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1 N H)DMx&e3P< [1]:

M1 :







Y = XBZ + ε,

E(Vec(ε)) = 0,

V (Vec(ε)) = ∆ ⊗ Σ,

(1.1)w5 Y � n × q B�g"z� ε � n × q B�*#z� X s Z Z�� n × p s k × q BO~w�z� B � p × k B!~��z� ∆ s Σ Z��O~B q �s n �M)X℄Iz�
Vec(ε) �� ε �?/��>BM?7;�∆⊗Σ �� ∆ d Σ B Kronecker+��E(·) s V (·)Z����7;B\�s9T#z�P< (1.1) Bi &�"�I6YOg"�#z Y i !g"�#z Y0, w5 Y0 H��

M0 :















Y0 = X0BZ0 + ε0,

E(Vec(ε0)) = 0,

V (Vec(ε0)) = ∆ ⊗ Σ0,

E(Vec(ε)Vec′(ε0)) = ∆ ⊗ V,

(1.2)^� X0 s Z0 Z�� m× p s k × q BO~#z� Σ0 �O~B m �M)X℄I#z� ε0 �
m × q B�*#z� V � n × m BO~#z�p�%.-�'MID� Y0 B3?p� tr(A′Y0) B�[i &��w5 A � m× q BO~#z�)D>p

Ŷ = tr(F ′Y ) (1.3)B3?i p��^� F � n × q B#z�!L 1.1
[1] Mbx&e3P< (1.1), r tr(A′Y0) 6p>p (1.3) B(Xi p��r)

tr(A′Y0) �3?+i �;�;#86: 2005-12-05; *<86: 2006-07-06',E5: m
zz(�� (20040706).
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[1] tr(A′Y0) �3?+i �;�=b�= (Z0 ⊗ X ′

0)Vec(A) ∈ µ(Z ⊗ X ′).!L 1.2
[1] )i p� Ŷ �3?+i �; tr(A′Y0) B�[3?(Xi p� (BLUP),r Ŷ p>p (1.3) B(Xi p��~�[/p�

R(Ŷ ) = E(Ŷ − tr(A′Y0))
27>�8�pw�zs9T#zH�MI�B��-�#1 [2–7]MM ^2���|j+�B�[i &��=�+�D��.w�>=�L	i ��8�8i �$�3?i ��;�Xi P��[3?(Xi (BLUP) D�MbMx&e3P<�#1 [1] D�=3?+i �;

tr(A′Y0) B BLUP . �#�M�D� tr(A′Y0) B BLUP B$�?��>= tr(A′Y0) B BLUPeb9T#z%^$�?B.I���Æ" BLUP B$�?���=Mx&e3P<B9T#z%^�8BmJw�l0B BLUP o�-^[9?�'M�P< M1 mJwB9T#z	� ∆ ⊗ Σ1, MVBP<	� M2, �
M2 :







Y = XBZ + ε1,

E(Vec(ε1)) = 0,

V (Vec(ε1)) = ∆ ⊗ Σ1,

(1.4)P< M0 5VB���
M ′

0 :















Y0 = X0BZ0 + ε0,

E(Vec(ε0)) = 0,

V (Vec(ε0)) = ∆ ⊗ Σ0,

E(Vec(ε1)Vec′(ε0)) = ∆ ⊗ V1,

(1.5)^� V1 � n × m BO~#z�℄b#sAI��U�p-	r�w A �M`#z� µ(A) ��℄ A B?7;t*B3?�-Æ� PA �7 µ(A) B|��Xz� NA = I − PA, A− �� A BnMiSU� tr(A) �� A B�� A > 0(≥ 0) �� A �M)|I (X℄I) z� A ≥ B �� A − B ≥ 0, A ≥ 0, B ≥ 0.

2 XJ+%M/ 2.1 MbP<M2,r tr(A′Y0)�3?+i �;�r^Æ^ BLUP+��� d(Y ) =

tr(F ′Y ), ^� F H� Vec(F ) = Vec(F0) + (NZ′⊗X − PG)M , w5 M �nRB nq  7;�
G = NZ′⊗X(∆⊗Σ1)

1

2 , Vec(F0) = (T−−T−(Z ′⊗X)Q−(Z ⊗X ′)T−)(∆⊗V1)Vec(A)+T−(Z ′⊗

X)Q−(Z0 ⊗ X ′
0)Vec(A), w5 T = ∆ ⊗ Σ1 + Z ′Z ⊗ XX ′ , Q = (Z ⊗ X ′)T−(Z ′ ⊗ X).U3 ℄#1 [1] BI3 2.1 +~ tr(F ′

0Y ) � tr(A′Y0) B BLUP . ℄b tr(A′Y0) �3?+i �;�ÆP (Z0 ⊗ X ′
0)Vec(A) ∈ µ(Z ⊗ X ′), 5PMnM nq  7; M , ^

(Z ⊗ X ′)Vec(F ) = (Z0 ⊗ X ′

0)Vec(A),b
Vec′(F − F0)(∆ ⊗ Σ1)Vec(F − F0) = M ′(NZ′⊗X − PG)(∆ ⊗ Σ1)(NZ′⊗X − PG)M = 0.



