
#27U#4p � � " R 6 o h Vol.27, No.4

2007k11: JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION Nov., 2007z�Rb: 1000-341X(2007)04-0833-06 z~Ssm� A\}wW�awX�^��� Æ
(8G%LW���℄�9��G 8G 310018)

(E-mail: Dqsx123@126.com)� �: ��0yb)[T3-�� �'7�O Cn(α), �r�gb?[7�ONv ��1C�m�(℄>Æ
(℄��2b)�*3I4�`eV: �'7��K�7��-���
MSC(2000): 30C45
x[i: O174.51

1 � �{ S ��;�8 ∆ : |z| < 1 jJ��&qS2=V� f(z) = z +
∑

∞

j=2 ajz
j �6�N�

T ��; S FS2���
f(z) = z −

∞∑

j=2

ajz
j (aj ≥ 0) (1.1)�6�N�4D T ∗(α) = {f(z)|f(z) ∈ T , q Re(zf ′(z))/f(z) > α, 0 ≤ α < 1}, C(α) =

{f(z)|f(z) ∈ T , q�; g(z) ∈ T ∗(α), ~� Re(zf ′(z))/g(z) > α, 0 ≤ α < 1}.* f(z) ∈ S, Salagean[1] /xa��K�
D0f(z) = f(z), D1f(z) = zf ′(z) (1.2):

Dnf(z) = D(Dn−1f(z)). (1.3)J,� Dnf(z) = z +
∑

∞

j=2 jnajz
j (n = 0, 1, 2, · · · ).

Ekrem[2]  Pa6�N Tn(α) = {f(z)|f(z) ∈ T , q Re(Dn+1f(z))/(Dnf(z)) > α} (n =

0, 1, 2, . . . ; 0 ≤ α < 1) �(��E��Æ'-a(.��6�N� Cn(α) = {f(z)|f(z) ∈ T , q�; g(z) ∈ Tn(α), ~
Re(Dn+1f(z))/(Dng(z)) > α}, n = 0, 1, 2, . . . ; 0 ≤ α < 1.J,� Tn(α) ⊂ Cn(α), q T0(α) = T ∗(α), C0(α) = C(α). �ÆI$ Pa Cn(α) ���0B�l�'\=	'\���a(�Mu�H3�

2 |v_dYj 1 { g(z) = z −
∑

∞

j=2 bjz
j ∈ Tn(α), �w� (1.1) �6� f(z) ∈ Cn(α) ��,�$t℄rq: 2005-07-04; furq: 2005-11-26g�o: 9H&MXA��X#;L (KYF091506020).
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∞∑

j=2

(jn+1aj − jnαbj) ≤ 1 − α. (2.1)	n z f(z) ∈ Cn(α), <2
Re

Dn+1f(z)

Dng(z)
= Re

z −
∑

∞

j=2 jn+1ajz
j

z −
∑

∞

j=2 jnbjzj
> α. (2.2)J,� z t}D|� (Dn+1f(z))/(Dng(z)) %�}D�d z → 1 , <2

∞∑

j=2

(jn+1aj − jnαbj) ≤ 1 − α. (2.3)+C�z (2.1) ��`�<2
Dn+1f(z)

Dng(z)
=

z −
∑

∞

j=2 jn+1ajz
j

z −
∑

∞

j=2 jnbjzj
=

1 −
∑

∞

j=2 jn+1ajz
j−1

1 −
∑

∞

j=2 jnbjzj−1
(|z| < 1). (2.4)�� z t}D|� (Dn+1f(z))/(Dng(z)) %�}D�d z → 1 , <2

Re
Dn+1f(z)

Dng(z)
=

1 −
∑

∞

j=2 jn+1aj

1 −
∑

∞

j=2 jnbj

. (2.5)1 (2.1) �2
∞∑

j=2

jn+1aj ≤ 1 − α +

∞∑

j=2

jnαbj .<2
Re

Dn+1f(z)

Dng(z)
≥

1 − (1 − α +
∑

∞

j=2 jnαbj)

