
427�440 S � � � � / ! Vol.27, No.4

2007*11� JOURNAL OF MATHEMATICAL RESEARCH AND EXPOSITION Nov., 2007m{;P: 1000-341X(2007)04-0876-07 mo<e℄� AFVjyalKH?C Pinching- NS� � �
(9JGA'�R�l�C9 9J 273165)

(E-mail: jjxu jane@163.com)z u: Pinching- RhO��x0^y0�24	C��5	O �py>ub�,eGC�0 Pinching- Rh��p2`V-��;Epy>ub�,eGC��OT�: b�C�	 pinching- Rh	^y�
MSC(2000): 35E10~hJY: O175.25

1 x t"+dFB�0�w/℄x/��Æ���/�J�Pinching-Qg/B?�9�N�R.Hamilton[3]��Bg�wD Ricci 8��.,/�&MQgT&� Ricci %�/Y(,(_q/�^��
G.Huisken[4]"!��L℄8%D-�8��H�N�� PinchingQg�!^��Ben Andrews[1]
N����8��/ Pinching- Qg�&��oX_U,=ta�+dFB��

F (uij(x)) ≡ f(λ[uij ]) = ψ(x, u,Du) in Ω, (1.1)10 Ω ⊂ R
n f�y7�� λ �M=t+Q uij / Hessian �'/Y(, λ1, λ2, . . . , λn, ψ f

Ω × R × R
n DN8ZQ�

u = ϕ on ∂Ω. (1.2)Dv 1 F λ = (λ1, λ2, . . . , λn) ∈ Rn, Sk(λ) 8�?m�
Sk(λ) =

∑

i1<i2<···<ik

λi1λi2 · · ·λik
,&�6\N<V� {1, . . . , n} 05$}�/ i1, . . . , ik.Dv 2 F 1 ≤ k ≤ n, Γk �f Rn 0/�M6N-

Γk = {λ ∈ Rn : S1(λ) > 0, . . . , Sk(λ) > 0}.Dv 3 ZQ u ∈ C2(Ω̄) �f>|w�N-?X"=�6 x ∈ Ω̄, :� (λ1, λ2 . . . , λn) ∈ Γk.<� ψ ≡ ψ(x), L.Caffarelli1 [2]"7�\ f N8/[nm�*&�2��ÆiZ (1.1),(1.2)S7w/$"x� Neil S. Trudinger[5] 0
�$"x/*&�fLdb: 2005-08-31; Ugdb: 2006-07-02QWr`: Wj7<
�| (10671186).



40 {{��>ub�,eGC�0 Pinching- Rh 877�?� f(λ[uij ]) = Sk(λ), k = 1 H�B� (1.1) f ∆u = ψ(x, u,Du). V��Pn	�?m�oxa�B��
∆u = ψ(x) in Ω, (1.3)10 Ω f R

n 0�y℄7�� ψ f Ω DN8ZQ�DZ 1 A u ∈ C2(Ω̄)
⋂
C4(Ω) fB� (1.3) />|w�4" Ω̄ 0� uij > 0. ?XZQ

ψ(x) > 0 T`�4 ψ−1 �L℄�#� Pinching- Qg λmax ≤ Cλmin, &�� uij > 0 �M u /
Hessian �'N)8/� λmax, λmin f u / Hessian �'/9&�9sY(,� C f�Q4�� uij |∂ Ω, ψ−1 /�℄�e ψ(x) / Hessian �'/9&�9sY(,�
2 E[ 1 B}_F uij f uij /)�'�?X x ∈ ∂Ω, v����?X x ∈ Ω, � P (x, ξ) = ∆uuijξiξj(x),10 ξ f R

n 0)hr��kF P (x) " x0 6%,d&,��DF ξ f)hr� e1, �4~:1W:�r�f e2, . . . , en, K. (e1, . . . , en) N x0 K~/��)q:�k�#�' uij(x0) f<r'�'#ZQ P (x) = ∆uu11 " x0 6%,d&,��m/gUY��" x0 6�43I-��M# 1 , n 6\�j$�
Pi = (∆u)iu