4℄ kiC�E�NÆy'f4Q=��\j!C%�� 865℄Pu:��#1 [1] �I3 2.1 B}Oo,+~ tr(F ′Y ) � tr(A′Y0) B BLUP.AMTN�℄#1 [1] +~�r tr(F ′Y ) � tr(A′Y0) BM` BLUP, =b�=
{

(Z0 ⊗ X ′
0)Vec(A) = (Z ⊗ X ′)Vec(F ),

Vec′(F − F0)(∆ ⊗ Σ1)Vec(F − F0) = 0.5P Vec′(F − F0)(Z
′ ⊗ X) = 0, d

Vec(F − F0) = NZ′⊗XVec(F − F0), (2.1)a
0 = Vec′(F − F0)NZ′⊗X(∆ ⊗ Σ1)Vec(F − F0)

= Vec′(F − F0)NZ′⊗X(∆ ⊗ Σ1)NZ′⊗XVec(F − F0).wDb
Vec′(F − F0)G = 0. (2.2)℄ (2.1) s (2.2) �+~

Vec′(F − F0) = Vec′(F − F0)NZ′⊗X = Vec′(F − F0)(NZ′⊗X − PG).�
Vec(F ) = Vec(F0) + (NZ′⊗X − PG)Vec(F − F0) ∼= Vec(F0) + (NZ′⊗X − PG)M.w5 M = Vec(F − F0). �uÆ��U3B�E*8�Y 2.1 MbP< M1, ^sU3 2.1 �j1
B�E�M/ 2.2 MbP< M1 ~ M2, r tr(C′Y ) �3?+i �; tr(A′Y0) BM`(Xi �r tr(C′Y ) �^ BLUP B.I����M�BnM(Xi tr(D′Y ), ^

E((tr(C′Y ) − tr(A′Y0))
′tr(D′Y )) = 0.U3 \℄^�℄ tr(C′Y ) �3?+i �; tr(A′Y0) BM`(Xi +~�M tr(A′Y0)BnM(Xi tr(T ′Y ), T �^>��

T = C + D, (2.3)^� Vec(D) = NZ′⊗XH , H �nRB nq  7;�Q~ tr(D′Y )��B3?(Xi �S���BnM(Xi tr(D′Y ), KH� (Z ⊗ X ′)Vec(D) = 0. T3 D +P��*u�>��℄ (2.3)�+~
E((tr(T ′Y ) − tr(A′Y0))

′(tr(T ′Y ) − tr(A′Y0)))

= E((tr(C′Y ) − tr(A′Y0))
′(tr(C′Y ) − tr(A′Y0))) + E((tr(D′Y ))′tr(D′Y ))+

2E((tr(C′Y ) − tr(A′Y0))
′tr(D′Y ))

≥ E((tr(C′Y ) − tr(A′Y0))
′(tr(C′Y ) − tr(A′Y0))). (2.4)



866 � B E  e Z F 27'u��O.Z?*8�[_^�0w6p�B(Xi tr(D′
0Y ) , ~� E((tr(C′Y ) − tr(A′Y0))

′tr(D′
0Y )) 6= 0 . B

k = E((tr(C′Y ) − tr(A′Y0))
′tr(D′

0Y )), �Vw k < 0 (r k > 0 , g −D0 :� D0, �z� k < 0B>). Y D = bD0 :q (2.4) ��r (2.4) �`��� b BM`Q4s6��PM46+��℄��d6p b0 ~� (2.4) �w:6�℄��b��M T0 = C + b0D0 �^
E((tr(T ′

0Y ) − tr(A′Y0))
′(tr(T ′

0Y ) − tr(A′Y0)))

< E((tr(C′Y ) − tr(A′Y0))
′(tr(C′Y ) − tr(A′Y0))),wd tr(C′Y ) � tr(A′Y0) B BLUP IN�U3}��!/ 2.1 r (Z0 ⊗ X ′

0)Vec(A) ∈ µ(Z ⊗ X ′) , rMLM`3?+i �; tr(A′Y0), ^p
M2 -B BLUP K�P< M1 -B BLUP B.I���

(1) NZ′⊗X(∆ ⊗ Σ)Vec(F0) = NZ′⊗X(∆ ⊗ V )Vec(A);

(2) NZ′⊗X(∆ ⊗ Σ)(NZ′⊗X − PG) = 0.��F�= V = 0 u�.I��"�z� NZ′⊗X(∆ ⊗ Σ)(NZ′⊗X − PG) = 0.U3 ℄U3 2.1 +~�pP< M2 -� tr(F ′Y ) � tr(A′Y0) BÆ^ BLUP, ^� F H�
Vec(F ) = Vec(F0)+ (NZ′⊗X −PG)M , w5 M �nRB nq  7;�℄U3 2.2 +~� tr(A′Y0)pP< M1 -B BLUP �� M2 -B BLUP B.I����pP< M1 -

