�)_��{YT&>�>����s�-!��O�5Cj0Gl>℄J�#��WAd�3{YT&>�T��>��8�5CAJ��KF+ A >v��&\��h} 1 	b a0, . . . , ak−1 i�-nl�=X σ(aj) < σ(a0) ≤ +∞ (j = 1, 2, . . . , k − 1)R limr→∞
log m(r,a0)

log r
= σ(a0). \l f 6≡0 i{YT& (1) >�-��R λ(1/f) < µ(f), D?

σ(f) = ∞, σ2(f) = σ(a0).h} 2 	b a0, . . . , ak−1, F 6≡0 i/T��-nl�=X σ(aj) < σ(a0) (j = 1, 2, . . . , k−

1), \l{YT&
f (k) + ak−1f

(k−1) + · · · + a0f = F (2)>p/� f 6≡ 0 ~�-��R λ(1/f) < µ(f), σ(f) = ∞, D?
(a) λ̄(f) = λ(f) = σ(f) = ∞; (b) λ̄2(f) = λ2(f) = σ2(f) ≤ σ(a0). ^ limr→∞

log m(r,a0)
log r

=

σ(a0), ? λ̄2(f) = λ2(f) = σ2(f) = σ(a0), IM+V#a.z�h} 3 	b a0, . . . , ak−1, F i/T��-nl�=X σ(aj) < σ(a0) (j = 1, 2, . . . , k − 1)R limr→∞
log m(r,a0)

log r
= σ(a0), \l{YT& (2) >p/� f 6≡ 0 ~�-��R λ(1/f) < µ(f),D?

(a) σ(f) = ∞, IM%H+V#a.z��#�A�^ F 6≡ 0, ? λ̄(f) = λ(f) = σ(f) = ∞.

(b) σ2(f) = σ(a0), IM%H+V#a.z��#�A�^ F 6≡ 0, ? λ̄2(f) = λ2(f) =

σ2(f) = σ(a0).h} 4 	b a0, . . . , ak−1 i�-nl�3=Ca!;�-nl ad (d ∈ {0, . . . , k − 1}), =X σ(aj) < µ(ad) (j 6= d) R limr→∞
log m(r,ad)

log r
= σ(ad), \l{YT& (1) >p/�~�-��R λ(1/f) < µ(ad), D? σ2(f) ≤ σ(ad) RI`/#�=X σ2(f) = σ(ad).h} 5 b a0, . . . , ak−1 =XF+ 4 >v�� F 6≡ 0 i#/���-nl�	bT& (2)>� ~�-nlR λ(1/f) < µ(ad), f0 iT& (2) >#a�� g1, . . . , gk iK,>T& (1) >y,���?3=#a gj(j ∈ {1, . . . , k}) �Vb~ g1, fp/�&
 {cg1 + f0, c ∈ C} G>�=X σ2(f) = λ̄2(f) = σ(ad), IM/#a.z�" 1 F+ 4 3F+ 5 ^v� σ(aj) < µ(ad) | λ(1/f) < µ(ad) \~ σ(aj) < σ(ad) 3

λ(1/f) < µ(f), �:[%/��FCB�^ N(r, a0) = O(m(r, a0)), ? limr→∞
log m(r,a0)

log r
= σ(a0).2N/&
y:��� 1 	b a0, . . . , ak−1 i�-nl� σ(aj) < σ(a0) ≤ +∞ (j = 1, 2, . . . , k − 1), R=X N(r, a0) = O(m(r, a0)). \l f 6≡ 0 iP0T& (1) >�-��R λ(1/f) < µ(f), D?