1 −
∑

∞

j=2 jnbj

= α. (2.6)�+ f(z) ∈ Cn(α).yl 1
[2, )^ 2] 6� g(z) = z −

∑
∞

j=2 bjz
j ∈ Tn(α) ��,�$	F��

∞∑

j=2

(jn+1 − jnα)bj ≤ 1 − α. (2.7)	n ;'\ 1 Fd f(z) = g(z) ?Y� (2.7) ��yl 2 6� f(z) = z −
∑

∞

j=2 ajz
j ∈ C(α) ��,�$	F��

∞∑

j=2

(jaj − αbj) ≤ 1 − α. (2.8)	n ;'\ 1 Fd n = 0 ?Y� (2.8) ��
3 pUZkYj 2 1 (1.1) ��u'�6� f(z) ∈ Cn(α), <2

r −
1 − α

2n+1 − 2nα
r2 ≤ |f(z)| ≤ r +

1 − α

2n+1 − 2nα
r2 (|z| = r), (3.1)
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f(z) = z −

1 − α

2n+1 − 2nα
z2 (z = +r).	n 1'\ 1, 2

2n+1
∞∑

j=2

aj ≤

∞∑

j=2

jn+1aj ≤ 1 − α + α

∞∑

j=2

jnbj. (3.2)1Æ� [2] B
∞∑

j=2

jnbj ≤
1 − α

2 − α
. (3.3)<2

2n+1
∞∑

j=2

aj ≤ 1 − α + α
1 − α

2 − α
=

2(1 − α)

2 − α
. (3.4).�

|f(z)| ≤ r +
∞∑

j=2

ajr
j ≤ r + r2

∞∑

j=2

aj ≤ r +
1 − α

2n+1 − 2nα
r2, (3.5)

|f(z)| ≥ r −

∞∑

j=2

ajr
j ≥ r − r2

∞∑

j=2

aj ≥ r −
1 − α

2n+1 − 2nα
r2. (3.6)?

r −
1 − α

2n+1 − 2nα
r2 ≤ |f(z)| ≤ r +

1 − α

2n+1 − 2nα
r2.yl 3

[2, )^ 3] 6� g(z) = z −
∑

∞

j=2 bjz
j ∈ Tn(α), <2

r −
1 − α

2n+1 − 2nα
r2 ≤ |g(z)| ≤ r +

1 − α

2n+1 − 2nα
r2 (|z| = r). (3.7)

(3.7) ��Mu��<D6��
g(z) = z −

1 − α

2n+1 − 2nα
z2 (z = +r).	n ;'\ 2 Fd f(z) = g(z) ?Y� (3.7) ��yl 4 1 (1.1) ��u'�6� f(z) ∈ C(α), <2

r −
1 − α

2 − α
r2 ≤ |f(z)| ≤ r +

1 − α

2 − α
r2 (|z| = r). (3.8)

(3.8) ��Mu��<D6���
f(z) = z −

1 − α

2 − α
z2, (z = +r).	n ;'\ 2 Fd n = 0 ?Y� (3.8) ��
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r < 1 −

1 − α

2n+1 − 2nα
. (3.9)yl 5

[2, )^ 4] ;
f 3 �E{��6� g(z) 	5;F�;7$��O� r �8j�>_
r < 1 −

1 − α

2n+1 − 2nα
. (3.10)yl 6 ;
f 4 �E{��6� f(z) 	5;F�;7$��O� r �8j�>_

r <
1

2 − α
. (3.11)Yj 4 1 (1.1) ��u'�6� f(z) ∈ Cn(α), <2

1 −
1 − α

2n − 2n−1α
r ≤ |f ′(z)| ≤ 1 +

1 − α

2n − 2n−1α
r (|z| = r). (3.12)

(3.12) ��Mu��<D6��
f(z) = z −

1 − α

2n+1 − 2nα
z2 (z = +r).	n 1'\ 1, 2

|f ′(z)| ≤ 1 +

∞∑

j=2

jaj |z|
j−1 ≤ 1 + r

∞∑

j=2

jaj , (3.13)