11 + (∆u)(u11)i = (∆u)iu
11 − (∆u)u1ku1lukli. (2.1)�f Pi(x0) = 0,

(∆u)i = (∆u)u11u11i (2.2)� (2.2) L�.�
Pii =(∆u)iiu

11 + (∆u)i(u
11)i − (∆u)iu

1ku1lukli − ∆u(u1ku1lukli)i,

=(∆u)iiu
11 − 2(∆u)iu

1ku1lukli − ∆u(−u1muknumniu
1lukli−

u1ku1mulnumniukli + u1ku1luklii),

=(∆u)iiu
11 − 2(∆u)iu

1ku1lukli + 2∆uu1muknumniu
1lukli − ∆uu1ku1luklii,

=(∆u)iiu
11 − 2(∆u)i(u

11)2u11i − ∆u(u1l)2u11ii + 2∆u(u11)2ullu2
1li,

=(∆u)iiu
11 − ∆u(u11)2u11ii − 2∆u(u11)3u2

11i + 2(∆u)(u11)2ullu2
1li. (2.3)fl)3m��

F (uij) = −
1

∆u
= −ψ−1, F ij =

∂F

∂uij

, F ij,st =
∂2F

∂uij∂ust

.�"��
F ij =

δij

(∆u)2
, F ij,st = −

2δijδst

(∆u)3
,

F ijuijk = (−ψ−1)k, F ijuijkk + F ij,stuijkustk = (−ψ−1)kk.V���
F iiuiikk = (−ψ−1)kk − F ij,stuijkustk, F iiuii11 = (−ψ−1)11 − F ij,stuij1ust1. (2.4)



878 R � � � � .  27� �PL (<=� i, k ∈ {1, 2, . . . , n}): ukkii = uiikk, " x0 6�v℄�DgU\ (2.4) L�.�
0 ≥F iiPii

=F ii(∆u)iiu
11 − ∆u(u11)2F iiu11ii − 2∆u(u11)3F iiu2

11i + 2(∆u)(u11)2ullF iiu2
1li

=u11F ii

n∑

k=1

uiikk − ∆u(u11)2F iiuii11 − 2∆u(u11)3F iiu2
11i + 2∆u(u11)2ullF iiu2

1li

=∆(−ψ−1)u11 − ∆u(u11)2(−ψ−1)11 − u11F ij,stuijkustk + ∆u(u11)2F ij,stuij1ust1−

2∆u(u11)3F iiu2
11i + 2∆u(u11)2ullF iiu2

1li

=∆(−ψ−1)u11 − ∆u(u11)2(−ψ−1)11 +
2u11

(∆u)3
(∆ul)

2 −
2(u11)2

(∆u)2
(∆u1)

2−

2(u11)3

∆u
u2

11i +
2(u11)2

∆u
ullu2

1li. (2.5)" x0 6�� λ = ∆uu11, � (2.2) L��.
u11i =

1

λ− 1

n∑

k=2

ukki, (2.6)

(∆u)i =
λ

λ− 1

n∑

k=2

ukki. (2.7)o (2.6), (2.7) (� (2.5) L��.
2u11

(∆u)3

∑

l

(∆ul)
2 =

2u11

(∆u)3
(

λ

λ− 1
)2

∑

l

(

n∑

i=2

uiil)
2

−
2(u11)3

∆u
u2

11i = −
2(u11)3

∆u

1

(λ− 1)2

∑

l

(
n∑

i=2

uiil)
2

= −
2u11

(∆u)3
(

λ

λ− 1
)2

∑

l

(

n∑

i=2

uiil)
2.V� (2.5) L�af

0 ≥ ∆(−ψ−1) − ∆uu11(−ψ−1)11 −
2u11

(∆u)2
(∆u1)

2 +
2u11

∆u
ullu2

1li. (2.8).z*&
−

2u11

(∆u)2
(∆u1)

2 +
2u11

∆u
ullu2

1li ≥ 0. (2.9)!� f−1 /�L℄x�f��.�
∆uu11(ψ−1)11 ≤ ∆(ψ−1), ∆uu11 ≤

∆(ψ−1)

(ψ−1)11
,�"�., Pinching- Qg

maxP = ∆uu11(x0) ≤
∆(ψ−1)

(ψ−1)11
. (2.10)
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Q = −

2u11

(∆u)2
(∆u1)

2 +
2u11

∆u
ullu2

1li.� (2.7) L���.�
Q = −

2u11

(∆u)2
(

λ

λ− 1
)2(

n∑

k=2

ukk1)
2 +

2u11

∆u
ullu2

1li. (2.11)F�15v*& Q ≥ 0.

i). * n = 2 H�� (2.11) Le u22 = u11

λ−1 , .
Q = −

2u11

(∆u)2
(

λ

λ− 1
)2u2

221 +
2u11

∆u
u11 1

(λ− 1)2
u2

22i +
2u11

∆u
u22u2

122 +
2u11

∆u
u22u2

121

≥−
2u11

(∆u)2
(

λ

λ− 1
)2u2

221 +
2u11

∆u
u11 1

(λ− 1)2
u2

221 +
2u11

∆u

u11

λ− 1
u2

122

=
2u11

∆u
u2

221[−
1

∆u
(

λ

λ− 1
)2 +

u11

(λ− 1)2
+
u11(λ− 1)

