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1 � �^ E � Banach �v��/M�$ Sturm-Liouville 
z
{

Lu = f(t, u), t ∈ I,

R1(u) := α0u(0) − β0u
′(0) = θ, R2(u) := α1u(1) + β1u

′(1) = θ
(1)�1)N$�Ja Lu = −(p(t)u′(t))′ +q(t)u(t), I = [0, 1], f ∈ C(I×E, E), q(t), p(t), αi, βi (i = 0, 1)5h:�t^�

(P) p ∈ C1(I), p(t) > 0, ∀t ∈ I; q ∈ C(I), q(t) ≥ 0, ∀t ∈ I; αi ≥ 0, βi ≥ 0 (i = 0, 1), L5h (α0 + β0)(α1 + β1) > 0; . α0 = α1 = 0 a� ^ q 6≡ 0.ZG
z (1)l�
N���OJ j)7�[
z1"�:!�. p(t) = 1, q(t) = 0, t ∈ I1xhM#�mJ 
{

−u
′′

= f(t, u), t ∈ I,
u(0) = u(1) = θ

(2)9�6�)S~_�A�E>l�Z1�<7JDl_.
�y	� [1],[2],[3]. NbA�E>h�<7JD1.
a�S
z~�g�3u1 Banach �va1jOJ 
u(t) =

∫ 1

0

k(t, s)f(s, u(s))ds := (Au)(t)�%"�Ja k(t, s) ��>1 Green ak�HF~1��OJ ��}�d31�=e�N6
 Banach �va�YjjOJ �>1jOqe A �M�E�$��� A >A��?[1�E>"2l�Z1�<79"�~�&3X f Rs6�AM�$�>8j1 “�!|z ”. U�	� [1][2][3] 3O��T; R > 0, f 5hM�$�>|z�
α(f(t,D)) ≤ Lα(D), ∀t ∈ [0, 1], D ⊂ B(θ,R), (3)
u��: 2005-04-18; |���: 2005-12-15y���: Vp_gS�,i� (ZS031-A25-003-Z).



4I R-b�4��"}{� Sturm-Liouville �{�2*O% 855Ja L = L(R) ∈ (0, 1

2
) ��k�N>Aa�&|ze=:x1
bA1�mb� f Lipschitz '(1M#�DG3O�k L < 1

2
, 4=:5h��	1;1e�"��va6
1)7�[
z (1), N�!|z�v2J�1)N$��6~_��$J �qeG��12X��M�$�>1��qq�|M�$� f(t, u) D	�

[2] a1E�$�[�^B�$Q���L| (3) 
a1 L L�*'B�m��~1JD�||z (3) 
a1 L L�/ 0 < L < 4. Nv2�1�6$a�| L L�/ 0 < L < λ1 (Ja λ1 �
z (1) u�>1�$J 156xU[). |&�℄l/*kC�
2 !�}wg�v2J (1) u�>1�$xU[
z

{

Lh = λh, t ∈ I,
R1(h) = R2(h) = 0.

(4)Ja h ∈ C2(I), 0 �e
z (4) 1xU[�W|z (P) �&�PJ (4) 1�3uGU�1jOJ 
h(t) = λ

∫

I

k(t, s)h(s)ds ≡ λTh(t), (5)Ja T : C(I) → C(I) R'(� k(t, s) 1�d
U�
k(t, s) =

{

1

w
x(t)y(s), 0 ≤ t ≤ s ≤ 1,

1

w
x(s)y(t), 0 ≤ s ≤ t ≤ 1.

(6)s� 1 ^ E � Banach �v�W|z (P) �&� f ∈ C(I × E, E) L5h�,|z
(P1) )N�k c0, c1 > 0 b0

‖f(t, u)‖ ≤ c0 + c1‖u‖, ∀ t ∈ I, u ∈ E; (7)

(P2) )N�k L > 0, �TdE�k D ⊂ E, E
α(f(I, D)) ≤ Lα(D);

(P3) c1 < λ1, L <
1

2M
, Ja λ1 � (5) 
u9<1qe T 156xU[�

M = max
t∈I

∫ 1

0

k(t, s)ds > 0.P�[
z (1) ^Z)N6W���� ljOqe A : C(I, E) → C(I, E)