2n

∞∑

j=2

jaj ≤

∞∑

j=2

jn+1aj ≤ 1 − α + α

∞∑

j=2

jnbj ≤ 1 − α + α
1 − α

2 − α
=

2(1 − α)

2 − α
. (3.14)�+

|f ′(z)| ≤ 1 +
1 − α

2n − 2n−1α
r. (3.15)Z�"2

|f ′(z)| ≥ 1 −
1 − α

2n − 2n−1α
r. (3.16)yl 7

[2, )^ 5] 6� g(z) = z −
∑

∞

j=2 bjz
j ∈ Tn(α), <2

1 −
1 − α

2n − 2n−1α
r ≤ |g′(z)| ≤ 1 +

1 − α

2n − 2n−1α
r (|z| = r). (3.17)�Mu��<D6��

g(z) = z −
1 − α

2n+1 − 2nα
z2 (z = +r).	n ;'\ 4 Fd f(z) = g(z) ?Y� (3.17) ��yl 8 1 (1.1) ��u'�6� f(z) ∈ C(α), <2

1 −
2(1 − α)

2 − α
r ≤ |f ′(z)| ≤ 1 +

2(1 − α)

2 − α
r (|z| = r). (3.18)
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(3.18) ��Mu��<D6��
f(z) = z −

1 − α

2 − α
z2 (z = +r).	n ;'\ 4 Fd n = 0 ?Y� (3.18) ��

4 QPZkYj 5 { gm(z) = z −
∑

∞

j=2 bj,mzj ∈ Tn(α), m = 1, 2, <* 0 ≤ ξ ≤ 1, 2
g(z) = (1 − ξ)g1(z) + ξg2(z) = z −

∞∑

j=2

bjz
j ∈ Tn(α). (4.1)Aie�Yj 6 { fm(z) = z −

∑
∞

j=2 aj,mzj ∈ Cn(α), m = 1, 2, <* 0 ≤ ξ ≤ 1, 2
f(z) = (1 − ξ)f1(z) + ξf2(z) = z −

∞∑

j=2

ajz
j ∈ Cn(α). (4.2)	n { f1(z), f2(z) ∈ Cn(α), <1'\ 1 2

∞∑

j=2

(jn+1aj,1 − jnαbj,1) ≤ 1 − α (4.3):
∞∑

j=2

(jn+1aj,2 − jnαbj,2) ≤ 1 − α. (4.4)

∞∑

j=2

(jn+1aj − jnαbj) =
∞∑

j=2

{jn+1[(1 − ξ)aj,1 + ξaj,2] − jnα[(1 − ξ)bj,1 + ξbj,2]}

=

∞∑

j=2

(1 − ξ)(jn+1aj,1 − jnαbj,1) +

∞∑

j=2

ξ(jn+1aj,2 − jnαbj,2)

≤ (1 − ξ)(1 − α) + ξ(1 − α) = 1 − α.1'\ 1 B f(z) ∈ Cn(α).yl 9 { gm(z) = z −
∑

∞

j=2 bj,mzj ∈ T ∗(α), m = 1, 2, <* 0 ≤ ξ ≤ 1, 2
g(z) = (1 − ξ)g1(z) + ξg2(z) = z −

∞∑

j=2

bjz
j ∈ T ∗(α). (4.5)	n ;'\ 6 Fd f(z) = g(z) ?Y� (4.5) ��yl 10 { fm(z) = z −

∑
∞

j=2 aj,mzj ∈ C(α), m = 1, 2, <* 0 ≤ ξ ≤ 1, 2
f(z) = (1 − ξ)f1(z) + ξf2(z) = z −

∞∑

j=2

ajz
j ∈ C(α). (4.6)
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A New Subclass of Univalent Functions with Negative Coefficients

DENG Qin
(School of Science, Hangzhou Dianzi University, Zhejiang 310018, China )

Abstract: Sharp results concerning coefficients, distortion, closure theorem for the class Cn(α) are
investigated. These results extend some known theorems.

Key words: univalent functions; analytic function; negative coefficients.