(λ− 1)2
]

=0. (2.12)

ii). <� n(≥ 3) H�� λ = ∆uu11, �. λ−1
u11 =

∑n
k=2 ukk, #� l > 1 H� ull > u11

λ−1 , !� (2.6), (2.7) L.�
Q = −

2u11

(∆u)2
(∆u1)

2 +
2u11

∆u
ullu2

1li =
2u11

(∆u)2
[−(∆u1)

2 + ∆u

n∑

l=1

ullu2
1li]

=
2u11

(∆u)2
[−(

λ

λ− 1
)2(

n∑

k=2

ukk1)
2 + ∆uullu2

11i + ∆u

n∑

l=2

ullu2
1ll + ∆u

n∑

l=2

ullu2
1l1]

≥
2u11

(∆u)2
[−(

λ

λ− 1
)2(

n∑

k=2

ukk1)
2 +

λ

(λ− 1)2
(

n∑

k=2

ukk1)
2+

∆u
u11

λ− 1

n∑

l=2

u2
1ll + ∆u

u11

λ− 1

n∑

l=2

u2
11l]

=
2u11

(∆u)2
[−(

λ

λ− 1
)2(

n∑

k=2

ukk1)
2 +

λ

(λ− 1)2
(

n∑

k=2

ukk1)
2+

λ

λ− 1
(n− 1)(

n∑

l=2

u2
ll1)

2 +
λ

λ− 1

n∑

l=2

u2
11l]

=
2u11

(∆u)2
λ

λ− 1
[(−

λ

λ− 1
+

1

λ− 1
+ n− 1)(

n∑

l=2

u2
ll1)

2 +

n∑

l=2

u2
11l]

=
2u11

(∆u)2
λ

λ− 1
[(n− 2)(

n∑

l=2

u2
ll1)

2 +

n∑

l=2

u2
11l]

>0. (2.13)
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3 kIqsG>B Pinching- MRPnzE�tH[�F Ψ ⊂ R
n f<�℄7�� Sym(n) = {n× n I<��' }, �

Ψ̃ = {A ∈ Sym(n) : λ(A) ∈ Ψ}. (a1)j$bF
f ∈ C2(Ψ)<��4 fλi

(λ) =
∂f

∂λi

(λ) > 0, ∀i = 1, . . . , n, ∀λ ∈ Ψ. (a2)#� F (A) = f(λ(A)), F : Ψ̃ → R. 8� F̃ (A) = −F (A−1), A−1 ∈ Ψ̃

F N
/ in Ψ̃ (a3)\
F̃ N��
/ in Ψ̃ (a4)

F (uij(x)) = ψ(x) in Ω, (3.1)10 Ω ⊂ R
n f�y7��DZ 2 A u ∈ C4(Ω) "8B� (3.1), " Ω̄ 0� uij > 0, �4 F "8[n (a1)–(a4), ?X ϕ(x) "℄7� Ω 0N�L
/�#� Pinching- Qg

λmax ≤ Cλmin,10 λmin, λmax F��M�' uij /9s\9&Y(,� C f�Q�� uij |∂ Ω, ψ /�
�
4 E[ 2 B}_Pnj$8� ḟk = ∂f

∂λk
, f̈kl = ∂2f

∂λk∂λl
, Fαβ = ∂F

∂Aαβ
, \ Fαβ,rs = ∂2F

∂Aαβ∂Ars
. m%/��"^%*&0Nz�/ [6].wZ 1 (a) A=�<r�' A ∈ Ψ̃ , �4���\/Y(,�F F̈ (B,B) f"Br B ∈

Sym(n) /=t+Q�#
F̈ (B,B) =

n∑

j,k=1

f̈ jkBjjBkk + 2
∑

j<k

ḟ j − ḟk

λj − λk

B2
jk. (4.1)

(b) ?X F̃ (A) = −F (A−1) <�)8�' A N
/�'#<=�<��' X , �
n∑

j,k,p,q=1

(F kl,pq(A) + 2F jp(A)Akq)XjkXpq ≥ 0. (4.2)IiD�j$��,�� 1 /�mvL�i\ 1 A F "8�� 1(b)/[n��4 A ∈ Ψ̃,f�)8/<r'�F 0 ≤ λ1 ≤ · · · ≤ λn,4 λi > 0, ∀ i ≥ n− l + 1. #
n∑

j,k=n−l+1

f̈ jk(A)XjjXkk + 2
∑

n−l+1≤j<k

ḟ j − ḟk

λj − λk

X2
jk + 2

∑

i,k=n−l+1

ḟ i(A)

