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1 ��|&��z���5
*#�-�N��E 8�K�
utt + uxxxx + bu+ − au− = 1 + εh(x, t), (x, t) ∈ (−π

2
,
π

2
) × R,

u(±π
2
, t) = uxx(±π

2
, t) = 0, (1)

u(x, t) = u(−x, t) = u(x, t+ π){1?a���U7%+ 3 < a, b < 15 ^�K�[Y&JST{�U71
*l�
�;�PKD��Æ��B�q�w^1�s3v1ei~>Æ�1�s�Q�KDjL!�J�
 [3, 4] ^�h�J�
 [1] ^�y[�℄ L 
{Pmg
Lu = utt + uxxxx.NqRX�s

Lu =λu,

u(±π
2
, t) =uxx(±π

2
, t) = 0, (2)

u(x, t) =u(−x, t) = u(x, t+ π),>�I?TqRX
λmn = (2n+ 1)4 − 4m2, m, n = 0, 1, 2 . . . ,=71Tyi1qRai ϕmn, ψmn ~
ϕ0n =

√
2

π
cos(2n+ 1)x, n ≥ 0,�xÆ�: 2006-07-11; ��Æ�: 2007-01-17}���: ℄thM� k� (10471018).
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ϕmn =

2

π
cos 2mt cos(2n+ 1)x, m > 0, n ≥ 0,

ψmn =
2

π
sin 2mt cos(2n+ 1)x, m > 0, n ≥ 0.�AJw (−19, 45) 1qRX~

λ20 = −15 < λ10 = −3 < λ00 = 1 < λ41 = 17.℄ Q ~JF [−π
2 ,

π
2 ] × [−π

2 ,
π
2 ], H0 ~�B�q�w
H0 = {u ∈ L2(Q) : u(x) = u(−x)}.94 H0 1g�w H = {u ∈ H0 : u =

∑
(hmnϕmn + h̃mnψmn),

∑
|λmn|(h2

mn + h̃2
mn) < ∞}, RBHi

|‖u‖| = [
∑

|λmn|(h2
mn + h̃2

mn)]
1

2 .93�QTRH1�w
zÆ1�+ V ~ H 1= ϕ10 d ψ10 O�1C�g�w�p5o=71qRX~ λ10 = −3, N=o>1 v ∈ V, > |‖v‖| =
√

3‖v‖ . u℄ W ~ V J H ^1Ty��w���
*1z^~s� 1.1 ℄ h ∈ W, |‖h‖| = 1, G 3 < a, b < 15. 93&J ε0 > 0 (/�A h, b) `/+
|ε| < ε0, �s (1) J H ^[Y&JST{�
2 &��zq#
J H W94Ia

Ib(u) =

∫

Q

[
1

2
(−|ut|2 + |uxx|2) +

b

2
|u+|2 +

a

2
|u−|2 − u− εh(x, t)u]dtdx. (3)�� 2.1 Ib J H W
 Fréchet �,1��� 2.2 + a, b > −1, G b �
 L 1qRX� h ∈ H G |‖h‖| = 1. N&J ε0 > 0 (/�A b d h), `/+ |ε| < ε0 ^��s (1) J H ^&J-TT{�"	 =�
 [6] O2/-6� 2.2.℄ P : H → V 
% H - V 1Tyw9� I − P : H →W 
% H - W 1Tyw9��� 2.3 + 3 < a, b < 15, h ∈ W , |‖h‖| = 1, v ∈ V , N= ε > 0, K�

Lz + (I − P )[b(v + z)+ − a(v + z)− − 1 − εh(x, t)] = 0 (4)&J}-{ z ∈ W . + z = θ(v), N θ J V W
��1�G= ∀w ∈ W , > DIb(v+θ(v))(w) = 0.94 Ĩb : V → R ~ Ĩb(v) = Ib(v + θ(v)), N Ĩb ZA v >��1 Fréchet ,i�G
DĨb(v)(h) = DIb(v + θ(v))(h), ∀h ∈ V.R v0 
 Ĩb 1'}7�N v0 + θ(v0) 
K� (1) 1{��G�K� (1) 14-T{;>Q`�a�q�� θ(v) ZA v 1 L2 HidHi |‖ · ‖| 
1i-℄ Lipschitz ux�



4B '&��4�.�O��F!L�|2�b� 847"	 ℄ 3 < a, b < 15, δ = 7, g(u) = bu+ − au−, g1(u) = g(u) − δu, 93K� (4) 3vA
z = (L+ δ)−1(I − P )[−g1(v + z) + 1 + εh(x, t)]. (5)

(L + δ)−1(I − P ) J W ^1qRX~ (λmn + δ)−1, A λmn ≥ 1 j λmn ≤ −15, o1 ‖(L +

δ)−1(I − P )‖ = 1
8 . 5~
|g1(u2) − g1(u1)| ≤ max{|b− δ|, |a− δ|}|u2 − u1| < 8|u2 − u1|,o1�K� (5) 1?<mg94%-T (I − P )H0 - (I − P )H0 1 Lipschitz :[� Lipschitz�i γ < 1. o1�=!n:�G��=Y91 v ∈ V , K� (5) &J}-1 z ∈ (I − P )H0 (+L� z ,fA (I − P )H).	6U θ 
��1�+ z1 = θ(v1), z2 = θ(v2), N
‖z1 − z2‖ = ‖(L+ δ)−1(I − P )(−g1(v1 + z1) + g1(v2 + z2))‖

= ‖(L+ δ)−1(I − P )[(δ − b)(v1 + z1)
+ + (a− δ)(v1 + z1)

−]−
[(δ − b)(v2 + z2)

+ + (a− δ)(v2 + z2)
−])‖

≤ γ‖(v1 + z1) − (v2 + z2)‖ ≤ γ(‖v1 − v2‖ + ‖z1 − z2‖).o1�/
‖z1 − z2‖ ≤ c(‖v1 − v2‖), c =

γ

1 − γ
.=Wh�3a��/

|‖z1 − z2‖| = ‖|(L+ δ)−1(I − P )(−g1(v1 + z1) + g1(v2 + z2))‖|
= ‖|(L+ δ)−1(I − P )([(−b)(v1 + z1)

+ + a(v1 + z1)
− + δ(v1 + z1)]−

[(−b)(v2 + z2)
+ + a(v2 + z2)

− + δ(v2 + z2)])‖|

≤ 1

2
‖(I − P )([(−b)(v1 + z1)

+ + a(v1 + z1)
− + δ(v1 + z1)]−

[(−b)(v2 + z2)
+ + a(v2 + z2)

− + δ(v2 + z2)])‖

≤ 4(‖v1 − v2‖ + ‖z1 − z2‖) ≤
4√
3
(c+ 1)|‖v1 − v2‖|.+ v ∈ V , z = θ(v). R w ∈W , % (4) a�1
-

∫

Q

(−ztwt + zxxwxx + b(v + z)+w − a(v + z)−w − w − εh(x, t)w)dtdx = 0.�5~ ∫

Q

vtwt = 0,

∫

Q

vxxwxx = 0,o1>
DIb(v + θ(v))(w) = 0, w ∈W. (6)



848 j � $ � D � / 27	+ W1 ~=7qRX λmn ≤ −151qRai ϕmn, ψmn O�1 H 1g�w�+ W2 ~=7qRX λmn ≥ 1 1qRai ϕmn, ψmn O�1 H 1g�w�+ v ∈ V , 94Ia h : W1 ×W2 → R

h(w1, w2) = Ib(v + w1 + w2).Ia h >��1>,i D1h d D2h,

Dih(w1, w2)(yi) = DIb(v + w1 + w2)(yi), yi ∈Wi, i = 1, 2.o1�R+ θ(v) = θ1(v) + θ2(v), θi(v) ∈ Wi, % (6) a�1/-
Dih(θ1(v), θ2(v)) = 0, i = 1, 2. (7)R w2, y2 ∈ W2, w1 ∈W1, N

[D2h(w1, w2) −D2h(w1, y2)](w2 − y2) = (DIb(v + w1 + w2) −DIb(v + w1 + y2))(w2 − y2)

=

∫

Q

[−|(w2 − y2)t|2 + |(w2 − y2)xx|2 + b((v + w1 + w2)
+−

(v + w1 + y2)
+)(w2 − y2) − a((v + w1 + w2)