σ(f) = ∞, σ2(f) = σ(a0).�F")�y: 1 KF+ A >v�Z3\��VE3 λ(1/a0) < µ(a0) | σ(a0) < ∞ >�J��Rv� N(r, a0) = O(m(r, a0)) +3
m λ(1/a0) < µ(a0) ≤ σ(a0), x
m3#�Y
λ(1/a0) = σ(a0) >S��~xr:3 λ(1/a0) = σ(a0) >S�
�-�>�K��� 2 	b a0, . . . , ak−1, F i/T��-nl� σ(aj) < σ(a0)(j = 1, 2, . . . , k − 1), R=X N(r, a0) = O(m(r, a0)). \lWP0T& (2) >p/� f 6≡ 0 ~�-��R λ(1/f) < µ(f),D?
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(a) σ(f) = ∞, IM%H+V#a.z��#�A�^ F 6≡ 0, ? λ̄(f) = λ(f) = σ(f) = ∞.

(b) λ̄2(f) = λ2(f) = σ2(f) ≤ σ(a0). ^ limr→∞
log m(r,a0)

log r
= σ(a0), ? λ̄2(f) = λ2(f) =

σ2(f) = σ(a0), IM+V#a.z��� 3 	b a0, . . . , ak−1 i�-nl�3=Ca ad (d ∈ {0, . . . , k − 1}), =X σ(aj) <

µ(ad) (j 6= d),R=XN(r, ad) = O(m(r, ad)). \l{YT& (1)>p/�~�-��R λ(1/f) <

µ(ad), D? σ2(f) ≤ σ(ad) RI`/#�=X σ2(f) = σ(ad).�� 4 b a0, . . . , ak−1 =Xy: 3 >v�� F 6≡ 0 i#/���-nl�	bT& (2)>� ~�-nlR λ(1/f) < µ(ad), f0 iT& (2) >#a�� g1, . . . , gk iK,>T& (1) >y,���?3=#a gj (j ∈ {1, . . . , k}) �Vb~ g1, fp/�&
 {cg1 + f0, c ∈ C} G>�=X σ2(f) = λ̄2(f) = σ(ad), IM/#a.z�" 2 y: 3 3y: 4 ^v� σ(aj) < µ(ad) | λ(1/f) < µ(ad) \~ σ(aj) < σ(ad) 3
λ(1/f) < µ(f), �:[%/�
2 i~ �	��~�} 1

[7] 	b f(z) = g(z)/d(z) ~�-nl�NM g(z), d(z) ~Bnl�=X µ(g) =

µ(f) = µ ≤ σ(g) = σ(f) ≤ +∞, λ(d) = σ(d) = λ(1/f) = β < µ. 	b z ~ |z| = r _#C�=X |g(z)| = M(r, g), vg(r) �hBnl g(z) >M�G��D?3=#aKl�J~/T>{u
E1 ⊂ (1, +∞), 8 |z| = r /∈ [0, 1] ∪ E1 e� f (n)(z)/f(z) = (vg(r)/z)n(1 + o(1)) (n ≥ 1).�} 2

[8] 	b g(z) i�-nl� σ(g) = β < +∞, D?KZb> ε > 0, 3= E2 ⊂

(1, +∞) (NM lmE2 < +∞, mE2 < +∞), f<8 |z| = r /∈ [0, 1] ∪ E2 R r → +∞ e�/
|g(z)| ≤ exp{rβ+ε}.�} 3

[6] b F (r), G(r) i= [0, +∞) _>W�nl�3={u E3 ⊆ [0, +∞) �//T�J�K r /∈ E3, ^ F (r) ≤ G(r), ?
lim

r→∞
log F (r)/ log r ≤ lim

r→∞
log G(r)/ log r,

lim
r→∞

log log F (r)/ log r ≤ lim
r→∞

log log G(r)/ log r.�} 4
[9] b g(z) ~�T�Bnl�R σ2(g) = σ < +∞, 0b vg(r) ~ g(z) >M�G��? lim

r→∞
log log vg(r)/ log r = σ.�} 5

[12] 	b{YT&
f (k) + ak−1f

(k−1) + · · · + a0f = 0 ka��g>�-� f1 , . . . , fkp=X�D? a0 , . . . , ak−1i�-nl�RK1 j = 0, 1, . . . , k−