(Au)(t) =

∫ 1

0

k(t, s)f(s, u(s))ds, (8)P A : C(I, E) → C(I, E) '(�LJ (1) 1�3uG A 1�<7��Xqe A E�<7�℄&1X�1iJ 
{

Lu = λf(t, u), t ∈ I,

R1(u) = R2(u) = 0
(9)



856 l * / Æ I C 3 27�1uE�>� u ∈ C(I, E) E6W�8�G λ ∈ (0, 1) 1�1���O)�X9�g��^ B ⊂ C(I, E) E��D|z (P1) Z {−(Au)′′ |u ∈ B} E��M�e�[|zZ
{(Au)′ |u ∈ B} E��(CZ A(B) 3>'(�Y α(A(B)) = maxt∈I α(A(B)(t)), PE

(Au)(t) =

∫ 1

0

k(t, s)f(s, u(s))ds ∈ (

∫ 1

0

k(t, s)ds)c̄o{f(s, u(s)) | s ∈ I}

⊂ (

∫ 1

0

k(t, s)ds)c̄o(f(I ×B(I))),(CE
(A(B))(t) ⊂ (

∫ 1

0

k(t, s)ds)c̄o(f(I ×B(I))).DM�$�>1$`��e|z (P2), E
α(A(B)(t)) ≤ (

∫ 1

0

k(t, s)ds)α(f(I ×B(I))) ≤ Lα(B(I)) max
0≤t≤1

(

∫ 1

0

k(t, s)ds)

= LMα(B(I)).T2��0
α(A(B)(t)) ≤ LMα(B(I)) ≤ 2LMα(B).�Y
)�Pk+[��0 α(A(B)) ≤ LMα(B(I)) ≤ 2LMα(B),D|z (P3)Z 0 < 2LM < 1,(C A ���?[�J'�^ u ∈ C(I, E), 5h u(t) = λAu(t) = λ

∫ 1

0
k(t, s)f(s, u(s))ds, 0 < λ < 1, �&
)�PGk�0

‖u(t)‖ = λ‖

∫ 1

0

k(t, s)f(s, u(s))ds‖.. ψ(t) = ‖u(t)‖, LD|z (P1), E
ψ(t) ≤

∫ 1

0

k(t, s)(c0 + c1ψ(s))ds ≤ c0‖T ‖+ c1(Tψ)(t),Ja T eD (5) 
u9<1qe�GeE ψ ≤ c0‖T ‖+ c1Tψ,  'bAYj�3
�0
ψ ≤ c0‖T ‖+ c1T (c0 ‖ T ‖ +c1Tψ)

≤ c0‖T ‖+ c0c1‖T ‖
2 + c21T

2ψ

≤ · · · ≤ c0‖T ‖(1 + c1‖T ‖ + c21‖T
2‖ + · · · + cn−1

1 ‖T n−1‖) + cn1T
nψ

= c0‖T ‖

n−1
∑

k=0

ck1‖T
k‖ + cn1T

nψ,m
ψ ≤ c0‖T ‖

n−1
∑

k=0

ck1‖T
k‖ + cn1‖T

n‖ ‖ψ‖, (10)



4I R-b�4��"}{� Sturm-Liouville �{�2*O% 857F=|z (P) �&�PD	� [4] l Krein-Rutman 9"Z� r(T ) 6= 0, L)NWxUak h(t)H56xU[ λ1 = (r(T ))−1, b h(t) = λ1Th(t). YD Gelfand 9"�E
r(T ) = lim

n→∞

n

√

‖T n‖ =
1

λ1

. (11)P c2 = c1+λ1

2
∈ (c1, λ1), E 1

c2

> 1

λ1

.D (11) 
�)N N0, . n ≥ N0 a� n

√

‖T n‖ ≤ 1

c2

, m ‖T n‖ ≤ 1

cn

2

, YE cn1‖T
n‖ ≤ ( c1

c2

)n,C ∑∞

n=0
( c1

c2

)n f(�(Cnk ∑∞

n=0
cn1‖T

n‖ f(�. M0 = c0‖T ‖
∑∞

n=0
cn1‖T

n‖, N (10) 
a�. n → ∞ 0 ψ(t) ≤ M0, m ‖u(t)‖ ≤ M0 (�8�G λ), T2 ‖u‖ ≤ M0, �e:Y)�X9�D��?[1 Leray-Schauder�<79"Z� A E�<7�m�[
z (1) ^Z)N6W��" 1 	� [2] 3OM�$� f(t, u) E��Te6WfK1|z��6	 f(t, u) 1|z�_�[�^B�$Q��" 2 ��	12XJD��| (3) 
a1 L D 0 < L < 1