E((tr(F ′Y ) − tr(A′Y0))
′tr(D′Y )) = 0. (2.5)u�+��

E((Vec′(F )Vec(Y ) − Vec′(A)Vec(Y0))
′(Vec′(D)Vec(Y ))) = 0.℄3+~�

E((Vec′(ε)Vec(F0) + Vec′(ε)(NZ′⊗X − PG)M − Vec′(ε0)Vec(A))(H ′NZ′⊗XVec(ε))) = 0.℄#1 [8] �I3 3.1, u�Db
tr(NZ′⊗X(∆ ⊗ Σ)Vec(F0)H

′ + NZ′⊗X(∆ ⊗ Σ)(NZ′⊗X − PG)MH ′−

NZ′⊗X(∆ ⊗ V )Vec(A)H ′) = 0.MMa nq  7; M s H *8�wDb
(1) NZ′⊗X(∆ ⊗ Σ)Vec(F0) = NZ′⊗X(∆ ⊗ V )Vec(A);

(2) NZ′⊗X(∆ ⊗ Σ)(NZ′⊗X − PG) = 0.��F�= V = 0, NZ′⊗X(∆ ⊗ Σ)(NZ′⊗X − PG) = 0. �k*8�Y 2.2 r�P<M1 s M2 �B ∆⊗Σs ∆⊗Σ1 Z�^� σ2∆⊗Σ s σ2∆⊗Σ1 (σ2 > 0���), r�#�B�E(*8�b}OTR1
�0 wMx&e3P< M1 �i P< M0 �
M1 :







Y = XBZ + ε,

E(Vec(ε)) = 0,

V (Vec(ε)) = σ2∆ ⊗ In,

� M0 :















Y0 = X0BZ0 + ε0,

E(Vec(ε0)) = 0,

V (Vec(ε0)) = σ2∆ ⊗ Σ0,

E(Vec(ε)Vec′(ε0)) = σ2∆ ⊗ V.



4℄ kiC�E�NÆy'f4Q=��\j!C%�� 867p}
0H����;��M9T#z%%�Yw��w�<MVB}
P<�
M2 :







Y = XBZ + ε1,

E(Vec(ε1)) = 0,

V (Vec(ε1)) = σ2∆ ⊗ Σ1,

� M ′

0 :















Y0 = X0BZ0 + ε0,

E(Vec(ε0)) = 0,

V (Vec(ε0)) = σ2∆ ⊗ Σ0,

E(Vec(ε1)Vec′(ε0)) = σ2∆ ⊗ V1.'MÆ_;hB&��p|J��-�M3?+i �; tr(A′Y0) ,pP<M1 -B BLUPK�^p M2 -B BLUP.�}u�℄� 2.2 sU3 2.1 +~pP< M1 - tr(A′Y0) B BLUP �
d(Y ) = tr(F ′

0Y ),^� F0 H�
Vec(F0) =(T− − T−(Z ′ ⊗ X)Q−(Z ⊗ X ′)T−)(∆ ⊗ V )Vec(A)+

T−(Z ′ ⊗ X)Q−(Z0 ⊗ X ′

0)Vec(A),

T = ∆ ⊗ In + Z ′Z ⊗ XX ′, Q = (Z ⊗ X ′)T−(Z ′ ⊗ X).℄� 2.2 sI3 2.1 Q~�u�K� M2 - tr(A′Y0) BM` BLUP, =b�=-?��*8�
{

NZ′⊗X(∆ ⊗ In)Vec(F0) = NZ′⊗X(∆ ⊗ V )Vec(A),
NZ′⊗X(∆ ⊗ In)(NZ′⊗X − PG) = 0.℄3+���I Σ1 H�u��P�h V1 pt�(T7>Id�

3 +1PS>Mi $�?BD��^RSpb�
(1) 'MÆu1B��Mbl0�8BP<�u3B��~���[B�K�5=qB�
(2) pny|BP<dl0Æ�8BP<^�8BX2�rMVB�%^�8B$I?�
(3) �~P<^�8BX2�K�}q*oS?Bwn��#�EB�9T#z%^�8mJw�i �\o�-^[9?�w`&����\6p�pn6p��\�MB&��a1=M`���HB�E�<w`mJ^O8�K^a1M`%�BWLÆr�^4�$7�O�����Wy��vb������a1=M`3E}7�u�:HKApPwBD�b���`s�t��-�C�
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Robustness of Optimal Prediction in the General Growth Curve Model

YUAN Quan-long, ZHANG Zhu-hong
(Department of Mathematics, Guizhou University, Guizhou 550025, China )

Abstract: Robustness of the best linear unbiased predictor in the general growth curve model is inves-
tigated. Necessary and sufficient conditions for the predictor of linear predictable variable to be robust
with respect to covariance matrices are obtained.

Key words: growth curve model; linear predictable variable; best linear unbiased predictor; robustness.


