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1 C =Rv}JvJ��q�v��
Yt = θ0(Zt) + θ1(Zt)Xt1 + θ2(Zt)Xt2 + · · · + θp(Zt)Xtp + εt, t = 1, . . . , n, (1)�d� p � n kVUJ�vJ}J θj(·) (j = 0, 1, . . . , p) kmZ:℄U#}J�<E��m

Xti (i = 1, . . . , p) ��~�m Zt k�3�m Yt ∈ R B
�℄� εt kQfaa�S�s$�
Eεt = 0, Eε2

t = σ2 < ∞, � εt � Yt−i (i > 0) Qf��� (1) k Xia � Li[1] T EB}JvJ�����WB}JvJq�v��B+
fu�B�\�+�X|`!J�vJ`��9*�patd:�Ug'36�!.n} [2]� [3].)W�`!J�vJ36d'�C� “lJ�k ” q\�knVb “lJ�k ”, :�'T`!J��d(+MB:n� Chen � Tsay[4] 4 Hastie � Tibshirani[5] B��vJ��2/9*�pat�[-n}JvJq�v��
Xt = θ1(X

∗
t−d)Xt−1 + θ2(X

∗
t−d)Xt−2 + · · · + θp(X

∗
t−d)Xt−p + εt, (2)�d� p kVUJ� X∗

t−d = (Xt−i1 , . . . , Xt−ik
)T, ij > 0 (j = 1, . . . , k) kVUJ� AT ���m�KS A Bka�vJ}J θj(·) (j = 1, . . . , p) kmZU#}J� εt a�� (1). }JvJ2�:�U;+BZI [6], 2�n+
�PB��Æ$� Chen � Tsay[4] �=L;RY�I�'JÆ�o#vJ}J�J"�bD℄/yX�nvJ}Jo#mBO[���� Cai, Fan �

Yao[7] - Chen � Liu[8] a�J α- ���"�bD℄/y E}JvJ��dvJ}JBI���o#B1B�b�)6+#�Huang � Shen[9] J α- ��℄/y E}JvJ�v��dvJ}JBU�>%℄o#B����GjPR�(�%$: 2005-09-21; �)%$: 2007-01-16Æ�:": y's*T��> (60375003); �X�0T��> (03I53059).
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Xia � Li[1] ��Rvn�~�m�<E��m[*B�
w6T�3�mB5��W�d-Rvn�~�mB<E
h�sg�I�
��mL:_G��=A�� (1) ��� (2) lL+
��r���V�J α- ��℄/y
6I���sÆ[YX�n�� (1) dvJ}Jo#mB+`����v8GjPR�A�ns$[$Bo#m �1B�b��	�k_�T��

(1) B E/nI���sÆ[Yg��m.:�W[YB36��o#,
X�B+f1_`!Jb#q\B8a:6B[Y [10], Fan[11] A+�X�nI���o#m� Nadaraya-Watson�o#mL:l�B�b�(U!.n} [12]� [13]. )W�I�U�>[Y(L:I~��W�
i-TÆ���B,=B{>�7>�Æ��D�#Rm78�Z�F�I���[Y
6=hsÆ!J�>vJ}JL:�asÆ�9�
6I���[YH�C>n��=U�>%℄%IsÆ[Y
VbI�U�>o#[YBI~��U-i-TÆ���B,=B{>�7>�Æ��D�#Rm7��T�avJ}JBsÆ�L:C3��r�� [9]. Æn4n} [9] dBU�>%℄%IsÆ[Yfu��� (1), J℄OB℄/y�Yyne��dvJ}Jo#B����i-nW�BGjPR�v�`|�ÆRd#Xn_y:zBV'��
2 �9'>.��Æn�J?� D = [a, b] 4RvvJ}JBo#q\�4e!*?-�a�:I�pk