1, / m(r, aj) = O[log(max(T (r, fd) : d = 1, . . . , k))].�} 6 	b�-nl f(z) =X limr→∞
log m(r,f)

log r
= σ(f), ?3=#�TKl�J E5 ⊂

(1, +∞), lim r→∞

r∈E5

log m(r,f)
log r

= σ(f).�� . limr→∞
log m(r,f)

log r
= σ(f) D3= {rn}(rn → ∞) f

lim
rn→∞

log m(rn, f)

log rn

= σ(f).
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⋃∞

n=1[rn, 2rn], ? E5 >Kl�J~ ∞ R lim r→∞

r∈E5

log m(r,f)
log r

= σ(f).

3 i~f �h} 1 e�� 	b f 6≡ 0 i{YT& (1) >�-��\l σ(f) < +∞, ?. (1) g%<
−a0 = f (k)/f + ak−1f

(k−1)/f + · · · + a1f
′/f..Kl9l++�%D

m(r, a0) ≤

k−1∑

j=1

m(r, aj) + O(log r), (4)? limr→∞
log m(r,a0)

log r
≤ max{limr→∞

log m(r,aj)
log r

(j = 1, 2, . . . , k− 1)}, ~ σ(a0) ≤ max{σ(aj) (j =

1, 2, . . . , k − 1)}, >L�p& σ(f) = +∞.. (3) g|Kl9l++�%DYM+V#a�J~/T>T{ E1, Kp/ z /∈ E1,

m(r, a0) ≤

k−1∑

j=1

m(r, aj) + O(log rT (r, f)) (5). (5) g�/ limr→∞
log log T (r,f)

log r
≥ limr→∞

log m(r,a0)
log r

, ~ σ2(f) ≥ σ(a0).\l σ(a0) = ∞, ~< σ2(f) = σ(a0) = ∞.\l σ(a0) < ∞, 
C σ2(f) ≤ σ(a0).. Hadamard F+� f %�% f(z) = g(z)/d(z), NM g(z), d(z) ~Bnl�=X
µ(f) = µ(g) ≤ σ(g) = σ(f) = +∞, λ(d) = σ(d) = λ(1/f) < µ(f) = µ(g)..++ 1, UC z =X |z| = r | |g(z)| = M(r, g), - vg(r) �hBnl g >M�G��D?3=#aKl�J~/T>{u E1 ⊂ (1, +∞), 8 |z| = r /∈ [0, 1] ∪ E1 e�

f (n)(z)/f(z) = (vg(r)/z)n(1 + o(1)) (n ≥ 1). (6)T& (1) \�~�
−f (k)/f = ak−1f

(k−1)/f + · · · + a1f
′/f + a0. (7) (6) g6℄ (7) g�<

−(vg(r)/z)k(1 + o(1)) = ak−1(vg(r)/z)k−1(1 + o(1)) + · · · + a0. (8).++ 2 D�KZb> ε > 0, 3= E2 ⊂ (1, +∞) (NM lmE2 < +∞, mE2 < +∞), 8
|z| = r /∈ [0, 1] ∪ E2, R r → ∞ e�

|aj(z)| ≤ exp{rσ(aj)+ε} (j = 0, 1, . . . k − 1). (9). (8), (9) g|sbD�8 |z| = r /∈ [0, 1] ∪ E1 ∪ E2 R |g(z)| = M(r, g), r → ∞ e�/
(vg(r)/r)k |1 + o(1)| ≤ k(vg(r)/r)k−1 |1 + o(1)| exp{rσ(a0)+ε}.