λk

X2
ik ≥ 0. (4.3)



40 {{��>ub�,eGC�0 Pinching- Rh 88110 X = Xjk N<��'�4* i ≤ n− l H� Xjk = 0.� A A N)8/�'� (4.3) +s� (4.1), (4.2) L.,�A A N�)8/�#�Æ~�*&��., (4.3) L�DZ 2 A|^ � W = {uij},Wij = uij . #B� (3.1) �u��mvL�
F (W (x)) = ψ(x), ∀x ∈ Ω. (4.4)F H =

∑
Wii, W

ij �M Wij /)�'� P (x) = (
∑
Wii)W

klξkξl(x), 10 ξ f R
n 0/)hr��F P (x) "6 x0 ∈ Ω :.d&,�j$��~::�k ξ = e1, 1WBr/:�r�f e2, . . . , en K. e1, e2, . . . , en N x0 6K~/��)q:�k�4 Wij(x0) N<r'�#ZQ

P (x) = HW 11 " x0 6:.d&,�\�3��m/gU:" x0 6��43I-��M# 1 , n 6\�j$�
Pi = HiW

11 −HW 1kW 1lWkli, (4.5)V��" x0 6��
Hi = HW 11W11i, (4.6)� (4.5) L�.,

Pii = HiiW
11 − 2Hi(W

11)2W11i −H [(W 11)2W11ii − 2(W 11)2W llW 2
1li]

= HiiW
11 − 2(W 11)3W 2

11i −H(W 11)2W11ii + 2H(W 11)2W llW 2
1li. (4.7)j$}�����

F ij =
∂F

∂Wij

, F ij,st =
∂2F

∂Wij∂Wst

. �B� (4.4), .,
F ijWijk = ψk, F ijWijkk + F ij,stWijkWstk = ψkk, (4.8)v℄PL�

Wkkii = Wiikk , ∀ i, k ∈ {1, 2 . . . , n}.�
0 ≥F iiPii = F iiHiiW

11 −H(W 11)2F iiW11ii + 2H(W 11)2
∑

l>1

F iiW llW 2
1li

=F iiWiikkW
11 −H(W 11)2F iiWii11 + 2H(W 11)2

∑

l>1

F iiW llW 2
1li

=∆ϕW 11 −H(W 11)2ϕ11 −W 11
∑

k

F ij,stWijkWstk +H(W 11)2F ij,stWij1Wst1+

2H(W 11)2
∑

l>1

F iiW llW 2
1li. (4.9);�

−W 11
∑

k

F ij,stWijkWstk +H(W 11)2F ij,stWij1Wst1 + 2H(W 11)2
∑

l>1

F iiW llW 2
1li ≥ 0.



882 R � � � � .  27�#� (4.9) L�e ϕ /�L
��.�
H(W 11)2ψ11 ≥ ∆ψW 11, HW 11 ≤

∆ψ

ψ11
. (4.10)�"., Pinching- Qg

maxP = HW 11(x0) ≤
∆ψ

ψ11
. (4.11)m%*&;���f λi = Wii, #;�.z*&

Q̄ = F ij,stWij1Wst1 + 2
∑

l>1

F iiW llW 2
1li −

λ1

H
F ij,stWijkWstk (4.12)�f&� F, F̃ = −F (A−1) "8_� 1 /[n�j$.�

Q̄ =
∑

k,l

f̈klW1kkW1ll −
λ1

H

∑

j,k,l

f̈klWjkkWjll + 2
∑

k

∑

l>1

ḟk

λl

W 2
1kl+

2
∑

k<l

ḟk − ḟ l

λk − λl

W 2
1kl −

2λ1

H

∑

j

∑

k<l

ḟk − ḟ l

λk − λl

W 2
jkl ≥ 0.�"�8� 2 *�� 2=Xnp�
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Pinching-Estimate for Second Order Elliptic Equations

XU Jin-ju
(Department of Mathatics, Qufu Normal University, Shandong 273165, China )

Abstract: Pinching-estimate is an important method for studying the convexity of the solutions. It
is known that the Pinching-estimate is important in Geometry, and we apply it into partial differiatial
equations. In this paper, we mainly give the Pinching-estimates for some semilinear second order elliptic
equations and fully nonlinear elliptic equations .

Key words: Elliptic equations; pinching-estimate; convexity.