− − (v + w1 + y2)
−)(w2 − y2)]dtdx

=

∫

Q

[−|(w2 − y2)t|2 + |(w2 − y2)xx|2 + (g(v + w1 + w2) − g(v + w1 + y2))(w2 − y2)]dtdx.5~�=N31 u2, u1, > (g(u2) − g(u1))(u2 − u1) ≥ 0, G
∫

Q

[−|(w2 − y2)t|2 + |(w2 − y2)xx|2]dtdx = ‖|w2 − y2‖|,o1
[D2h(w1, w2) −D2h(w1, y2)](w2 − y2) ≥ ‖|w2 − y2‖|.A
� h ZA5CT�#
"Sx1�v)�= (g(u2)− g(u1))(u2 − u1) ≤ max{a, b}(u2 − u1)

2V�R w1, y1 ∈W1, w2 ∈ W2, N
[D1h(w1, w2) −D1h(y1, w2)](w1 − y1) ≤ −‖|w1 − y1‖|2 + max{a, b}‖w1 − y1‖2

≤ (−1 +
max{a, b}

15
)‖|w1 − y1‖|2.Q�� −15 + max{a, b} < 0. o1� h ZA5-T�#
"S
1�% (7) a�V

Ib(v + θ1(v) + θ2(v)) ≤ Ib(v + θ1(v) + y2), (8)Q� y2 ∈ W2, +G�+ y2 = θ2(v) ^3
���v)�% (7) a�V
Ib(v + θ1(v) + θ2(v)) ≥ Ib(v + y1 + θ2(v)), (9)Q� y1 ∈ W1, +G�+ y1 = θ1(v) ^3
���sL� h ZA5- (C) T�#
"S
 (x) 1�=�
 [2] ^19� 2.3 V Ĩb ZA v 
�,1�G>
DĨb(v)(h) = DIb(v + θ(v))(h), h ∈ V. (10)



4B '&��4�.�O��F!L�|2�b� 849u9&J v0 ∈ V , `/ DĨb(v0) = 0. % (10) aV DIb(v0 + θ(v0))(v) = 0, ∀v ∈ V . (6) a= ∀w ∈ W ���A H �
 V d W 1Wd�o1�J H ^ DIb(v0 + θ(v0)) = 0, o1�
u = v0 + θ(v0) �
 (1) a1{��G�=�51y�_�V�R u 
K� (1) 1{� v = Pu, 93J V ^ DĨb(v) = 0.	6U θ(v) 1i-℄ Lipschitz ux�+ v1, v2 ∈ V , zk = θ(vk), k = 1, 2. % (5) a^V

z1 − z2 =(L+ δ)−1(I − P )(−g1(v1 + z1) + g1(v1 + z2))+

(L+ δ)−1(I − P )(−g1(v1 + z2) + g1(v2 + z2)),Q�� δ = 7, �V |g1(u2) − g1(u1)| ≤ max{|b− δ|, |a− δ|}|u2 − u1|,

r = max{(λmn + δ)−1 : λmn ≥ 1, λmn ≤ −15} = ‖(L+ δ)−1(I − P )‖ =
1

8
,

γ = rmax{|b− δ|, |a− δ|} < 1, o1
‖z1 − z2‖ ≤ γ‖z1 − z2‖ + γ‖v1 − v2‖,A


‖θ(v1) − θ(v2)‖ ≤ k‖v1 − v2‖, k = γ(1 − γ)−1.6� 2.3 U7z�� 2+ h ∈ W , ‖|h|‖ = 1, 3 < a, b < 15. %6� 2.2 V�&J P�1 ε0 > 0 (/�A h, b), `/R |ε| < ε0, NK� (1) >-TT{ u0, G u0 ∈ W . =6� 2.3, u0 ��� u0 = v0 + θ(v0),

v0 ∈ V . sL�T{ u0 ∈ W , o1 v0 = 0, o1> u0 = 0 + θ(0).�� 2.4 + 3 < a, b < 15, h ∈ W , |‖h‖| = 1, N&J ε0 > 0 (/�A b d h) 1n 0 J V^1-T�)F B, `/= ∀ε, |ε| < ε0, J B ^ v = 0 
 Ĩb 1-Tl�X7�"	 = |ε| < ε0, K� (1) >-TT{ u0, G u0 = 0 + θ(0). + I 
 V W1gv:[�=A I + θ 
��1�o1 0 J V ;&J-T�)F B, `/= v ∈ B, > v+ θ(v) > 0. $^��
v + θ(v) *PK� (4), �VJ B ^> θ(v) = θ(0). R+ v ∈ B, N= z = θ(v), >