2
T�� 0 < L < 4.s� 2 ^ E � Banach �v� f(t, u) ∈ C(I × E, E), W|z (P) �&�L f 5h9"

1 a1|z (P1) l|z
(P2

′

) )N�k L > 0, ∀t ∈ I lE�1 D ⊂ E, E α(f(t, D)) ≤ Lα(D);

(P3
′

) 0 < c1 < λ1, L <
1

4M
(Ja M = maxt∈I

∫ 1

0
k(t, s)ds),P�[
z (1) ^Z)N6W���� ^ A e9" 3.1 1X9a9<1qe��E�1 B ⊂ C(I, E), )N�kek B1 =

{un}, b0 α(A(B)) ≤ 2α(A(B1)), CLE α(A(B1)) = maxt∈I α(A(B1)(t)), ��e|z (P2
′

),E
α(A(B1)(t)) = α({

∫ 1

0

k(t, s)f(s, un(s))ds|n ∈ N}) ≤ 2

∫ 1

0

k(t, s)α({f(s, un(s))|n ∈ N})ds

≤ 2

∫ 1

0

k(t, s)Lα(B1(s))ds ≤ 2L

∫ 1

0

k(t, s)ds α(B1)

≤ 2LMα(B1)�Y
)�Pk+[0� α(A(B1)) ≤ 2LMα(B1), YE α(A(B)) ≤ 2α(A(B1)) ≤ 4LMα(B1).D|z (P3
′

) Z A e��?[�:�X9H9" 1 1X9!n�Y0Q�s� 3 ^ E e Banach �v� f ∈ C(I × E,E), t^|z (P) �&�W)N L, L
0 < L < λ1, b� ∀ u1, u2 ∈ E, E

‖f(t, u2) − f(t, u1)‖ ≤ L‖u2 − u1‖, (12)P�[
z (1) )N�6���� ^jOqe A : C(I, E) → C(I, E) � (8) 
9<1qe�m
(Au)(t) =

∫ 1

0

k(t, s)f(s, u(s))ds,P�[
z (1) 1�3uGqe A 1�<7�=
‖(Anu2)(t) − (Anu1)(t)‖ = ‖

∫ 1

0

k(t, s)[f(s, (An−1u2)(s)) − f(s, (An−1u1)(s))]ds‖
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≤ L

∫ 1

0

k(t, s)||(An−1u2)(s) − (An−1u1)(s)‖ds

= LT (‖(An−1u2)(s) − (An−1u1)(s)‖),FQbAYj�3
�E
‖(Anu2)(t) − (Anu1)(t)‖ ≤ LnT n(‖u2(s) − u1(s)‖) ≤ Ln‖T n‖‖u2 − u1‖c.�Y
)�Pk+[�0

‖Anu2 −Anu1‖c ≤ Ln‖T n‖‖u2 − u1‖c. (13)F=�. n→ ∞a� n

√

‖T n‖ → r(T ) = 1

λ1

,P L1 ∈ (L, λ1), ∃N0,. n ≥ N0 a�E ‖T n‖ ≤ 1

Ln

1

,|&
-V (13) 
�0
‖Anu2 −Anu1‖c ≤ Ln‖T n‖‖u2 − u1‖c ≤ (

L

L1

)n‖u2 − u1‖c.Y. n ≥ N0 a� An e7-t?[�(CD7-t?[�<79"Z�qe A )N�6�<7�m�[
z (1) )N�6��" 3 N9" 3 a��63O 0 < L < λ1, T$ L ekC1�o����
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Existence of Solutions to Sturm-Liouville Problem under Copactness

Condition

ZHANG Ling-zhong1,2, LI Yong-xiang2

(1. College of Science, Gansu Agricultural University, Gansu 730070, China;
2. College of Mathematics and Information Science, Northwest Normal University, Gansu 730070, China )

Abstract: Based on the fixed-point theorem, the existence and uniqueness of the solutions to Banach
space’s Sturm-Liouville boundary value problem is proved precisely calculating the spectral radius of
linear operation and the measure of noncompactness.

Key words: boundary value problem; measure of noncompactness; fixed point index of condensing
mapping; eigenvalue.