a = z0 < z1 < · · · < zM < zM+1 = b. (3)6 k k`
UJ�.z+h}J}t�J�h!* [zi, zi+1) (i = 0, 1, . . . , M − 1) � [zM , zM+1]k k 3U�>��J [a, b] 4B k − 1 (k ≥ 1) 8i�Ui�N)e}Jk k 3U�>%℄�U�>%℄W*9U�>B3J�:I�pT'M�d.�L::I�p (3)B13U�>%℄W*n*n M + 4 l��W*��}Jk 1, z, z2, z3, (z − z1)
3
+, . . . , (z − zM )3+, Qa� (z − zi)+ =

max{0, z − zi} (i = 1, . . . , M). T%℄}JB�xn<�!.n} [14].0 (1) >d}J θj(·) (j = 0, 1, . . . , p) B lj (lj ≥ 1) 8i�UiB�N9n} [14] Z�6J
lj − 1 3%℄ θ̄j(·) =A supz∈D |θ̄j(z) − θj(z)| ≤ ch

lj
j , �d c kV'J� hj kv8�q:IM^�QM�U9 θ̄j(·) BO θj(·), !6J+u�}J Bjs(·) �'J βjs, s = 1, . . . , Kj , =A

θj(z) ≈ θ̄j(z) =

Kj∑

s=1

βjsBjs(z). (4)Qa��asÆ�BvJ}J θj I�#�aBVUJ Kj , L:+MBC3��r���t
m(β) =

n∑

t=1

{
Yt −

p∑

j=0

[ Kj∑

s=1

βjsBjs(Zt)
]
Xtj

}2

, (5)�d� Xt0 ≡ 1, βj = (βj1, . . . , βjKj
)T, β = (βT

0 , βT
1 , . . . , βT

p )T. )Mq= βjs v�� (5) >B<j+��℄%k β̂ = (β̂T
0 , β̂T

1 , . . . , β̂T
p )T, �d� β̂j = (β̂j1, . . . , β̂jKj

)T (j = 0, 1, . . . , p), 
~�
θj(z) Bo#UM0k

θ̂j(z) =

Kj∑

s=1

β̂jsBjs(z), j = 0, 1, . . . , p. (6)



4� r���E�~KwK��r�w��C&^p$ 871A:4�t Y = (Y1, . . . , Yn)T,

X =




B01(Z1) · · · B0K0
(Z1) B11(Z1)X11 · · · B1K1

(Z1)X11 · · · Bp1(Z1)X1p · · · BpKp (Z1)X1p

B01(Z2) · · · B0K0
(Z2) B11(Z2)X21 · · · B1K1

(Z2)X21 · · · Bp1(Z2)X2p · · · BpKp (Z2)X2p

...
. . .

...
...

. . .
...

. . .
...

. . .
...

B01(Zn) · · · B0K0
(Zn) B11(Zn)Xn1 · · · B1K1

(Zn)Xn1 · · · Bp1(Zn)Xnp · · · BpKp (Zn)Xnp


 ,N: β̂ = (XTX)−1XTY , Qa)M XTX B�KS (XTX)−1 6J�

3 JA�	T=lhVJ�p {an} � {bn}, .z an/bn +`:=�
~% an . bn; .z an . bn �
bn . an, 
~% an ≍ bn. t ‖ g ‖2=

{∫
D g2(z)dz

}1/2
, ‖ g ‖∞= supz∈D |g(z)|. <t Gj k?�

D 4BU�>%℄}JW*� ρn,j = infg∈Gj
‖ g − θj ‖∞, ρn = maxj∈{0,1,...,p} ρn,j.knA�ÆnBi':z��d(.y℄/�-� 1 Kn ≍ nr, 0 < r < 1, �d� Kn = maxj∈{0,1,...,p} Kj.-� 2 Yt B�E�R}J f(z) J?� D 4
V�:=�!6J'J c1 � c2 =A

0 < c1 ≤ min
z∈D

f(z) ≤ f(z) ≤ max
z∈D

f(z) ≤ c2 < ∞.-� 3 E(XtX
T
t |Zt = z) BZTk
V�+`:=��d� Xt = (1, Xt1, . . . , Xtp)