Ĩb(v) =Ib(v + z)

=

∫

Q

[
1

2
(−|(v + z)t|2 + |(v + z)xx|2) +

b

2
|(v + z)+|2+

a

2
|(v + z)−|2 − (v + z) − εh(x, t)(v + z)]dtdx

=

∫

Q

[
1

2
(−|vt|2 + |vxx|2) +

b

2
v2]dtdx+

∫

Q

(−ztvt + zxxvxx + bvz − v − εh(x, t)v)dtdx+

∫

Q

[
1

2
(−|zt|2 + |zxx|2) +

b

2
z2 − z − εh(x, t)z]dtdx

=

∫

Q

[
1

2
(−|vt|2 + |vxx|2) +

b

2
v2]dtdx+ C.
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C =

∫

Q

[
1

2
(−|zt|2 + |zxx|2) +

b

2
z2 − z − εh(x, t)z]dtdx = Ib(z) = Ĩb(0).R v ∈ V , N v = c10ϕ10 + ć10ψ10, G ϕ10 d ψ10 =71qRX~ λ10 = −3. o1�J B ^

Ĩb(v) − Ĩb(0) =

∫

Q

[
1

2
(−|vt|2 + |vxx|2) +

b

2
v2]dtdx =

1

2
(−3 + b)

∫

Q

v2dtdx,�= 3 < a, b < 15, o1 v = 0 
 Ĩb 1-Tl�X7��� 2.5 + h ∈ H , ‖|h|‖ = 1. = −1 < a, b < 15 d ε ∈ [−1, 1], Ia Ĩb 1i [P.S.] ux�=N31�& {vn} ⊂ V , R Ĩb(vn) 
>}1�G DĨb(vn) → 0, N�& {vn} >d�1g�&�"	 2U�.�J H W94Ia
I∗b (u) =

∫

Q

1

2
[(−|ut|2 + |uxx|2) +

b

2
|u+|2 +

a

2
|u−|2]dtdx.b_W�= −1 < a, b < 15, K� Lu+ bu+ − au− = 0 Z>?F{ [5], o1� I∗b (u) Z>-T'}7 u = 0. + −1 < a, b < 15, =AV91 v ∈ V , + θ∗(v) ∈ W 
K�

Lz + (I − P )(b(v + z)+ − a(v + z)−) = 01}-{�J V W94Ia Ĩ∗b (v) = I∗b (v+ θ∗(v)). 7��+�5; θ∗(v), Ĩ∗b (v) *t θ(v), Ĩb(v)�1/-C6� 2.3 �v1z^�o1�+ −1 < a, b < 15 ^� Ĩ∗b (v) Z>-T'}7 v = 0.�� 2.6 = 3 < a, b < 15, N3 v ∈ V , v 6= 0, > Ĩ∗b (v) < 0.�� 2.7 + 3 < a, b < 15, h ∈ W , ‖|h|‖ = 1, N+ ‖v‖ → ∞ ^ Ĩb(v) → −∞ (|‖v‖| =√
3‖v‖)."	 J6� 2.6V=o>1 v 6= 0,> Ĩ∗b (v) < 0. u℄+ ‖v‖ → ∞^ Ĩb(v) → −∞
���1�pJ V ^&J�& {vn}∞1 d�iM < 0,`/+ n→ ∞^�‖vn‖ → ∞G Ĩb(vn) ≥M .=V91 vn ∈ V , + wn = θ(vn) 
K�

Lw + (I − P )(b(vn + w)+ − a(vn + w)− − 1 − εh(x, t)) = 01}-{�=6� 2.3 V�&J�i k `/
‖θ(vn) − θ(0)‖ ≤ k‖vn‖, |‖θ(vn) − θ(0)‖| ≤ k|‖vn‖|.%Wa�V�J H ^ {wn+vn