830 m �  � 4 K ; 27�'D� r → ∞ e� vg(r) ≤ exp{rσ(a0)+2ε}, 0. ε >Z(�|++ 3 q 4, %D σ2(f) =

σ2(g) ≤ σ(a0). ~p/�-� f 6≡ 0, / σ2(f) = σ(a0).h} 2 e�� (a) ^ F 6≡ 0, {YT& (2) \�~
1/f = 1/F (f (k)/f + ak−1f

(k−1)/f + · · · + a0). (10)'D
n(r, 1/f) ≤ kn̄(r, 1/f) + n(r, 1/F ) +

k−1∑

j=0

n(r, aj),

N(r, 1/f) ≤ kN(r, 1/f) + N(r, 1/F ) +

k−1∑

j=0

N(r, aj). (11). (10) g|Kl9l++D�YM+V#a�J~/T>T{ E2, Kp/ z /∈ E2

m(r, 1/f) ≤ m(r, 1/F ) +

k−1∑

j=0

m(r, aj) + O(log rT (r, f)). (12). (11) | (12) g%<
T (r, f) = T (r, 1/f) + O(1) ≤ kN(r, 1/f) + T (r, F ) +

k−1∑

j=0

T (r, aj) + O(log rT (r, f)). (13).1 a0, . . . , ak−1, F ~/T��-nl�&| σ(f) = +∞, ?. (13) g%&<: λ̄(f) ≥

σ(f), 2N/ λ̄(f) = λ(f) = σ(f) = ∞.

(b) 
C σ2(f) ≤ σ(a0).. Hadamard F+� f %�% f(z) = g(z)/d(z), NM g(z), d(z) ~Bnl�=X
µ(f) = µ(g) ≤ σ(g) = σ(f) = +∞, λ(d) = σ(d) = λ(1/f) < µ(f) = µ(g)..++ 1, UC z =X |z| = r | |g(z)| = M(r, g), - vg(r) �hBnl g >M�G��D?3=#aKl�J~/T>{u E2 ⊂ (1, +∞), 8 |z| = r /∈ [0, 1]∪E2 e� (6) g%/�T& (2) \�~�

−f (k)/f = ak−1f
(k−1)/f + · · · + a1f

′/f + a0 − F/f. (14) (6) g6℄ (14) g�<
−(vg(r)/z)k(1 + o(1)) = ak−1(vg(r)/z)k−1(1 + o(1)) + · · · + a0 − F/f. (15).++ 2 D�KZb> ε > 0, 3= E3 ⊂ (1, +∞) (NM lmE3 < +∞, mE3 < +∞), 8

|z| = r /∈ [0, 1] ∪ E3, R r → ∞ e�
|aj(z)| ≤ exp{rσ(aj)+ε} (j = 0, 1, . . . , k − 1). (16)



4M $6����*`�Æ�|ZU'�.�?A � 831�Vb α = σ(Fd) < +∞, .++ 2, KZb> ε > 0, 3= E4 ⊂ (1, +∞) (NM lmE4 <

+∞, mE4 < +∞), 8 |z| = r /∈ [0, 1]∪ E4, R r → ∞ e�/ |F (z)d(z)| ≤ exp{rα+ε}. xe�8
z =X |g(z)| = M(r, g) e�/ |g(z)| ≥ exp{rα+1}, f/

|F (z)/f(z)| = |F (z)d(z)/g(z)| ≤ exp{rα+ε}/ exp{rα+1}

= exp{rα+ε − rα+1} → 0. (17). (15)–(17)g|sbD�8 |z| = r /∈ [0, 1]∪E2 ∪E3 ∪E4 R |g(z)| = M(r, g), r → ∞ e�/
(vg(r)/r)k|1 + o(1)| ≤ (k + 1)(vg(r)/r)k−1 |1 + o(1)| exp{rσ(a0)+ε}.'D� r → ∞ e� vg(r) ≤ exp{rσ(a0)+2ε}, 0. ε >Z(�|++ 3 q 4, %D σ2(f) =