T.-� 4 {Yt} B��p|+�k����p�� α- ��vJ α(t) }t α(t) ≤ Ct−α, α >

(2 + 3r)/(2 − 2r), C kV'J�-� 5 T,a8B m ≥ 2, : E (|Yt|
m) < ∞.-� 6 :I�pL::~h��!�q:I[*M^[�+`:=�K 1 ℄/ 1–6 B7k�ÆB)6 [1,7−9], ℄/ 4 5�=n} [9] dB℄/ (iv).y�(IÆnBi':z��� 0℄/ 1–6 *f�N ‖θ̂j − θj‖
2
2 = OP

(
Kn

n + ρ2
n

)
, j = 0, 1, . . . , p. Z�F�.z

ρn = o(1), 
~ θ̂j B θj B��o#�! ‖θ̂j − θj‖2 = oP (1), j = 0, 1, . . . , p.1� )M℄/ 1–6 *f�.z θj(z) (j = 0, 1, . . . , p) PB l (l ≥ 1) 8i�UiB���
K0 = K1 = · · · = Kp = Kn ≍ n1/(2l+1), 
~� ‖θ̂j − θj‖2 = OP (n−l/(2l+1)). Z�F�> l = 29�: ‖θ̂j − θj‖2 = OP (n−2/5).K 2 M_B:y℄O=n} [9] dM_ 1, M�4n} [9] dBU�>%℄[Yfu��� (1) BU�B�fyB:yB�B�Wfunn} [9] dB:z�
4 ���2�~H�9=%℄o# θ̂j 9}JW* Gj Tj+'M��aB�}JU-i-�aBo#�1W�kn[�X��Æ9 6�}J Bjs = K

1/2
j Njs, s = 1, . . . , Kj; j = 0, 1, . . . , p, �d Njs kn} [15] dM0B B- %℄�sg�T= m l�m a = (a1, . . . , am)T, % |a| =

√
a2
1 + · · · + a2

m.B� 1 J℄/ 6 y�6JV'J M1 � M2, =AT,� j = 0, 1, . . . , p :
M1|βj |

2 ≤

∫ { Kj∑

s=1

βjsBjs(z)
}2

dz ≤ M2|βj |
2.



872 K � ! F A � z 27NG� !.n} [15] dBM_ 5.4.2.B� 2 t Xt0 ≡ 1, J℄/ 1, 2  4–6 �Yy�:
sup

θj∈Gj , j=0,1,...,p

∣∣∣
{ 1

n

n∑

t=1

[

p∑

j=0

θj(Zt)Xtj ]
2
}/{

E[

p∑

j=0

θj(Zt)Xtj ]
2
}
− 1

∣∣∣ = oP (1).G� ℄O=n} [9] d2_ 1 BX��215x�B� 3 J℄/ 1–6 ��y�6J!* [M3, M4], 0 < M3 < M4 < ∞, =A
P

{
(XTX)/n BT:ZT℄|/ [M3, M4]

}
→ 1, (n → ∞).G� 92_ 2, -fw = 1, :

1

n
βTXTXβ =

1

n

n∑

t=1

{ p∑

j=0

θj(Zt, β)Xtj

}2

≍ E
{ p∑

j=0

θj(Zt, β)Xtj

}2

.�d� Xt0 ≡ 1, θj(z, β) =
∑Kj

s=1 βjsBjs(z), j = 0, 1, . . . , p. <9℄/ 2 � 3 - 2_ 1 Z
E

{ p∑

j=0

θj(Zt, β)Xtj

}2

≍

p∑

j=0

‖θj(Zt, β)‖2
2 ≍ |β|2,T-�/n+hfw = 0 BA/-g� 1

nβTXTXβ ≍ |β|2 TT:B β +`F*f�5W2_
3 AX���}G� ^n} [9] dM_ 1 BX�NuX[�t Xt0 ≡ 1. T=T:B j = 0, 1, . . . , p,% θ̃j(z) =