‖vn‖ }
>}1�+ zn = vn +wn, v
∗
n = vn

‖vn‖ , w∗
n = wn

‖vn‖ , z∗n = v∗n +w∗
n,

n ≥ 1. N= wn = θ(vn), w∗
n = wn

‖vn‖ >
w∗

n = L−1(I − P )(−b(wn + vn

‖vn‖
)+ + a(

wn + vn

‖vn‖
)− +

1

‖vn‖
+
εh(x, t)

‖vn‖
).sL {wn+vn

‖vn‖ }
>}1�+ ‖vn‖ → ∞^� 1
‖vn‖ + εh(x,t)

‖vn‖ → 0,o1 −b(wn+vn

‖vn‖ )++a(wn+vn

‖vn‖ )−+
1

‖vn‖ + εh(x,t)
‖vn‖ J H ^
>}1�=A L−1 
�mg�o1�J W ^ {w∗

n} >d�1g&��



4B '&��4�.�O��F!L�|2�b� 8515�M�℄J W ^ w∗
n → w∗, �& {v∗n}∞1 d�A v∗ ∈ V , G ‖v∗‖ = 1, �& {z∗n}∞1 J H ^d�A z∗.*-K6�sL=o>1 n, Ĩb(vn) ≥M , o1

∫

Q

(
1

2
Lznzn +

b

2
|z+

n |2 +
a

2
|z−n |2 − zn − εh(x, t)zn)dxdt ≥M."�v#1 ‖vn‖2, /

∫

Q

[
1

2
(−|(z∗n)t|2 + |(z∗n)xx|2) +

b

2
|(z∗n)+|2 +

a

2
|(z∗n)−|2 − z∗n

‖vn‖
− εh(x, t)

z∗n
‖vn‖

)dxdt

≥ M

‖vn‖2
. (11)% wn = θ(vn) 194V�=N31 y ∈W , n ≥ 1 >

∫

Q

[−(zn)tyt + (zn)xxyxx + b(zn)+y − a(zn)−y − y − εh(x, t)y]dtdx = 0. (12)J (12) a^+ y = wn, "�#1 ‖vn‖2, /
∫

Q

[(−|(w∗
n)t|2 + |(w∗

n)xx|2) + (b(z∗n)+ − a(z∗n)− − 1

‖vn‖
− εh(x, t)

1

‖vn‖
)w∗

n]dxdt = 0. (13)NK y ∈W , (12) a"�#1 ‖vn‖ G+ n→ ∞, /
∫

Q

[−(z∗)tyt + (z∗)xxyxx + b(z∗)+y − a(z∗)−y]dtdx = 0. (14)=o>1 y ∈W , (14)a��� DI∗b (v∗ +w∗)(y) = 0. o1�=6� 2.3 V w∗ = θ∗(v∗), J (13)a^+ n→ ∞, /
lim

n→∞

∫

Q

(−|(w∗
n)t|2 + |(w∗

n)xx|2)dtdx = − lim
n→∞

∫

Q

(b(z∗n)+ − a(z∗n)−)w∗
ndtdx

= −
∫

Q

(b(z∗)+ − a(z∗)−)w∗dtdx =

∫

Q

(−(z∗)t(w
∗)t + (z∗)xx(w∗)xxdtdx

=

∫

Q

(−|(w∗)t|2 + |(w∗)xx|2)dtdx,o1
lim

n→∞

∫

Q

[−|(z∗n)t|2 + |(z∗n)xx|2]dtdx =

∫

Q

[−|(z∗)t|2 + |(z∗)xx|2]dtdx.J (11) a^+ n→ ∞, /
Ĩ∗b (v∗) =

∫

Q

[
1

2
(−|(z∗)t|2 + |(z∗)xx|2) +

b

2
|(z∗)+|2 +

a

2
|(z∗)−|2]dtdx ≥ 0.sL ‖v∗‖ = 1,QC=o>1 v 6= 0, Ĩ∗b (v) < 0�2>�Q�U7%+ ‖v‖ → ∞^�Ĩb(v) → −∞.
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[7] + E 
_ Banach�w� I ∈ C1(E,R), ℄ I 1i P.S. ux�N 
me Kc 1-T)F� Kc = {x ∈ E|I(x) = c, I ′(x) = 0}, Ab = {x ∈ E : I(x) ≤ b}, N&JN3�1 ε > 0,:[ η : [0, 1]× E → E `/