σ2(g) ≤ σ(a0).
C σ2(f) = σ(a0), IM+V#a.z�	b/ f1, f2(f1 6= f2)=X σ2(f1) < σ(a0), σ2(f2) < σ(a0),? σ2(f1−f2) ≤ max{σ2(f1), σ2(f2)},~ σ2(f1 − f2) < σ(a0). N f1 − f2 ~P0T& (1) >��.F+ 1 D� σ2(f1 − f2) = σ(a0). >L�~IM%H+V#a/��.z��Nqp/�-� f 6≡0, / σ2(f) = σ(a0).0 F 6≡ 0, 
C λ̄2(f) = σ2(f)..1 r (Y4e� log rT (r, f) ≤ 1
2T (r, f), 6℄ (13) g��Q(: a0, . . . , ak−1, F ~/T��-nl�%D λ̄2(f) ≥ σ2(f), 2N/ λ̄2(f) = λ2(f) = σ2(f) = σ(a0).h} 3 e�� .F+ 1 �F+ 2 |NCB'<�h} 4 e�� .1T& (1) >p/�~�-nl�b {f1, . . . , fk} ~T& (1) >y,���.++ 5, /

m(r, ad) ≤ M log( max
1≤n≤k

T (r, fn)). (18)*~ limr→∞
log m(r,ad)

log r
= σ(ad), .++ 7, 3=#�TKl�J E5 ⊂ (1, +∞), 7 E5n =

{r : r ∈ E5, m(r, ad) ≤ M log T (r, fn)}(n = 1, . . . , k), ? ⋃k

n=1 E5n = E5. .1 E5 >Kl�J�T�p&�3=Ca E5n(n ∈ {1, . . . , k}), �Vb~ E51, q/�TKl�J�R= E51 _=X
lim r→∞

r∈E51

log m(r,ad)
log r

= σ(ad) q m(r, ad) ≤ M log T (r, f1)(r ∈ E51), ./%< σ2(f1) ≥ σ(ad).. Hadamard F+� f %�% f(z) = g(z)/d(z), NM g(z), d(z) ~Bnl�=X σ(g) =

σ(f) = +∞, λ(d) = σ(d) = λ(1/f)..T& (1) <
ad =

−(f (k) + ak−1f
(k−1) + · · · + ad+1f

(d+1) + ad−1f
(d−1) + · · · + a0f)

f (d)
,2N T (r, ad) ≤ cT (r, f) +

∑
j 6=d T (r, aj) + O(log r), NM c ~�l�.	b max{σ(aj)(j 6= d)} < µ(ad), %< µ(f) ≥ µ(ad). . Hadamard F+� f %�%

f(z) = g(z)/d(z), NM g(z), d(z) ~Bnl�=X
σ(g) = σ(f) = +∞, λ(d) = σ(d) = λ(1/f).*~ λ(1/f) < µ(ad), p& µ(f) > λ(1/f), 2N

µ(g) = µ(f) ≤ σ(g) = σ(f) = +∞, λ(d) = σ(d) = λ(1/f) < µ(f).



832 m �  � 4 K ; 27�)o1F+ 1 >CQ�%&CB σ2(f) ≤ σ(ad). 2N σ2(f1) = σ(ad).h} 5 e�� .F+ 4 D� σ2(gj) ≤ σ(ad) (j = 1, . . . , k) R3=#a gj, �Vb~ g1=X σ2(g1) = σ(ad). -�� [13] >CBTQ�%&CB�&
 {cg1 + f0, c ∈ C} G>�=X
σ2(f) = λ̄2(f) = σ(ad), IM/#a.z�`zÆ��
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Abstract: In this paper, we investigate the properties of the growth of solutions of some new types
of higher order linear differential equations with meromorphic coefficients, and obtain some precise
estimates of homogeneous and non-homogeneous linear differential equations.

Key words: higher order linear differential equation; meromorphic solutions; hyper-order; hyper-
exponent of convergence.