∑Kj

s=1 β̃jsBjs(z), β̃j = (β̃j1, . . . , β̃jKj
)T. sg�% β̃ = (β̃T

0 , β̃T
1 , . . . , β̃T

p )T ��t
β̃ = (XTX)−1XTỸ , �d�

Ỹ = (Ỹ1, . . . , Ỹn)T, Ỹt =

p∑

j=0

θj(Zt)Xtj .j/� β̂ = (XTX)−1XTY , N: β̂ − β̃ = (XTX)−1XT
E, Qa E = (ε1, . . . , εn)T. .Z�

E(ETXXT
E) =E

{ p∑

j=0

Kj∑

s=1

[
n∑

t=1

Bjs(Zt)Xtjεt]
2
}

=

p∑

j=0

Kj∑

s=1

n∑

t=1

E{Bjs(Zt)Xtjεt}
2 . n

p∑

j=0

Kj .1W� E
TXXT

E = OP (n
∑p

j=0 Kj). 5W92_ 3, -fw = 1, :
|β̂ − β̃|2 = E

TX(XTX)−1(XTX)−1XT
E .

1

n2
E

TXXT
E.=B�9 (6) >�2_ 1 UA

p∑

j=0

‖θ̂j − θ̃j‖
2
2 ≍ |β̂ − β̃|2 = OP (

Kn

n
).



4� r���E�~KwK��r�w��C&^p$ 873t θ∗j ∈ Gj , =A ‖θ∗j − θj‖∞ = ρn,j , �% θ∗j (z) =
∑Kj

s=1 β∗
jsBjs(z), β∗

j = (β∗
j1, . . . , β

∗
jKj

)T,

j = 0, 1, . . . , p. <% β∗ = (β∗T
0 , β∗T

1 , . . . , β∗T
p )T. 92_ 1 �2_ 3, -fw = 1, :

p∑

j=0

‖θ̃j − θ∗j ‖
2
2 ≍ |β̃ − β∗|2 ≍

1

n
(β̃ − β∗)TXTX(β̃ − β∗)1k Xβ̃ = X(XTX)−1XTỸ kV5
5�T-�

1

n
(β̃ − β∗)TXTX(β̃ − β∗) ≤

1

n
|Ỹ − Xβ∗|2 =

1

n

n∑

t=1

{ p∑

j=0

[θj(Zt) − θ∗j (Zt)]Xtj

}2

.<9℄/ 2 � 3 Z� E{
∑p

j=0[θj(Zt) − θ∗j (Zt)]Xtj}
2 ≍

∑p
j=0 ‖θj − θ∗j ‖

2
2, AW:

1

n

n∑

t=1

{ p∑

j=0

[θj(Zt) − θ∗j (Zt)]Xtj

}2

= OP

( p∑

j=0

‖θj − θ∗j ‖
2
2

)
.j/� ‖θ∗j − θj‖2 . ‖θ∗j − θj‖∞, 12� ∑p

j=0 ‖θ̃j − θ∗j ‖
2
2 = OP (ρ2

n). 5W�916�D>Z
‖θ̂j − θj‖

2
2 = OP (Kn/n + ρ2

n), j = 0, 1, . . . , p.M_d�+�a:yBX�B{)B�1�}G� 9= θj(z) (j = 0, 1, . . . , p) PB l (l ≥ 1) 8i�UiB��� K0 = K1 =

· · · = Kp = Kn, =B�9℄/ (1) � (6) - n} [14] dG 149 )Z�6J l − 1 3%℄}J
θ̄j(·) =A ‖θ̄j − θj‖∞ . K−l

n . 5W� ρn,j . K−l
n , AWZ ρn = O(K−l

n ). 1W�94IM_�
Kn ≍ n1/(2l+1) UA ‖θ̂j − θj‖2 = OP (n−l/(2l+1)), j = 0, 1, . . . , p. fyd�+�a:yBX�B{)B�
5  #,�Rvn} [1] dB��

Yt = θ0(Yt−4) + θ1(Yt−4)Yt−2 + 0.05εt. (7)�d� θ0(z) = 0.8e−4(z−0.5)2, θ1(z) = 0.6 sin(2π(z − 0.5)), εt Qfaa�� εt ∼ N(0, 1).kn	mvJ}J θj(z) (j = 0, 1) Bo#m�2/ RASE (the square-Root of Average

Squared Error)k
RASEj =

{ 1

ngrid

ngrid∑

l=1

[θ̂j(ul) − θj(ul)]
2
}1/2

. (8)�d� {ul, l = 1, . . . , ngrid} kDMgI�� u1 = 0, ungrid
= 1, ngrid = 101. J�Æ#Rd�9 AIC lNqN�M:IhJ [9], !`|v�� AIC qN�M:IhJ�Qa� AIC =

log(RSS/n) + 2q/n, �d� RSS = m(β̂) kv�� (5) >B"$�[�� q =
∑p

j=0 Kj k<o!JhJ� p = 1. a9�J!* [0, 1] 4DM_a:I��
613%℄}JW*B B- %℄�}JnLvJ}J θ0(z) � θ1(z) Bo#m�



874 K � ! F A � z 27NT�aB%Æ-m n = 100, 200 � 300, &7 501 h%Æ�� 1 i-n�a%Æ-m n B℄/y� θ0(z) � θ1(z) B13 B- %℄o#B RASE BO℄��l$ (Z��k�l$). 9BU.� θ0(z) � θ1(z) Bo#mB�O RASE Sn n BO(W-��Q�4I_y:zBo�B� z 1 θ0(z) � θ1(z) Cp$C RASE CP^��m% ([��)24 B- &^p$ J���p$
n θ0(z) θ1(z) θ0(z) θ1(z)

100 0.0305 (0.0188) 0.0678 (0.0616) 0.0379 (0.0138) 0.0827 (0.0491)
200 0.0197 (0.0149) 0.0408 (0.0448) 0.0298 (0.0094) 0.0583 (0.0265)
300 0.0151 (0.0083) 0.0298 (0.0155) 0.0244 (0.0078) 0.0455 (0.0171)
6n} [1] BI���sÆ[Y�� 1 �i-n θ0(z) � θ1(z) BI���o#B RASEBO℄��l$ (Z��k�l$). 9BU.��I���sÆ[Y��7�%℄o#L:7�B�O RASE. kn\rFA��7�e 1 �e 2 a�i-n n = 300 9 θ0(z) � θ1(z) BK�o#"���d�:�kR:}J"��I�k13 B- %℄o#}J"����kI���o#}J"��I��k�=I���sÆB 90% a
: (!. [1] de 1). 9e 1 �e 2 U-Q-�%℄o#[YÆ�	z8=I���sÆ[Y�
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6 �*DÆn4n} [9] d`��9*�p}JvJ�v��BU�>%℄o#[Yfu�}JvJ��q�v���JC>B℄/y�X�n�� (1) dvJ}JB%℄o#B������YynW�BGjPR�%℄o#[YL:+MB8I�W
i-TÆ���B,=B{>�7>�#Rm��
C3�avJ}JBsÆ���Ædo��#XnTIB_y:z�W����n%℄[Y8=I���[Y�{�47�
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Spline Estimates in Functional-Coefficient Linear Autoregressive

Models

WU Xin-qian1, TIAN Zheng1,2, LI Xiao-bin1

(1. Department of Applied Mathematics, Northwestern Polytechnical University, Shaanxi 710072, China;
2. National Key Laboratory of Pattern Recognition, & Institute of Automation, Chinese Academy of Sciences,

Beijing 100080, China )

Abstract: A global smoothing method based on polynomial splines is used to estimate the coefficient
functions in functional-coefficient linear autoregressive models. Under some mild conditions, consistency
of the polynomial spline estimators is proved. Rates of convergence of these estimators are also given.
The main results are verified by a simulation example.

Key words: functional-coefficient linear autoregressive model; polynomial spline estimation; consis-
tency; convergence rate.