(i) η(0, x) = x, ∀x ∈ E;

(ii) η(t, x) = x, ∀x ∈ Ac−2ε

⋃
(E\Ac+2ε), ∀t ∈ [0, 1];

(iii) η(t, ·)(Ac+2ε\N) ⊂ Ac−ε.s� 1.1 p"	 =6� 2.4 V&J ε0 > 0 d 0 J V ^1-T�)F B, `/=o>1
ε, |ε| < ε0, v = 0 
 Ĩb 1l�X7�+ ‖|v|‖ → ∞ ^ Ĩb(v) → −∞ (6� 2.7), G Ĩb ∈ C1(V,R)1i P.S. ux�o1 maxv∈V Ĩb(v) &J�
 Ĩb 1'}X�o1�&J Ĩb 1'}7 v0, `/

Ĩb(v0) = max
v∈V

Ĩb(v).+ C 
 v0 J V ^1�)F�`/ B
⋂
C = Ø. sL�+ ‖|v|‖ → ∞ ^ Ĩb(v) → −∞, N��M v1 ∈ V \ (B

⋃
C) `/ Ĩb(v1) < Ĩb(0). + Γ ~ V ^o>�z 0 C v1 1.,1me�+

c = inf
γ∈Γ

sup
γ
Ĩb(v).+ Γ′ = {γ ∈ Γ : γ

⋂
C = Ø} d

c′ = inf
γ∈Γ′

sup
γ
Ĩb(v).�50V�+ |ε| < ε0 ^>� 0 
 Ĩb(v) 1l�X7�+ ‖|v|‖ → ∞ ^ Ĩb(v) → −∞, Ĩb 1i

P.S. ux�=U,9� [7] V
c = inf

γ∈Γ
sup

γ
Ĩb(v)
 Ĩb 1'}X�e
��5U7R Ĩb(v0) = c, N&J Ĩb 1'}7 v G Ĩb(v) = c, v 6= v0 (+L v 6= 0, 5~

c 6= Ĩb(0)).R Ĩb(v0) = c, N c = c′. b_W�5~ Γ′ ⊂ Γ, o1 c ≤ c′. *-K6� c 
 Ĩb 1j(X�o1 c′ ≤ c, o1 c = c′. u℄ Kc = {v0}, J6� 2.8 ^�K E = V , I = Ĩb, c = c, N = C, N&J ε, η, C^ ε < 1
2 (c− Ĩb(0)). K γ ∈ Γ′ `/ supγ Ĩb ≤ c. =6� 2.8 V η(1, ·) ◦ γ ∈ Γ G

sup Ĩb(η(1, ·) ◦ γ) ≤ c− ε < c2>�o1�&J Ĩb 1'}7 v G Ĩb(v) = c, v 6= v0, 0, Q3�fK� (1) J 3 < a, b < 15 ^[Y&JST{�jh�R Ĩb(v0) 6= c, N&J Ĩb 1'}7 v, Ĩb(v) = c, `/ v 6= v0, 0 (5~ c 6= Ĩb(v0),

c > Ĩb(0)). $^�K� (1) J 3 < a, b < 15 ^,[Y&JST{�m����
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Multiplicity Results for a Nonlinear Suspension Bridge Equation

YAN Yan-ju1, JIN Zheng-guo2

(1. Department of Mathematics & Physics, Anyang Institute of Technology, Henan 455000, China;
2. Deparment of Mathematics, Dalian University of Technology, Liaoning 116024, China )

Abstract: Let Lu = utt + uxxxx and H be the complete normed space spanned by the eigenfunctions
of L. A nonlinear suspension bridge equation (3 < a, b < 15)

Lu + bu
+
− au

− = 1 + εh(x, t) in H

has at least three solutions. This conclusion is shown by a variational reduction method.

Key words: eigenvalue; critical points; variational reduction method.


